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intermediate effect. In this paper, we introduce the Factored-Reward Bandits (FRBs), a novel
setting able to effectively capture and exploit the structure of this class of scenarios, where the
reward is computed as the product of the action intermediate observations. We characterize the
statistical complexity of the learning problem in the FRBs, by deriving worst-case and asymptotic
instance-dependent regret lower bounds. Then, we devise and analyze two regret minimization
algorithms. The former, F-UCB, is an anytime optimistic approach matching the worst-case lower
bound (up to logarithmic factors) but fails to perform optimally from the instance-dependent
perspective. The latter, F-Track, is a bound-tracking approach, that enjoys optimal asymptotic
instance-dependent regret guarantees. Finally, we study the problem of performing best arm
identification in this setting. We derive an error probability lower bound, and we develop F-
SR, a nearly optimal rejection-based algorithm for identifying the best action vector, given a time
budget.?

1. Introduction

In several real-world sequential decision-making problems, the learner is required to select, at every interaction, different actions,
i.e., an action vector, acting on different portions of the system, each producing an intermediate observation. In such scenarios, the
reward is often a combination of these observations. Consider, for instance, the case in which we want to sell a product on an e-
commerce website. Our goal is to maximize the overall revenue derived from the sales of a given item. In this business process, we
have to choose (i) the price at which to sell the product and (ii) how much budget to invest in advertising. On the one hand, the
price we set determines the propensity of the users to buy a given item, i.e., the conversion rate, representing, for each price, the
fraction of the customers that will buy the item [6,16]. On the other hand, the advertising budget we invest influences the number of
potential customers that will be exposed to such an item, i.e., the number of impressions we are able to generate with the advertisement
campaign [18]. Thus, every time we select a price-budget pair (i.e., action vector), we observe a noisy realization of the conversion
rate, which depends on the price, and a noisy realization of the expected number of impressions, which depends on the budget we
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invest in advertising (i.e., intermediate observations). Thus, our objective is to maximize the revenue (i.e., reward) that is computed
as the product between the price, the conversion rate, and the impressions (which will give us our income) subtracting the invested
advertising budget.’

This scenario can be, in principle, addressed as a standard Multi-Armed Bandit [MAB, 25] by looking at the reward (i.e., revenue)
only and considering price-budget couples as actions. However, with such an approach, intermediate observations (i.e., the conversion
rate — a consequence of the price we set — and the impressions we generate — a consequence of the adv budget we invest) that could
provide useful information would be ignored with a possible detrimental effect on the learning process. Indeed, if we look just at the
reward and disregard this factored structure, the learning problem will: (i) present an unnecessarily large action space, including all
possible combinations of action components (e.g., price and budget pairs), and (ii) suffer a possibly amplified effect of the noise in
the reward due to the product of the noisy intermediate observations (e.g., impressions times conversion rate).

A notion of factored bandits has been studied from the regret minimization perspective in [38], in which the expected reward is a
general function of the action components. No intermediate observations are considered and the noise is applied to the final reward
only. Thus, this setting ultimately fails to model the real-world scenarios we are interested in, where the intermediate observations
play a crucial role and are combined with a specific function (i.e., the product). As we shall see later in the paper, this specificity,
motivated by the considered real-world scenarios, will allow us to obtain tighter and more detailed performance guarantees.

Contributions. In this paper, we propose the novel setting of the Factored-Reward Bandits (FRBs) to model sequential decision-making
problems in which the agent is required to play an action vector a = (ay,...,a,)" consisting of d action components. Each action
component ag; provides a noisy intermediate observation x; whose product forms the reward r = x;x, :-- x;. We study this setting
from the computational and statistical perspectives and propose two regret minimization algorithms and a best arm identification
method endowed with theoretical guarantees. The contributions are summarized as follows:

+ In Section 2, we introduce the FRB setting, describe the feedback and noise models, and the learning problem.

+ In Section 3, we study the statistical complexity of the learning problem in the FRB setting by deriving regret lower bounds. First, in
Theorem 3.1, we present the worst-case regret lower bound of order Q(cd \/E ), being o the subgaussian proxy, d the number of
action components, k the number of possible choices for each action component, and T the learning horizon.* This result highlights
how the complexity of the problem scales linearly with d and its derivation makes use of technical tools from the multitask bandits
literature. In Theorem 3.2, we show that dependence on o4 (exponential in d) is unavoidable when intermediate observations
are not present, motivating their crucial role. Second, we present the instance-dependent asymptotic regret lower bound which
is first formulated as a linear program of O(k?) variables (Theorem 3.3) and, subsequently, elaborated in a more explicit form
(Theorem 3.4), whose derivation makes use of the rearrangement inequalities [20] and that enjoys a computational complexity of
O(dklog k). Qualitatively, this result shows how the different action components choices need to coordinate to match the regret
lower bound.

In Section 4, we provide a novel intuitive optimistic anytime regret minimization algorithm, Factored Upper Confidence Bound
(F-UCB), in which optimism is applied to every action component independently. Then, we characterize its worst-case regret which

has order O(cd \/k_T ), matching the regret lower bound up to logarithmic factors (Theorem 4.1). Then, we empirically study
its instance-dependent regret, revealing that it does not match the lower bound (Theorem 4.3). This confirms how coordination
between action components is necessary when we want to minimize the regret.

In Section 5, we design and analyze a novel algorithm, Factored Track (F-Track). F-Track is based on tracking the
bound [24], and succeeds in matching the instance-dependent regret lower bound in the asymptotic regime (Theorem 5.1). Its
analysis reveals, once more, the need for coordination between action components to achieve optimal performance.

In Section 6, we study the FRB setting from the best arm identification perspective, given a fixed budget. We derived an adapted lower
bound for the FRB setting and design Factored Successive Rejects (F-SR), an algorithm based on a successive rejection
procedure that nearly matches the lower bound.

Section 7 discusses the related works. The proofs of all the statements are reported in Appendix B.

2. Factored reward bandits

In this section, we introduce the Factored-Reward Bandits (FRBs), the learner-environment interaction, the assumptions, and we
present the two possible learning problems in this setting.®

Problem formulation. Let T € N be the learning horizon. In a FRB, at every round ¢ € [T], the learner chooses an action vector
a(t) = (a; (1), ..., ay(1)" in the action space A := [k{] X -+ X [ky], where for every i € [d] we have that k; € N, is the number of
options of the i action component a,(t) of the vector, and d € N, is the action vector dimension (i.e., the number of components
that the learner must select at every round 7). As an effect of the action, the learner observes a vector of d intermediate observations

x(t) = (xl ®),...,x4 (t))T and receives as reward the product of the intermediate observations r(f) = H,G[[ d] x;(t). The ith component

3 The formalization of this example and an additional motivating example are reported in Appendix A.

4 In the following, we provide more general results in which each action component i can have a different number k; of choices.

5 Leta,b €N with a < b, we introduce the symbols: [a,b] :={a,a+1,...,b—1,b} and [b] := [1,b]. A zero-mean random variable ¢ is 62-subgaussian if E[exp(4£)] <
exp(A%c?/2), for every 1 € R.
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x;(t) of the intermediate observation vector x() is the effect of the i action component a;(t) in the action vector a(). Specifically,
every component i € [d] of the intermediate observation vector x(¢) is independent of the others and sampled from a distribution
X (1) ~ Vi ,(1)» 50 that, X(£) ~ v,y 1= ®je[a] Viq,(r)- Thus, we will denote an FRB as v 1= ®;c[4] ®y,e[x,] Viq;- Furthermore, we can write
x;(t) = Hian + ¢;(1), where Hiay(0) is the expected intermediate observation of the it action component g;(t), and ¢;(?) is o2-subgaussian
random noise, independent conditioned to the past and the other noise realizations €;(¢) for j € [d] \ {i}. As customary, we assume
bounded expected values for the intermediate observations, i.e., y; ,, € [0,1] for every i € [d] and g; € [k;], and all intermediate

observation components x;(7) characterized by the same known subgaussian proxy ¢.°
2.1. Learning problem

An optimal action vector is a* = (], ..., a%)T € argmaX,_(,, . yrea IL e[d] Mi.a, and, since all expected intermediate observations

are non-negative, we can factorize the optimization problem observing that a; € argmax,, [, Hiq, for every i € [d]. We denote with

u; = ;o the expected intermediate observation of the optimal i™ action component. We define the suboptimality gap related to the
i

i™ action component as Ajq 1= H] = Mg for a; € [k;], and the suboptimality gap related to the action vector a = (ay, ..., ;)T €
Aas A, = H,.GM M= H,.GM Hiq,- Moreover, we define the notation A; ;) which represents, for a component i € [d], the j-th
suboptimality gap, ordered from the lowest to the higher; and A, which represents the action vector with the j-th suboptimality
gap, ordered from the lowest to the highest.

Regret minimization. Let v be a FRB, 2 a learning algorithm, and T" € N the learning horizon, we define its cumulative regret as:

Rr(,v) :=T H H = Z H Hiay 0 = Z Ay @

i€[d] te[T] ie[d] te[T]

The goal of the learner consists in minimizing the expected cumulative regret E[ R (2, v)], where the expectation is taken w.r.t. the
randomness of the observations and the possible randomness of algorithm .

Best arm identification. Let v be an FRB, 2 be a learning algorithm, and T' € N be the learning budget. We define the error probability
as the probability of selecting the action vector that does not include all the optimal action components at the end of the time budget:

er(,v) ;=P (2a*(T) #£a*). 2

In this scenario, the goal of the learner consists of minimizing the error probability.
3. Regret lower bounds

In this section, we provide lower bounds to the expected regret that any learning algorithm suffers when addressing the learning
problem in a FRB, both in the minimax (Section 3.1) and the instance-dependent (Section 3.2) cases.

3.1. Worst-case regret lower bound

We present the worst-case lower bound that every algorithm suffers and discuss the role of the structure of the FRB.

Theorem 3.1 (Worst-Case Regret Lower Bound). For every algorithm 2, there exists an FRB v such that for:

T>2(1-2771) 0 max k; = O (02d%k) . ®)
i€[d]

A suffers an expected cumulative regret of at least:

E[Rr@v)] > 2= VT,
! 42 fez[[;’]]

In particular, if k; =: k for every i € [d], we have E [RT(QL, z)] > Q(od\kT).

Proof Sketch. The challenge is the structure of the regret in a FRB. We lower-bound the regret Ry (2, v) as a sum of the regrets
R(Ti) (2, v) that an algorithm 2 would have suffered by playing d parallel MABs. Choosing u; = 1:

RT(Q[,X): z (1_ H <1 _Ai,ai(r)>>2% Z Z Ai,a,-(z‘) = % 2 R;‘;)(Ql’z)'
i€[d]

te[T] ie[d] ie[d] te[T]

6 The extension with different known subgaussian proxies o, for every component i € [d] is straightforward.
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1
This derivation leverages the ad-hoc technical Lemma B.2, which holds for sufficiently small suboptimality gaps, i.e., A; , <1-274-T.
This condition gives rise to the constraint on the minimum time horizon (Equation (3)), since the suboptimality gaps will be chosen
« T~1/2, Indeed, intuitively, if the suboptimality gaps A, ,, are too large (depending on d) we will have 1 — Hie[[d]](l —Ajgm) K
Zie[[d]] 4;,, making the instances more distinguishable and, consequently, reducing the regret. The result is obtained by showing

that each regret component satisfies R(T[) (2, v) > Q(o+/k;T) redesigning for the subgaussian case the solution designed for Bernoulli
rewards from the multitask bandit literature [36, Theorem 10]. []

To understand the beneficial effect of (i) the factored structure and (ii) the intermediate observations, it is worth comparing the
result of Theorem 3.1 with the regret lower bounds of common settings. If we remove (i), we are in the presence of a MAB with
A = [k;] X - x [ky] as action space.” It is worth noting that, even in this case, the reward r(t) = H,E[[ a7 Xi(t) is the product of d
subgaussian random variables which is not, in general, subgaussian (see Lemma C.1). Nevertheless, r(f) is guaranteed to preserve
a finite variance of order at least gz = ¢24 (see Lemma C.3). Thus, we can look at the setting as a heavy-tailed MAB with finite

variance [8] with H,Em k; actions, leading to a regret of order Q(c , /H,.GM k;T), which becomes Q(c¢\/k4T) when k, = k for
every i € [d].

It is natural to wonder if (i) is enough to break the exponential dependence in d (on both ¢ and k). This setting is similar, but not
exactly overlapping, to that of Zimmert and Seldin [38], in which a general “factored” structure is considered without intermediate
observations and assuming that the subgaussian noise is applied to the reward directly. Nevertheless, [38] provides neither worst-case
lower bound nor worst-case regret analysis of the proposed algorithm. The following result shows that (i) only is enough to remove
the exponential dependence in d on k but not on ¢, which remains unavoidable without (ii).

Theorem 3.2 (Worst-Case Regret Lower Bound without Intermediate Observations). For every algorithm 2’ that ignores the intermediate
observations x(t) and observes the reward r() only, there exists an FRB v such that for T > 4(minepqy k; — 1)/d, AT suffers an expected
cumulative regret of at least:

o

d
T > o o i =
E [Ry ', v)] > max { T 27} (min k; = DT.

In particular, if k; =: k for every i € [d], we have E [RT(Qlf,X)] >Q <max { %,6} \/kT).

Thus, Theorem 3.2 shows that the exponential dependence of d on ¢ is maintained even with the factored structure. This is
particularly significant when & > 1, a regime in which the function ¢?/ \/E is exponentially increasing in d. Instead, when o < 1, we
retrieve a lower bound of the same order of standard MABs with a linear dependence on ¢. This motivates the interest in studying
this setting combining factored structure (i) and intermediate observations (ii).

Remark 3.1 (About the independence of the intermediate observations). The formulation of FRBs in Section 2 assumes that the compo-
nents x;(¢) of the observation vector x(¢) are independent. This is necessary to treat the problem with appropriate advantages over
standard MABs on the combinatorial action space .A. Indeed, if we rule out the independence assumption, we can always define a

FRB in which x(¢) = (3(¢), 1, ..., )T, where y(¢) ~ Vi a@)- This corresponds to a standard 02—subgaussian MAB with A as action space
and arm distributions v, ,. More formally, consider a MAB vMAB with Hle k; arms {1,... ,H;j: L k;}. Without loss of generality, we
can index each arm of this MAB with a tuple (j;,...,j,;) where j; € [k;] for every i € [d]. Let vg.[lAB i be the reward distribution
of the arm of index (j,, ..., ), that we assume to be o>-subgaussian. Let us define an FRB so that when pulling the vector action

a=(j,...,Jjs), we experience the intermediate observation x = (y, 1,...,1) where y ~ v?j’_IAB I Thus, the reward of the FRB is given
1>-Jd

by r = y. Thus, we can always reduce a MAB with H;jzl k; into an equivalent FRB with dependent observations. Consequently, the

lower bound for MABs, i.e., 27"0‘ / (H;‘;l ki — 1) T [25, Theorem 15.2] must hold for the FRB with dependent observations. Never-

theless, it is possible to relax the independence assumption, by requiring non-correlation among the intermediate observations. Indeed,
at least non-correlation is needed to ensure that the expectation of the product of the observations is equal to the product of the
expectations of the single observations:

d d d d
[ o]
i=1 i=1 =1 =l

where the second equality follows from the definition of non-correlation of the noises ¢;, and the third equality follows from the fact
that the noise ¢; is zero-mean.

7 Note that makes no sense to consider (ii) without (i).
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3.2. Instance-dependent regret lower bound

We present the instance-dependent lower bound that every algorithm suffers on a specific instance v of the FRB setting.

Theorem 3.3 (Instance-Dependent Regret Lower Bound). For every consistent® algorithm 21 and FRB v with unique optimal arm a* € A it

holds that:
E [Ry (2, v)]
iminf —————= >
Y inf logT  ~ £ @

where C(v) is defined as the solution to the following optimization problem:

min L,A, (5)
(La)aeA\(a*) acA\{a*}
st. L= Y Ly, Vie[d], je[k]\{a} 6)
acA\{a*}
a;=j
202 . . .
Li~IZA_2’ vie[d].je[k]\{a}} @
Lj
L,>0, VaeA\{a*}. 8

Proof Sketch. Here we provide an informal derivation that captures the intuition, although the formal proof requires some additional
technical effort (see Appendix B.1). Thanks to the factored structure, we can show, as for stochastic bandits, that for every j €
[k;]\ {a;} and i € [d] the expected number of pulls E[N, ;(T)] is lower bounded by (Constraint (7)):

_EIN,D] 242

BT T logT T A2, for T = oo

i,j

We now want to find the arrangements of the number of pulls of action vectors N,(T), for every a € A \ {a*}, to minimize the cu-
mulative regret. Recalling that N; ;(T) =}, 4. a,=j Na(T), we define L; ; = Dac A\{a*} : a=j La (Constraint (6)). Finally, by recalling

- E[Rp (2,
the decomposition of the regret % =

to make the proof fully formal we need to properly manage the asymptotic behavior of the sequences E[N; ;(T')] and E[N,(T)] when
T —>+00. [

Yaca LaA, we get the objective function in Equation (5) to be minimized. Notice that

The optimization problem in Theorem 3.3 is a Linear Program (LP) with [[;c(4) ki + Xepap ki — d — 1 variables and [,y ;i +
2 Zie[[ a7 ki —2d — 1 constraints. Constraint (6) establishes the relation between the number of pulls of the action vectors L, and the
number of pulls of the action components L, ;. This captures the “information sharing” of the setting in which we obtain a sample for
the action component (i, j) whenever we pull an action vector a such that a; = j. Being a minimization problem, Constraint (7) will
be satisfied with equality allowing the removal of variables L; ; and the relative constraints. Thus, the LP can be solved in polynomial
time w.r.t. [];cpqp ki [331.

Explicit solution of the LP program. We now illustrate how to solve the LP program with a smaller time complexity of order
O(Zie[d]] k;logk;). We first provide the intuition and, then, provide the formal argument.

The minimum proportion with which the action component (i, j) is to be pulled (Constraint (7)) can be accomplished by pulling
different sequences of action vectors a such that a; = j. How to “arrange” the pulls of the action vectors to satisfy Constraint (7) and
minimize the regret? To start capturing the intuition, consider the simplest setting with d =2, ky =k, =2, a]=a; =1, p;; = pp; =1
and p; 5 = pp, =y € (0,1). To satisfy Constraint (7), we have to guarantee L, =Ly, = 26%(1 — y)~2 (in the solution the constraint
is satisfied with equality) and we have at our disposal 4 action vectors A = {(1,1),(1,2),(2,1),(2,2)}. We can satisfy the constraint
in two ways:°

(i) playing action (2,2) (i.e., with both suboptimal components) for a proportion of 2¢%(1 — y)~2 times, suffering 1 — y* instanta-

neous regret;
(ii) playing actions (1,2) and (2,1) (i.e., with one suboptimal component) for a proportion of 262(1 — y)~2 each, suffering 1 — y
instantaneous regret;
It is simple to convince that (i) is the choice that minimizes the cumulative regret. Indeed, for y € (0, 1), we have:

26%(1 = »)2(1 = y») <46*(1 - 721 - y). Q)

case (i) case (ii)

8 An algorithm 2 is consistent if for every FRB v and p > 0, it holds that lim SUP7_, 4o ELRF (A, W]/T? = 0.
9 Any mix between (i) and (ii) is clearly suboptimal.
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Fig. 1. Efficient solution to the LP presented in Theorem 3.3. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Algorithm 1: F-UCB.

Input: Exploration Parameter @, Subgaussian proxy o, Action component size k;, Vi € [d]
1 Initialize N;, (0) <0, 7, , (0) < 0 Va, € [k;], i € [d]

ia; i

fort e [T] do

3 | Selecta(ne argmax [ UGB, () where UCB,, (=7, (- 1)+0o, /" s

a=(@, .4, €A ]

N

4 Play a(f) and observe x(1) = (x,(?), ..., xd(t))T
5 Update ﬁl‘”,(,) (1) and N, , (1) for every i € [d]
6 end

This intuitive reasoning can be extended to the general case. To this end, let us define the sorting functions =; : [k;] — [k;] for
every i € [d] as any bijective function such that y; , (1) < - < s 5 k,—1) < Hi (k) = H; - We claim that, in the optimal arrangement,
the action components need to coordinate as illustrated in Fig. 1. For every dimension i € [d] (row), we sort the action components
in non-decreasing order of y; ; according to the sorting function ;. To every j € [k; — 1], an interval of length L, ; is associated
corresponding to the proportion of pulls. Now, we combine the different rows to obtain the “active action vector” (represented by
different colors) made by the corresponding action components. Each active action vector will be pulled for a proportion (the colored
vertical slices) depending on the L; ; values of the corresponding components. Notice that we can have at most Y, iea] ki — 1 active
action vectors and the total proportion of the pulls (the width of the full table in Fig. 1) is given by M :=max,cq] > jelk—1] Lij-

To formally characterize the solution, we introduce, for every i € [d] and [ € [k; — 1], the variables M, := Z,,em L, and
M ik, = oo as the cumulative proportion of pulls of the action components more suboptimal than (i, 7;(/)), i.e., fixing a row i, the

position of the black vertical lines in Fig. 1 sorted from left to right. Let us define the sorting function z : [K] — Uie[[ ap({i} &,
where K = 3,14 k;» as any bijection such that:

My <o < Myk—a)s

with the convention M, =0, i.e., the position in which we move from one vertical slice to the next one in Fig. 1 sorted from left
to right. For every ¢ € [K], we define the active action vector as a, = (j ¢, ...,j4 )" € A where:

Jip = (argmaxle[[k,-]] {M;, > Mﬂ(f)}> .
This allows us to prove the following result.

Theorem 3.4 (Instance-Dependent Regret Lower Bound — Explicit). Let C(v) be the solution of the optimization problem of Theorem 3.3. It
holds that:

K—d
Cwv= 2 (Ma(o) = Mgio—yy) Ag, »
=1
that can be computed in O(Y ;47 ki logk)).

Proof Sketch. We generalize Equation (9) with the rearrangement inequality for integrals [26], the continuous version of the more
known rearrangement inequality for sequences [20]. []

4. A worst-case optimal regret minimization algorithm

In this section, we present an optimistic any-time regret minimization algorithm for the FRB setting. Factored Upper Confi-
dence Bound (F-UCB), whose pseudo-code is reported in Algorithm 1, is based on the idea of running a UCB-like exploration [4]
independently for every dimension i € [d] and estimating the expected observation Hi,q, for every action component a; € [k;]-

The algorithm requires as input the number of action components k; for every i € [d], the exploration parameter a > 2, and the
subgaussian proxy o. After initializing the variables to keep track of the number of pulls N, [!ai(t) and the sample mean ﬁi,a, (1) for all
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action components (line 1), the algorithm starts the learner-environment interaction. At every round ¢ € [T], F-UCB computes the
optimistic action, i.e., the action a(f) maximizing the optimistic index:

alogt

aye argmax [] UCB, ()  with UGB, (0)=f,,(t-D+o SARCESI
ia;

a=(ajy,...,ay)T€EA ie[d]
where ﬁ,-,ai(t) is the empirical mean of the observations for the i component of the observation vector determined by the action
component a;, and N, , (¢) is the number of times the corresponding component of the action vector has been played (line 3). Then,
the algorithm plays it and observes the d-dimensional observation vector x(¢) = (xl(t), ces Xg (t))T (line 4). The observation vector
is used to incrementally update the sample means of all action components involved and the related counters (lines 5). Finally, the
algorithm reduces to UCB1 when d = 1.
F-UCB enjoys a time complexity of O(T Zie[[ ap ko and a space complexity of O} 147 ko)- Indeed, at every round ¢ € [T'], we need
to recompute the index UCB, , (1) for all Ziew k; action components (at least the bonus changes at every round). Note that the
computation of the optimistic action is not combinatorial since the optimization can be performed independently for every i € [d].

4.1. Worst-case regret analysis

In this section, we provide the worst-case regret analysis of F-UCB as summarized in the following result.

Theorem 4.1 (Worst-Case Regret Upper Bound for F-UCB). For any FRB v, F-UCB with a > 2 suffers an expected regret bounded as:

E [Rp(F-UCB, V)| <40 D VakTlogT +g(@) Y, ki,

ie[d] i€[d]

where g(a)= 0O ((=2)72).1% In particular, if k; =: k, for every i € [d], we have E [Ry(F-UCB, V)| < O(cd\/kT).

Proof Sketch. Under a suitable “good event”, we have that y;, < UCB;, (t) for every i € [d], a; € [k;], and 1 € [T]. Thus, the
instantaneous regret is bounded as:

w11 =2 TI # (u}‘—m,a,m) T Haw =<2 (UCBLa,(r)(f)—/‘l,a,)’
ie[d] ie[d] le[d] i€[[l-1] =~~~ ) i€[l+Ld]~ ~ €[d]
€[0,1] SUCB, 4, (D) =H1 0y €[0,1]

where the first line is obtained by summing and subtracting all mixed terms H,E[m] u Hie[[, +1.d] Mi.a,ry and the second by optimism
Hy SUCBy 4«(1) SUCB, 4,y (1). O

Comparing the upper bound of Theorem 4.1 with the lower bound in Theorem 3.1, we realize that the dependence on the learning
horizon T is tight up to logarithmic factors (just like UCB1) and the dependence on the number of action components k;, the number
of dimensions d, and the subgaussian proxy o are tight up to constant factors.

It is worth comparing our results with the ones that could be obtained by applying literature algorithms to our FRB setting. As
already mentioned in Section 3, although each intermediate observation x;(z) is 62-subgaussian, their product r(¢), i.e., the reward,
is not in general. This prevents, for instance, the application of UCB1 which assumes subgaussian (or bounded) reward. Precisely,
for d =2, the reward r(t) = x,(¢)x,(¢) is a subexponential random variable, a scenario that can be still approached with the standard
sample mean estimator but leveraging the Bernstein’s concentration bound [5]. However, for d > 3, as shown in Lemma C.1, the
reward r(t) does not admit a moment-generating function and, consequently, displays a heavy-tailed behavior [8]. Nevertheless, the
reward r(f) random variable maintains a finite variance bounded by = (1 + 0'2)d —1 (see Lemma C.2). This enables the application
of algorithms designed for heavy-tailed bandits, such as Robust -UCB [8], able to handle generic distributions with finite variance,
by resorting to estimators other than the sample mean. It is easy to verify that by considering, e.g., the Median of Means estimator [8],

we obtain a regret upper bound in the order of 15} (E, /Hie[[ d] k,-T). This result is in line with the discussion in Section 3 and, clearly,
not optimal. Indeed, the dependence on the product Hie[[ ap ki > > ie[4] ki is because Robust -UCB does not exploit the factored
property of the FRB setting. Furthermore, the dependence on & = V/(1 +62)4 — 1 > ¢ is justified by the fact that the intermediate
observations are ignored. Finally, the analysis of Factored Bandit TEA [38] cannot be adapted to our setting since, as already
mentioned, the subgaussian noise is applied to the final reward only.

4.2. Instance-dependent regret analysis

In this section, we provide the analysis of the instance-dependent regret upper bound for the F-UCB algorithm. The following
theorem summarizes the result.

10 The complete expression is reported in the proof.
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Theorem 4.2 (Instance-Dependent Regret Upper Bound for F-UCB). For a given FRB v, F-UCB with a > 2 suffers an expected regret bounded
as:

E [Rp(F-UCB,v)| < C(F-UCB, ),

where E(F—UCB, v) is defined as the solution to the following optimization problem (where g(a) = (5((01 —-2)2)):

max ) N4, (10)
(Naaea acA\{a*}
st. Njy= ) N, Vie[d], je[k]\(q}} (1
acA\{a*}
a;=j
4ac?logT ,
< 8 g, vield]. jelk]\(a) (12)
i.j
Y N,=T (13)
acA
N,>0, VaeA a4

The derivation of the LP in Theorem 4.2 follows a similar rationale as that of the instance-dependent lower bound of Theorem 3.3.
Since F-UCB runs an optimistic UCB strategy independent for every action component, we can derive an upper bound on the expected
number of pulls for every i € [d] and j € [k;] \ {a]} (denoted with N, ; in the LP) as:

4ac?logT
2
Ai,j

ELN; ;(T)] < + g(a),

generating Constraint (12), that, since the problem involves a maximization, will be satisfied with equality. To relate the expected
number of pulls E[N,(T)] of the action vectors a € A \ {a*} (denoted with N, in the LP) with the ones of the action components
E[N; ;(T)], we use the same argument of Theorem 3.3, producing Constraint (11). Similarly to the LP in Theorem 3.3, the problem
is made of [[;cpqy ki + Xieqay ki — d variables and 1+ [];epqy ki +2 X,eqp ki — 2d constraints. We now provide an explicit solution
to a relaxation of the LP of Theorem 4.2.

Corollary 4.3 (Instance-Dependent Regret Upper Bound for F-UCB — Explicit). For a given FRB v, F-UCB with a > 2 suffers an expected
regret bounded by:

E [Ry(F-UCB,v)| < C(F-UCB, V)
<4ac?logT Z 7 Z A;J.l + g(a) Z k;,
i€[d] J€lkiI\a;} i€[d]

where p* . = [1,eqap\ gy #; < 1 for every i € [d].

Proof Sketch. The result is based on providing a relaxation of the objective function of the optimization problem in Theorem 4.2,
which is based on the following bound on the suboptimality gaps of the action vector a = (ay, ..., a,)" in terms of the suboptimality
gaps of the action components:

By < YA HE
ie[d]
This allows to upper bound the objective function as:
Y ONJAS Y uE, Y NA
acA\{a*} i€ld]  jelki\lq}}

By Constraint (12) to upper bound N, , , we get the result. Alternatively, we can drop the constraint Y, Afar) Na=T and use a

ia;»
rearrangement inequality [20] to upper bound the objective function. []

It is worth comparing this instance-dependent regret upper bound of F-UCB with the one achievable with an algorithm for heavy-
tailed bandits, such as Robust -UCB [8]. Our result of Corollary 4.3 is of order (neglecting the dependence on « and on constants):

(9(#2,& Dy lZgT>. (15)

ield]  jelkI\a;) T
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Instead, Robust - UCB, for instance with the Median of Means estimator, is characterized by the following instance-dependent regret
of order (neglecting constants):

logT
(9(32 3 "Ag ) (16)
acA\{a*} a

where 57 = (1+62)?-1>062 1tis simple to observe that Equation (16) is larger than Equation (15). Indeed, consider the subset
of action vectors in which exactly one component is not optimal, i.e., A° = U,.E[[dﬂ A} where A? :={a€A : q;#a,a;= a;.‘ ,Jj €
[d]\ {i}}. We observe that for every a € A?, the action vector suboptimality gap is related with equality to that of the suboptimal

component:
Aa = H ”; - ”i,ai H ﬂ7 :/'{:'Ai,ai' an
Ie[[d] le[d]\{i}
This allows the conclusion of the following as desired:

e R - Y s

acA\{a*} R O i€[d]  jelkI\ta}) Aij

Finally, let us compare Corollary 4.3 with the instance-dependent regret upper bound of the Factored Bandit TEA algo-
rithm [38], although the noise model is different. Theorem 2 of [38] provides a bound of order (neglecting constants):

log(T'logT) + log 7l°g(£;°g 7

(9<K Z Z A = ,
ie[d] jelkiI\{a}} i

where « is such that A, < Kzie[[d]] A; - Thus, we can set k = max;¢[4) #7;. This result is slightly worse than ours because of the

presence of the larger « and the additional loglogT" and log(1/ AI.Z_J,) terms.

Remark 4.1 (About Instance-Dependent Optimality of F-UCB). We argue about the instance-dependent optimality of F-UCB. To this
end, we focus on a specific FRB instance with generic d > 1 and k; = --- = k; = 2. We consider Gaussian intermediate observations
with expected values y;; =1 and y;, = 1 — A where A € (0, 1) for every i € [d]. By applying Theorems 3.3 and 4.2, we deduce that,
for T — +o00, we have the lower bound and the F-UCB upper bound on the number of pulls of each suboptimal action component
i € [d] bounded as:

E[N;»(T)] S 262
logT = A2’

and:

[E[N;,z(T)]<4a0'2
logT ~— A?

respectively. Thanks to Theorem 3.4 and Corollary 4.3, we can compute C(v) and upper bound E(F—UCB, v):

201 — (1= AY C(F-UCB, v 2
262(1 — (1 — A)) and ( _)<4da0'.

C =
v A2 logT - A

It is immediate to realize the following extreme behaviors:

C(F-UCB,
( v) < 2daA . {20: A—-0 (18)

CWlogT ~ 1—-(1-A) 2ad A—1"

This suggests that for sufficiently large A ~ 1, F-UCB can perform significantly worse than the lower bound, introducing an additional
dependence on d. Instead, for sufficiently small A ~ 0, F-UCB can match the lower bound up to constant factors.'! Clearly, we
conducted this analysis employing an upper bound to the expected regret of F-UCB, which might, in principle, be affected by some
analysis artifacts, making it not tight. In Fig. 2, we compare the ratio between the actual regret obtained by running F-UCB (5 runs) on
the proposed FRB example and the instance-dependent lower bound (left) with the ratio between the upper bound and the instance-
dependent lower bound computed in Equation (18) (right). We clearly observe that, although the y-scales are different, the behavior
confirms a linear dependence of the actual regret of F-UCB on the number of dimensions of the action vector d.

11 Indeed, when the suboptimality gaps are close to 0, the instantaneous regret H,E[[d]] ur = HrEIId]] Hia,ry @PProaches the sum of the regrets on each action component
Ziela] W = Hia )
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Fig. 2. Ratio between the actual regret of F-UCB and the instance-dependent lower bound (left) and ratio between the regret upper bound and the instance-dependent
lower bound (Equation (18)) (right), for different values of d (5 runs, mean + 2std).

Algorithm 2: F-Track.

Input: Warm-up sample size N, Threshold e, Action component size k;, Vi € [d],

11«1

2 while min,e ) min;ep, ) N;; (1) < N, do

3 Pull action vector a(f) with a,(t)=(t—1) mod k; + 1 forall i € [d], t <1+ 1

4 end

5 Twarm-up —1-1 N

6 Estimate the suboptimality gaps Vi € [d], j € [k;]: 4, = max; e, | ;’I,.J., (Tyarm-up) = ﬁ,yj(Twam_up)
7 Compute the number of pulls ﬁi,, = erzf,-(l/T)ﬁZ/z for every action component i € [d] and j € [k;]
8 Compute the number of pulls N, for every action vector a € A by solving the LP in Theorem 3.3

9 while t <T and max;cqq jefx,] |#ij Twarmup) = Bijt = DI < 2¢p do

10 Pull action vector a(r) € argmin{ N,(r) : a€ A and N,(t) < ﬁa}, te—t+1
11 end
12 Discard all data and play F-UCB until r =T

5. Optimal asymptotic instance-dependent regret minimization algorithm

In this section, we provide an algorithm that matches the derived instance-dependent lower bound (Theorem 3.3) in the asymptotic
regime. The algorithm, named Factored Track (F-Track), whose pseudocode is reported in Algorithm 2, is based on the idea
of tracking the lower bound [19,24]. The rationale behind the algorithm is that if we want to match the instance-dependent lower
bound, we need to properly coordinate the choice of the action vectors a € A, given that we have a lower bound on the minimum
number of pulls for the action components (i, j) (Theorem 3.3). To impose such a structure, we must plan our sequence of action
vector choices in advance. We devise an algorithm composed of three phases: warm-up, success, and recovery. In the warm-up phase,
the algorithm pulls some action vectors in such a way that each action component is pulled at least N, times, i.e., N; ; > N, (line 3).
This can be achieved by round-robing the action components values j of each component i, leading to a number of pulls in the
warm-up phase equal to Tyapm.qp = No Max;e[q) k;. We use these samples to estimate the expected values Hi (Twarm-up) and define
the confidence interval threshold e7. Then, we use these values as if they were the true ones y; ; to compute the suboptimality gaps

3,-7 j = maXje ;. i Tvarmeup) — Hij (Tywarm-up) (line 6) and, using them, the number of pulls (line 7):

262 f(1/T)
T T,
ij

vj € [k;]. i € [d].
where for every 6 € (0, 1):

fr(d) = (1 + @) (cloglogT+log<%)),

where c¢ is a universal constant. With them, we compute the number of pulls for every action vector ﬁa by solving the optimization
problem in Theorem 3.3 (line 8). It is worth noting that f-(1/T) ~logT and this form is needed for technical reasons to guarantee
that the confidence bounds hold. In the success phase, until we run out of the rounds ¢t < T, we track the lower bound by pulling in a
round-robin fashion all arms whose number of pulls N, () < ﬁa (line 10). If we realize that the estimated expected reward ﬁ,-’ ;=1
are too far from the ones estimated at the end of the warm-up phase fi; ;. (T,yarm.up) based on the threshold ey, we move to the recovery
phase (line 9). In this phase, we play F-UCB until the end of the rounds discarding all the data collected so far (line 12).

The following result shows that F-Track asymptotically matches the lower bound for a proper choice of N, and .

Theorem 5.1 (Instance-Dependent Regret Upper Bound for F-Track). For any FRB v, F-Track run with Ny = [\/log T] and ey =
V202 fr(1/1ogT)/ N, suffers an expected regret of:

10
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) E [RT(F—Track, V)]
limsup ——mMmM8M8M8

=Cv).
T—+o0 lOgT -

6. Best arm identification

In this section, we analyze the FRB setting when our goal is to find the best action vector. We start in Section 6.1, by adapting the
lower bound to the error probability for standard bandits to our setting, and then, in Section 6.2, we propose an adaptation of the
Successive Rejects [SR, 3] that nearly matches the lower bound.

6.1. Error probability lower bound

We present an error probability lower bound that is suffered by any algorithm that identifies the optimal action vector in an FRB.
To this end, we introduce the complexity indexes defined for each individual dimension i € [d]:

H,:= max jAT2, H' := A2 (19)

T jelzk] D i je[[;Jci]] i(j)
It is well known that these two indexes are comparable apart from logarithmic factors, i.e., H; < H I’ <log(2k;)H; [3]. The construction
builds upon the state-of-the-art result of [9] and extends it to the FRB setting, leading to the following result.

Theorem 6.1. For every algorithm 2, there exists a FRB v with complexity index H| > llki2 such that if T > H](41og(6T'k;)) /602, for
every i € [d] it holds that:

I 400T
A1) > L _ 40T ) 20
er(@, 1) 2 ¢ max exp( 1og(k,.)H;> (20)

Proof. The proof immediately follows from the lower bound of [9, Theorem 1] by fixing a dimension i and considering a class of
FRB instances in which dimensions different from i do not change, and the only dimension that changes is i. By letting i vary in [d],
we get the lower bound. Formally, we have:

er(Ay)=P@" #a") max P@; #a). O @D
ie

6.2. Factored successive rejects

To efficiently learn which is the optimal action vector a*, we resort to Successive Rejects [SR, 3]. SR is a phase-based
rejection procedure, optimal (up to constant factors) for the fixed-budget best arm identification scenario. It works in epochs by
playing all the actions in a round-robin fashion, and, at the end of each epoch (whose length is defined using a predefined schedule,
function of the time budget and the number of actions only), discarding the action with the lowest estimated expected value, among
the ones still active. If we are running a MAB problem with k arms, we will have k — 1 phases; at the end of each, we reject an arm.
At the end of the time budget we have just one arm left, which is the one we recommend.

To extend this solution to the FRB setting, we propose Factored Successive Rejects (F-SR), whose pseudocode is provided
in Algorithm 3. The algorithm takes as input the time budget T and the number of actions k; for each action component i € [d]. Then,
we initialize the estimated expected values fi; ; and counters for the number of pulls N, ; for every action j € [k;] and every action
component i € [d] (line 1), the active action sets X}, and the current phase counter #;, for every i € [d] (line 2). Subsequently,
we have to compute the breakpoints for the phases M, ; for every phase j € [k; — 1] and component i € [d] (line 3). After having
initialized the quantities we need, we start the interaction with the environment. At every time step ¢ € [T], we first check for every
action component i € [d] if we are at the end of an epoch for the specific component and, in that case, we discard (line 7) the arm
with the lowest estimated expected value among the one still active (ties are broken arbitrarily) and we increment the counter of the
current phase for the specific component (line 8). Then, we select the action we want to play g;(¢) in a round-robin fashion in the set
of the active arms. We repeat the operation for each component, and we get the action vector a(t); we play it (line 12), and we observe
x(f). We use the data collected to update the estimated expected values and the counters (line 14). At the end of the time budget,
when we reach phase k; — 1 for every component, we still have just one action for each action component in the corresponding active
action sets. The action vector we recommend a* is the one composed of the actions &;" still in the active action sets Xig—1-

Error probability upper bound. F-SR enjoys the following guarantees on the maximum error probability.

Theorem 6.2 (Error Probability Upper Bound for F-SR). For any FRB v, F-SR suffers an error probability bounded by:

ki(k; =1 T -k
er@-se<1-[] <1— ’(’2 )exp<— —! )>
i€[d] 2(72 log(ki) Hi

11
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Algorithm 3: F-SR.

Input : Time Budget T, Action component size k;, Vi€ [d]
1 Initialize : N,; <0, ii,; <0, Vj€[k], i€[d]
2 Xo=[k], h=1, Vie[d]

T -k

3 Compute M, ; = {_4
log(k;) - (ki + 1= /)

w where log(k)) 1= 2 + Ycpyp 3 Vi€lk — 1], i€ [d]

4 forte[T] do
5 for i € [d] do

6 if min N,;=M,, then
JEX, j1 b o
7 Update &,, =X, _, \ {Ji } where j,, €argminf,;
' ' o Xy
8 h; < h;+1
end
10 Choose a;(t) €argmin N, ;
JEX p—
11 end

12 | Play at) = (a,(), ..., az(0)"

13 | Observe x(t) = (x,(1), ..., x,))"

14 Incrementally update ﬁ,,a,m and N, , ,, for every i € [d]
15 end

16 Recommend a* = (Zi’l‘

A~
,a

d)T where Zz\,* € X,vk’_] (unique), for every i € [d]

where:
H. = max jATZ N
! jEIIZ,k,‘]]J ()

and log(k)) = 3 + Yiepoi] T

Some comments are in order. First, we observe how this bound reduces to the one of standard MABs when d = 1, which is known
to be tight (up to constant factors). Second, for a more convenient expression of the result, it is useful to further bound the error

probability as follows: ey (F-SR,v) < Ziem ki (kz"_l) exp <—2 Z]T__( I:) n > This allows comparing our result with running SR on the
- o~ log(k;) H;

bandit with all the Hie[[ a7 ki action vectors treated independently under the assumption (which is not verified in our scenario) that
the reward is subgaussian, leading to the error probability bound [3, extended to handle subgaussian random variables]:

T-11. k.
er(SR,K)S% H ki(H ki_1> exp|-—; ie[d] *i
20

ield] ie[d] Zield] log(k;) H

where H := max jel2MTiegay kil jAa)z. It is easy to see that the complexity term H is larger than any of the complexity terms H;

previously defined. Indeed, for every i € [d], by considering only the action vectors that have all optimal components except for
dimension i, i.e., a € A7, where from Equation (17) we have that A, < A,-’a‘_. As a consequence, we can bound the complexity term
as follows:

H = max jA_.2 > max jA_.2 > max IAT2 s
el k1 P 7 jel2 g kil @eas” @ T ek O
where we denoted with (j) € A7 the condition assessing whether the action vector with the j-th suboptimality gap belongs to .A?.
Finally, to visualize the tightness of our result, up to lower order terms, in Theorem 6.1, we proceed by observing that e (F-SR,v) <

max exp| ——T-ki
i€ld] P\ T 202 Togp 1,

large budget T > O(max{k, o2 log(kd) maX;e[q] log(k;)H;}).

2
+log %), being k = max;e[4) k;- This matches the lower bound up to constant terms for a sufficiently

7. Related works

In this section, we discuss the related works from the action structure perspective and the works that present a notion of factored
structure. Then, we compare the most significant related algorithms with our work from the theoretical perspective.

Action structure.  Originally, multi-armed bandit frameworks focused on independent arms with no inherent structure [23]. However,
in recent decades, various bandit models with several kinds of structure have emerged, such as linear [1,15,30], Lipschitz [2,27] and
unimodal [37] bandits. These contributions incorporate diverse forms of structure into the arms being considered. [13] introduce a
generalization of structured bandits, accommodating a wide range of structural concepts among arms. Their work offers a statistically
efficient algorithm for handling generic structures, at the expense of solving a semi-infinite linear program at each time step.

12
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Table 1
Comparison with the instance-dependent regret guarantees of [8] and [38]. "This result holds for T — co. *The authors consider ¢ = 1.
i h isti Match
Setting Characteristics Lower Bound Upper Bound atcl
Factored Intermediate c d k T
Structure Feedback

>
<
AN
AN

logT logT

Robust-UCB [8] X X Ql o2 Z 087 o7 Z 08
- A A

acA\{a*} a acA\{a*} a

log T log(T'log T) + log ‘22LeeD)
ij +
TEA [38] v X el y ¥ oy Y 3 V2 B

€ eliTa S €l el i
. F-UCB : Theorem 4.2 v X v 7
This Work ¢ prack ¥ / Theorem 3.3 Theorem 5.1 R
Table 2
Comparison with the worst-case regret guarantees of [8] ([38] do not provide worst-case bounds).
Setting Ch: teristi Match
ctting Lharacteristics Lower Bound  Upper Bound ate
Factored Intermediate c d k T
Structure Feedback
Robust -UCB [8] X X Q (6,/de> © (gﬂ/kuT) X v v
This Work (F-UCB) v v Theorem 3.1 Theorem 4.1 v v v v

Notions of factored bandits. Among the several kinds of structure, [38] is the most similar to the work we propose from the point of
view of the action structure, although the two works differ from the feedback perspective. Both works employ an action structure in
which an action component g; is selected for each problem dimension i € [d]. The action components are combined with a general
function that obeys a uniform identifiability assumption under which the performance of each action vector can only improve when
any action component is switched with the optimal one. In [38], the feedback comprises a single observation of the subgaussian
reward r(a,) applied to the aggregated expected reward, whereas, in our work, the feedback comprises one noisy observation for
every action component. This peculiarity of our work implies that the reward obtained as the product over all the dimensions is not
subgaussian anymore (Lemma C.1). [38] generalizes [21] to the case of more than two dimensions. Several works consider factored
action structures in the field of multi-agent learning, where we have several agents, each one acting on a specific part of the system.
In this field, [35] propose a multi-model to learn effectively in a model with neighborhood structure, and the reward is the sum of the
rewards in these neighborhood sub-graphs. Interestingly, they recognize the importance of coordination in order to obtain optimal
performances. This need for cooperation is needed also to effectively explore when we have network structures [32].

Bandits with intermediate observations. Several other works consider different notions of factorization and intermediate observations
to improve performances in different settings, such as the delayed [17,28,34] and combinatorial bandits [10-12,14,22]. In particular,
combinatorial bandits share similarities with our setting as they allow one to select a set of arms from the power set of all the possible
choices and observe intermediate realizations. In this sense, combinatorial bandits are more general; however, they do not allow us,
typically, to consider such complex reward functions that combine intermediate rewards using the product or its derivation.

Comparison of the theoretical results. In Table 1, we summarize our setting with the one of Heavy-Tails Bandits [8] and the Factored
Bandits [38]. We also analyze and compare both our solutions with Robust-UCB [8] and TEA [38] from the instance-dependent
point of view. Then, in Table 2, we compare worst-case lower and upper bounds from the worst-case perspective.

8. Discussion and conclusions

In this paper, we introduced the Factored-Reward Bandits, a novel setting to represent decision-making problems in which the
learner is required to perform a set of actions, the effect of which can be observed, and the reward is the product of those effects.
We characterized the inherent complexity through worst-case and instance-dependent regret lower bounds, and we discussed the
performances of current solutions. To address the regret minimization problem, we proposed two algorithms using the intermediate
observations to reduce the complexity of learning in this setting. The first, F-UCB, is an optimistic solution that we proved to be
minimax optimal (up to logarithmic factors). Such a solution deals with action components independently of the others and we have
illustrated how, without coordination, we cannot reach instance-dependent optimality. To overcome this issue, we propose F-Track,
an algorithm able to perform planning on the action components, and we proved its asymptotically instance-dependent optimality.
Finally, we faced the problem of finding the best action vector, given a time budget, and we designed an algorithm to exploit the
factored structure also with this goal. The proposed algorithm nearly matches a lower bound for the FRB setting we derived. As future
lines of research, from the regret minimization perspective, we plan to investigate the possibility of developing an algorithm able to
guarantee both non-asymptotic instance-dependent optimality and to consider functions for aggregating intermediate observations
different from the product, while from the best arm identification perspective, we plan to investigate the fixed-confidence setting.

13
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Appendix A. Examples

In this appendix, we first formalize the example described in Section 1 using the formalism of the FRB setting (Appendix A.1).
Then, we present an additional example of a higher dimensional problem that can be generalized by the FRB setting (Appendix A.2).

A.1. Formalization of the example of Section 1

Consider the case of joint pricing and advertising described in Section 1. In this scenario, at every round ¢ € [T], we must select
a vector of dimension d = 2. Suppose that the first action component is the advertising budget, and the second action component is
the selling price. We have k| advertising budgets over which we want to choose and k, prices at which we can sell our item.

At every round ¢, we select the budget a,(7) and the price a,(#). Then, we observe a realization of the impressions we generate
due to the budget a,(r) we invested: x,(f) = Hia o+ €,(1), and a realization of the conversion rate due to the price a,(f) we set:
XZ(I) = ”2,02(0 + €2(t).

The reward is equal to r(¢) = a,(t)x (t)x,(t) — a; (1), corresponding to the return for each sales (the price, considering the turnover
as target), multiplied by the fraction of users willing to buy and by the number of customers exposed to the price (i.e., the impressions),
minus the budget invested in advertising. Note that the operations of multiplying by the selling price and subtracting the advertising
budget do not increase the statistical complexity of the learning problem, as after we select an action, such quantities are deterministic.
However, to deal with this more elaborated formulation, we have to take care of it in the choice of the optimal action a*:

a*€ argmax a, H Hiq, = a1- (22)
a=(a;,ay)TeA i€[2]

Run this problem on F-UCB. Moving to the F-UCB, we can easily adapt the formulation of Equation (22) to the one required by the
algorithm:

a(t)e argmax a, H UGB, (1) — a;.
a=(a),;)T€EA o 121
In practice, as we have done in Section 4, we can replace the real value with our optimistic estimator. Clearly, the analysis of the
regret continues to hold with a multiplicative factor max, [, la2|-

A.2. Additional example

We present an additional example of problems that can be generalized through the FRB setting related to manufacturing processes.

Consider the problem in which we run a manufacturing firm that has to set up the production line for a product. The goal in
this scenario is to optimize the following trade-off: maximize the production yield (i.e., the number of items that come out of the
production line undamaged) while minimizing the production cost.

Considering the item we want to manufacture, let us define a batch size B and a production line consisting of d stages. Assume
that each stage has a 1 : 1 production rate (i.e., 1 input corresponds to 1 output). For each stage i € [d], we have to select a method
to fulfill the stage among a set of k; available alternatives. Each alternative will have an aleatoric impact on the percentage of faulty
outputs, and a deterministic cost of production.

As such, at every round ¢, we select an action vector a(t) = (a; (1), a,(1), ..., a, (1)), with a;(t) € [k;],Vi € [d]. At every stage i, we
then observe a percentage of undamaged outputs defined as:

Xi(t) = Hia,(n + €i(t)7

where:

14
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* Hiqq € 10, 1] is the expected percentage of faultless products due to selecting action a,(1),
+ g(t)isa az—subgaussian random noise. In this case, we will have bounded realizations of the observations in the range [0, 1]. This
case can be handled with subgaussian random noise, as every bounded variable in [a, b] is 62-subgaussian with 6% = (b — a)? /4.

We can model the reward function as:
d

d
rty=B[[x® - c a0,

i=1 i=1
where c;(a;(1)) is the (deterministic and known) cost associated with the selection of action a,(f). Observe that B is a known and
fixed quantity, and c;(a;(¢)) are deterministic and known to the learner. As such, they do not increase the complexity of the learning

problem. For this reason, this scenario can be generalized through the FRB setting.
Appendix B. Proofs and derivations

In this section, we provide proof of the statements discussed in the main paper (Section B.1) and some technical lemmas needed
in order to prove them (Section B.2).

B.1. Proofs of the theorems

Theorem 3.1 (Worst-Case Regret Lower Bound). For every algorithm 2, there exists an FRB v such that for:

T>2(1-2777) 262 max k, = O (62d%k), ®)
ie[d]

2 suffers an expected cumulative regret of at least:

E[Rr2,v)] > -2 VKT,
[ ] 4\/51'6%1]

In particular, if k; =: k for every i € [d], we have E [RT(QL, 1)] > Q(cd\/kT).

Proof. Consider an scenario in which i, =1 and A, ; <A =1-27/@= vi € [d], € [k,], then Lemma B.3 allows us to rewrite
the expected regret as:

E[Rr 2 y)] =E [ ) (1 ) ,,elgﬂ (1- A"‘“"m)>]

te[T]

> % E [ 2 2 A,.,,,,_(,)]

te[T] ie[d]

:% S E [ > A,-,,,i(,)]
i€[d] te[T]

where R(Ti)(Ql, v) is the expected regret generated by pulling suboptimal arms on the component i € [d]. This fact implies that if we

take sufficiently small A, ; < AVie [d].j € [k;], we can analyze the expected regret R(Ti) (2, v) we pay for each action component
i € [d] independently and then summing up the regret we pay as shown above. We will see how the condition of the sufficiently
small A, ; implies that we have to add a condition on the minimum time budget T for which this lower bound holds.

We can define a set of Hie[[d]] k; FRB base instances as follows. Given a vector (hy,...,hy)" € [k{] X --- X [k,] identifying an
instance, we define the expected rewards of such an instance as follows, for A € (0, 1/2):

1 if j=h; .
= vi € [d]. 2
o {I—A it jetk\ )y L @9

We refer as Yiny,ng) O the instance in which expected values are characterized by the vector (A, ...,h;)" € [k;] X -+ X [k,] as in
Equation (24).

We now focus on bounding the regret of a single component i € [d]. In particular, we focus on component i = 1 for the sake of
simplicity in the presentation. Then, we can extend the same reasoning to all the others. Let us define a set of helper instances which are
needed for the analysis. For all the components different from the first, we consider as before a vector (h,, ..., h )T € [k,] X --- X [k4]
which characterize the instance v, o) defined as follows:

15
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1 if j=h;
i=1—-A, Vjel[k Pi= ! , Vie[2,d]. 25
Ml,j J II lﬂ /41,1 {I—A if ]E[[k,]]\{h,} 1 II ] ( )

We now need to introduce some additional objects. Given a vector (A}, Ay, ..., hy)T € ({0} U [k;]) X [ky] X -+ X [ky], we call
P(hl hy.....hg) the distribution induced by the history of the pulls and the related rewards for the d components over time horizon

T in instance Yihy g hg)” We denote with P, for h € {0} U [k,] the distribution induced by the history averaged over the other

dimensions, formally. IP’,Z = Z(hz haseosh )k ] x kg ] Plhha.... hg)» @0d with Ej, the expectation over Py,

Miepza %
Coming back to the proof, given the definition of the base instances (Equation (24)), the expected regret [E R )(Ql, Yiny... ))]
related to the first component is given by:

(1) —
E|Ry (Q[’X(hl,...,hd))] =A Z E [Nl.j(T)]
J€lkiI\(A}
=A (T -F [NL,,l (T)] ) .
We now want to use Lemma B.4 in order to obtain the following condition:

1 > [E,,[T—Nl’h(T)]zg (26)
1 nefk]

To apply Lemma B.4, we need an upper bound on the total variation dry that we can compute VA € [[k,] as follows:
1
dry =5 [Po = Pull,

1

NS

(P(O,hz,”.,hd) - P(h,hz,...,hd))

er[[ld]] ki (ha,h3,...shg)E[ky ] X+ x[kq]
1

1

e P P 27)
0.h,..shg) ~ (... ohy)
Hie[[ld]] ki (ha.h3,..shg)E[ka ] X+ X[kq] 2 ” ' ! H

1 1
< Mook Z \/ZDKL (P(th ,,,,, hd)HP(h - nd)> (28)
i€[2.d] ™ (hy,hy,....hg)E[ky] XX k4]

1 1
" iepar ki (hyhy....h %[:k P [k ]]\/E[E(Q”Z*“'*"d)[Nl’h(T)]DKL (pOHP”> (29)
g 2035 E[k ] XX kg
1 1 A2
I . 2 \/5E(O,hz,.,,,hd)[Nl,h(T)]g (30)
i€[2.d] " (hy,hs,....hg)E[ky ] XX [ky]

1
< |= —E
= (0,hy,...,
\/Hie[[z,d]] ki (h,h3,...hg)Eky I x+X[ky] 2 ?

1 [ A?
SZ Tﬂ[EO[Nl,h(T)]’ (32)

where line (27) is the triangle inequality for norms, line (28) is due the Pinsker’s inequality, line (29) is due to the divergence
decomposition lemma [25, Lemma 15.1] considering that all the components different from the first are equal, line (30) is derived
by the expression of Dy; between Gaussian distributions, line (31) is due to the Jensen’s inequality, and line (32) is obtained by
marginalizing w.r.t. the first component.

A2
hd)[Nl,h(T)]ﬁ (31)

262k,

Given this upper bound to the total variation, we can finally apply Lemma B.4 considering m = k; and B = —=+. What we get is:

Y E [26 Sy, h(T)] ok 33)
= 287
We can now select the value of A in order to have in Equation (33) a bound on T":
262k,
A2
This implies a choice of A in the form of:

A= 202k,
= T

16



M. Mussi, S. Drago, M. Restelli et al. Artificial Intelligence 347 (2025) 104362

Given such a choice of A and the bound given by Equation (26), we get that the regret of the first action component can be bounded
as:

= Lo' k\T.
2¢/2
The same reasoning can be done for all the others d — 1 action components and the bound of Equation (23):

E[Rr(.v)] 2% Y E [R?(Ql, z)]
i€[d]

1
>—=0u0 Vk;T.
2 fe%ﬂ '

The last point needed is to check that the condition of the choices we made on the A is compliant for all the dimensions i € [d] with
the one of Lemma B.3, i.e., all the As are less than A defined as:

20’2 max,-e[[d]] k,-
= T

This implies a lower bound on the T for which this bound holds:

' 2
20 ma;ie[[dﬂ ki < | _2_1/(‘1_').

Isolating T we get:

B>

20‘2 maxie[[d]] k[

T> .
(1 _2—1/<d—1))2

We highlight that the lower bound on the horizon T is quadratic in d. Indeed, for d > 2 we have:

_ 2 _log2\ 72 1\ 5 s
(1-2777) =<l—e d—l) s(z(d_l)> =4(d - 12 =0(d?),

having exploited the fact that 1 —e™*1°22 > x /2 as x € [0, 1], having set x = d]T1 € [0, 1] for d > 2. Thus, we require a mild (quadratic)

condition on T > O(d? max;c[q7 k;). We remark that even for standard bandits, the minimax lower bound requires the constraint
T > O(k), being k the number of arms [25, Theorem 15.3]. This concludes the proof. []

Theorem 3.2 (Worst-Case Regret Lower Bound without Intermediate Observations). For every algorithm 21" that ignores the intermediate
observations x(t) and observes the reward r(t) only, there exists an FRB v such that for T > 4(min,-e[[d]] k;—1)/d, ot suffers an expected
cumulative regret of at least:

d
E[Rr@1,v)]| > 2 _ 2% [mink, - T.
[Rp @', v)] > max { 8\/3’ 27} (irg[l‘]r]l]k, )
In particular, if k; =: k for every i € [d], we have E [RT(Ql*,z)] >Q <max { :/—;,o} \/kT).

Proof. We construct two lower bounds depending on whether ¢ < 1 or ¢ > 1 and, then, take the maximum between the two.
Lower Bound for ¢ > 1. For simplicity, we consider d even. We consider the following base instance v, parametrized by ¢ > 1
and A €[0,1/4] with A <69, defined for all i € [d] and j € [k,] \ {1}:

o wp. i+ ale o Wp
Vil = % Azl% > Vij = (34)
-0 W.Pp. ;- - -6 W.p.

==
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It is clear that u; | = A4 and #;; = 0. Consequently, the optimal arm is (1,..., 1)T with performance u* = A and all the other arms
have performance 0. Furthermore, the variance of the suboptimal arm components is given by o> which is also the subgaussian proxy,
while for the optimal arm components, the variance is smaller. Consider now for every i € [d]:

T

Jji € argmin E[N, ;(T)] = E[N, ;+(T)] £ . (35)
JelkN1} ¥ v ki—1
We construct the alternative instance v which is equal to v’ except for the components (i, j;") for i € [d]:
1, eald
6 wp. -+ 2L
Vi jr = { % (zfﬁ/a , (36)
-0 W.p. ;= 5—

enforcing A < ¢ /2. In this alternative instance, the optimal arm is ( jf, j;)T, with performance (u*)' =2A.

We are considering algorithms that do not observe individual components. Therefore, the distribution of the product of the
individual components has to be computed. Since they will be used in the computation of the KL-divergence, we just consider the
two most dissimilar ones:

d 1 A d 1
- + — -
e ST A PRS2 SO @7
—0 W.p. E - o'_d —0 w.p 5
where the probability of the first case in which we play, for instance, (1,...,1)T in the base instance is obtained by the following
reasoning: we get ¢ if the number of ¢ realizations is even (being d even). Thus, we have:
d J 1/d \ 4=/
. d\ (1, @an 1 (2A) 1, A
P({c?}) =) 1{liseven =4+ — - ==+ —. 38
(")) ; { }<j> (2 204 2 204 2 od (38)
The KL divergence becomes, using reverse Pinsker inequality:
2 2
8 ® ® @ _y(A) _4A%
D)< = Do) =4 () =35 (39)
2 od
requiring A <69 /4.
Let us now lower bound the regret with Bretagnolle-Huber’s inequality:
AT 2
max{E[Ry (2L, v)], E[Ry (2L, v)]} > 5 ©XP <_[E [; 1{3ie[d] : ;) =j;k}DKL(v§t)||(v')§,)):| > (40)
AT 4A?
> = exp <— )y tg[Ni,j;(T)]UTd> (41)
ie[d] —
AT 4dTA?
>—exp|\———"7- > (42)
4 p( o2 (ko — 1)>

being k* = min;cyp k;. We set A=/ =D with T > 4(k* — 1)/d.

Lower Bound for o < 1. We construct FRB instances where in the dimension i, = argmin;c ¢ k; we replicate the construction
of Theorem 15.2 of [25] while for all the other dimensions i # i;;, have all the arms with deterministic distribution with value 1.
Clearly, with this construction, any algorithm that ignores the intermediate observations will experience the interaction with the

standard MABs of the construction of Theorem 15.2 of [25]. Consequently, their lower bound ¢/27, /(min;c gy k; — DT holds. []

Theorem 3.3 (Instance-Dependent Regret Lower Bound). For every consistent algorithm 2 and FRB v with unique optimal arm a* € A it
holds that:

E [R (L,
lim inf E[Rr@.0)]

>C(v), 4
T+ logT 2@ )

where C(v) is defined as the solution to the following optimization problem:

min L,A 5)
(La)acA\(a*) ae%a*} a-a
st L= Y L, Vie[d], je[k]\{a}} 6)
acA\{a*)
a;=j
262 . . s
L;> Ok vie[d],jelk]\{a]} (@)

ij

18
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L,>0, VaeA\{a"}. ®)

Proof. The proof of this statement is divided into two parts. Part one is dedicated to finding a lower bound on the expected number
of pulls of every action component N, ;(T') for each action component i € [d], j € [k;] \ {a]}. Part two is dedicated to understanding
how these pulls of the action components can be combined in action vectors in the best way possible.
Part 1: Lower bounding the expected number of pulls for each action component

The proof of the expected number of pulls of a sub-optimal action j € [k;] \ {a}} of action component i € [d] is inspired by the
proof of the asymptotic number of pulls of sub-optimal arms presented in Theorem 16.2 of [25].

We call M,,, the set of distributions referring to the m™ component (m € [d]) and the n™ arm (n € [k,,]). Then, consider P,,, as
a specific distribution taken from M,,, to model the reward observations of arm » of component m in a given instance of the setting.

Let v be an instance of the FRB setting with d components and k; actions for every i € [d]. We start by selecting a component i
and a sub-optimal arm j. Let € > 0 € R be arbitrary constant. We define a new instance of the FRB setting v’ such that P,’j =P, Vie
[d]\ {i},Vj € [k;], and PX’J =P;.Vj€[k]\{j}, and P/; IS Ml"l be such that DKL(PLU[’PL,,/) < dy_- +¢€ and ”L{,j > /4;. d,,, represents
the KL divergence between P, and P;. The newly defined instance v’ is then identical to v for every arm of every component
different from i, and in the L'th component every arm is identical except for arm j, which is sub-optimal in v and is optimal in v'.
Following the original proof, we can define, for any event &: -

1
Py(E,))+ Py (€l 2 S oxp (<E, [Ny ()] (4 +¢))-
Now, let & ;= (N, ;(T)>T/2}, and let Ry = Rp(2, ¥) and R’T = Ry, V). Then:

’ T !’ *
Ry + Ry > = (PU(E NS0 + Py EE S0, =) ).

where f;(u) is obtained by the following observation. Since at every round ¢ € [T'], in which we pull (i, j) we suffer the instantaneous
regret in the base instance:

[l w-my I mozei-wp T1 w=ay [] u “3)

i€[d] Tie[d]\li} ie[d]\{i} Tie[d]\ (i}

and in the alternative instance:

wy T w =TI ooz =u) T1 (44)

Tie[d]\{i} i€[d] ie[d]\{i}
we define:
fw:= 1 #- (45)
ie[d]#{i)

Since the term f;(p) multiplies both A, ; and (ﬂ;’j — u}), it is straightforward to continue the original proof and write:
T
Ry + Ry > 7
Rearranging and dividing by log T', we obtain:

Fmin{ Ay, ], = up)exp (<€, [Ny, )] (d+e)).

fiw .
E,IN, (1) log(T)+log (7= min{4, ;. = u)} ) ~log(Ry + R})
— 2 —————— (46)
log(T) (d;; +€)log(T)
log (222 min{a, (' — u)} ) —log(Ry + R.
o log(HEmin{A,, (4], - u)) ) ~log(Ry + Ry)
= + = (47)
dij+e (d;; +&)log(T)
202
2 5 = hyy(D). (48)
L)
by letting € — 0, having exploited the expression of KL-divergence between Gaussians and having set:
filw . %
log (4% min(A, . (4], — )} ) ~log(Ry + Ry
h; ;(T) :=max40, = . (49)

d; jlogT
Notice that limsupy_,,  h; ;(T) = 0 under consistency.
Now, iterating this reasoning over i € [d] and over j € [k;], we get the lower bound on the expected number of pulls for all the

arms of all the action components.
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Part 2: Understanding how the pulls we have to perform on the action components can be combined
From Part 1 of this proof, we have a result on the expectation of the minimum number of pulls. We can now define the quantity:
E[N, ,(T)]

_— Vie[d], j € [k].
oo ield]. j k]

L, (T):=
This quantity can be lower bounded as:
L, n 1, vield. jelk]\ (a
ij( )_A—z— i (D, i€[d], jek]\{a;}.
ij

Now, we want to understand how these pulls of the action’s suboptimal components influence the regret. We chose to look at the
asymptotic expected regret, defined as follows:

H&wM_ZEMW]
logT _aeA logT a’
and we denote:
E[N,(T)]
L,(T):=———, Vae A.
a(l) logT acA

The regret becomes defined as:

E [Ry (2, v)|

L S L, (TA,,

logT a;‘t a(Mha

Now, we want to look at how the pulls of the action vectors L, and the ones of the action components are related. We can easily
observe that the following relation occurs:

LiT)= ) LT, Vie[d], j€[k].
acA a;=j

Given that, we can write an optimization problem in which we search for the best combination of pulls of the action vector satisfying
the constraints on the minimum number of pulls of the action components.

| Ly(T)A,
La(TT}‘?j(T) ae«‘%a*} a(Mha .
sLLyM= Y L) vield jelk\(d) (51)
ac€A a;=j

262
L (T)= A_2 - hi,j(T), vie[d], j€k]\ {a;k} N

ij
Ly(1)20, vaeA\{a"}. (53)

Now, to simplify notation, we define x(a) = L,(T'), remove the variables L; ; since Constraint (52) will be satisfied with equality, and
0 ifxed

reformulate in the unconstrained form using the indicator function I (x) = oo
+o0o0 otherwise

. 202
inf fr() = Y x@A+ )Y T, < Y x@-=-+h j(T)> + ) I (x(@). (54)
x(@ acA\(a*} i€ldl jelk\a}  \acA:q=j Ar; acAd

With this notation, we want to characterize the value of the optimization problem as the horizon 7' grows to infinity, i.e.,

liminfy_, , , inf () f7(x). Notice that this is exactly what we need to obtain a lower bound to liminfy_ %

In the following, we show that:

liminf inf f7(0) = inf £ (x), 55
m inf inf Sr(x) inf foo(X) (55)

where f, is defined as follows:
2 2
fol0) =Y x@A+ Y Y IRZO< > x(a)- A%) + Y I (x(@), (56)
acA ie[d] jelkI\la}} a€Aa;=j ij acA

corresponding to the optimization problem in which we remove the h; ;@) function from the right-hand side of the constraint. First
of all, we observe that for every x and T, we have that f;(x) < f,(x). It follows that inf ,,) f7(x) <inf ,) f(x) and, consequently,
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liminfy_, , o inf () fr(x) <infy 4 fo (x). Thus, it remains to prove that liminfy_, , o, inf(4) f7(x) 2 inf (4) f (x). Since the optimiza-
tion problem is linear and feasible (for sufficiently large T'), there must exist x;‘. such that inf 4 fr(x) = fT(x;) for every finite T,
but also for T = co. Now, consider for a fixed x:

liminf fr(x) = Y x@d, + Y I (x(@) + lim nf D Z IR>0 < Y xa)- +h (T)> (57)
acA acA ® e jelkINa’)  \aed:g=j A,,,
2

> ) x@A,+ ) In @)+ Y Y liminf Iy, < Y xa)- Ziz +h,.,j(T)> (58)
acA acA ie[d] je[k;I\{a}} e acA :a;=j Ai,j

= foo(X), (59)

uniformly since limsupy_ o h;;(T)=0and Ip_ isa decreasing function in its argument, having also exploited that liminf,(a, +

b,) > liminf, a, + liminf, b,. Indeed, let ¢ = ), x(a) — A— and yr = h; ;(T), we have to compute liminfr_, ,, Ip_ (¢ + yr).

acA : q;=j
Since 0 < yr and limsupy_ ,, y7 =0, we have limy_,  yr = 0 If ¢ # 0, there exists T'(c) such that for T > T(c), we have that
yr <lc|/2. Consequently, liminfy_ Ig (¢ +yr) = Ip (). If instead, ¢ =0, we have to compute limy_ | Ir, (rr); being Ip,,
right continuous and y; > 0 we have that lim_, | In, (yr) =
This, combined with the fact fr(x) < f (x) leads to lim me_, too JT(X) = foo(x), uniformly. Thus, we have that for every £ > 0
there exists T'(¢) > 0 such that for every T > Tj)(¢) we have uniformly:
inf fr(x)— foo,(x)| <e. (60)
T'>T
Consequently, we have:
T1p>fT lr(lf fr(x)= meT Fr () 2 fo(xq) —e2 foo(xy) — €= }(r(l’j) foo(x(a)) — €. (61)

This concludes the proof. []

Theorem 3.4 (Instance-Dependent Regret Lower Bound — Explicit). Let C(v) be the solution of the optimization problem of Theorem 3.3.
It holds that:

K-
Cw= Z Mypy = Mae_1)) Aa,
that can be computed in O(Zie[[d]] k;logk;).

Proof. Let M =max;cq) M, ;. For every i € [d], let us define a non-negative function f; : R = {4; ;};ex,j U {0} such that:

/Il{fi(x)=/4,«!j}dx=Li,j vj € [k]\ {a’), 62)

L{fi(0 = pyg Ydx = M = My ). 63)

%\%

Clearly, f; is not uniquely defined. Any function f; satisfying these conditions is measurable (by definition, since the pre-image of
any Y € {p; ;};er,7 Y {0} is measurable) and correspond to a possible arrangement of a proportion of pulls of the arm components of
dimension i. Specifically, all functions satisfying these conditions are called “equimesurable” meaning that for every f;, g; fulfilling
the conditions, we have that {x : f;(x) >y} ={x : g;(x) >y} for every y € R. We call this set of functions F;.

A possible arrangement of the proportion of the pulls for component i € [d], corresponds to a function f; € F; such that f;(x) =0
for x <0 or x > M. Thus, to minimize the regret as in the optimization problem of Theorem 3.3, we maximize the reward as follows:

sup I1 ricodx; < sup / I1 Aixodx,. (64)

f,-eP,,f,-(x):Oforx<Oorx>M,ie[[d]]Rd ie[d] fi€F;, lE[[d]] ie[d]

Let f;' be the symmetric decreasing rearrangement of f; for every i € [d], which, in our specific case, is a piecewise constant symmetric
function. Define xg =0, x;; = (M — M, .. _1)/2, X; 1.1 =X;; + Lj ,(,—1)/2 for | € [k;], we have:

fio= Z Hiye—1+ 1y LU X] € [x; g5 x ) (65)
l€]k;]
From the rearrangement inequality for multiple integrals [26], we have:

sup / I fiGendx; = / I 7 odx,. (66)

fiGF[,ie[[d]]Rd ie[d] i€[d]
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Let us observe that the product of |, H,G[[ a7 fi (x;)dx; actually leads to the solution depicted in the statement of the theorem.
Concerning the computational complexity, we observe that it is dominated by the sorting in each dimension i € [d]. [

Theorem 4.1 (Worst-Case Regret Upper Bound for F-UCB). For any FRB v, F-UCB with a > 2 suffers an expected regret bounded as:

E [Rp(F-UCB, V)| <40 Z Vak,TlogT + g(a) Z k;,

ie[d] ie[d]

where g(a)= 0O ((o = 2)72). In particular, if k; =: k, for every i € [d], we have E [Ry(F-UCB, V)| < O(cd\/kT).

Proof. The proof is composed of two parts. In the first part, we define the probability, given the chosen confidence bounds, that the
good event holds, i.e., the probability that all the confidence bounds are valid. The goal is to find an upper bound on the probability
that the good event does not hold along the whole time horizon 7. In the second part, we aim to characterize the regret under the
good event for a specific round 7 € [T]. Finally, we join the two parts to find an upper bound on the expected cumulative regret.
Part 1: Upper bounding the bad event over time horizon T

We start by defining our good event &, at round ¢ € [T'], which implies that all the confidence bounds of interest hold, i.e., we are
not making a severe underestimate of the expected value of the optimal action components, and severely overestimating the expected
values of the suboptimal ones. Formally:

& = {we [d1.¥a, € I\ 10} ) g (0= g, < 4|~ }

Nyo®
ndvield]: <o, | 208!
Pl ~ g 2N

We now want to find an upper bound of the probability of the bad event SF:

p (8,“) <p <Eli €[d].3a, € [\ (@'} : iy () =ty >0 alog! >+

N,
~ alogt

P\ Jied] : pjpx — Hj =) >

" <IGH Viai ~ e >0 N,-,a,*(t)>

. " ~ alogt
<P|Jie[d].3a; € [k]\{a}}.Is € [1] : Hyo,[51 — Mg > 0/ .

v

(A)

log 1
+P|3ie[d].3s € 1] : pyp — firwrls]> 0/ —n |, 67)
i i S

< _/
"

(B)

having highlighted with the symbols ﬁi,u,» [s] and ﬁ,-v ++[s] the dependence of the estimators on the number of pulls s. We now bound (A)
and (B) separately. Similar to the proof of Theorem 2.2 proposed by Bubeck [7], we use a peeling argument together with Hoeffding’s
maximal inequality. We apply the peeling argument with a geometric grid over the time interval [1,7] to bound the probability of

term (A). Given § € (0, 1), we note that if s € {1,...,¢}, then 3j € {o, s I;;’?;ﬁ} : P/t < s < p/t. As such, we obtain:

PA)=P (Eli €[d],3q; €[k \{a;},3s€ 1] : ﬁ,-,al[s] —Hig, >0 al(s)gt>

=P <Eli €[d].3a; €[k \{a;},3s€[1] : Z (x,-,ai [1]1- Mi,a,-(t)) > Ux/aslogt>
I=1

logt

logl/p N
< Z P <Eli €[d].3a; € [k,]\ {a'},3s : prHlr<s<pit, Z (xi’ai (- yi’a‘_(,)> > ax/aslogt>
j=0 I=1

logt

log1/p s
Z P <E|i €[d].3a; € [k;]\ {a}},3s : A< s < plt, Z (x;,ai [11- ﬂi,a,-(x)) >0/ aﬂf“tlogz) s
j=0

IA

I=1
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having denoted with x; , [/] the /-sample used to compute the sample mean ﬁ,.’a’_ [s]. Applying a union bound on the summations on
i and g;, and Hoeffding’s maximal inequality, we obtain:

logt 2
fog 175 VoZapititlogt
Py Y Y ew %

i€[d] a,ekI\(a}} j=0

logt

log /6 < aﬁlogt)
Z exp | ——

i€[d] a;e[k;]\{a}} j=0

logt
log1/p

ap
5t

i€[d] a;elkI\(a}) =0

logt

_a
2

IA

+1]¢

i€[d] a;elk1\a?) | 108 %

Applying the same procedure, we can bound the probability of term (B) in Equation (67) to obtain:

logt ap
P@)< Y | +1|rT,
i€[d] | log 5

As such, we can write the upper bound of the probability of the bad event as:
logt _ % .

P(£,C>:P((A))+P((B))s 3 k|1
i€fd] | logy

Let us now bound the sum of the probabilities of the bad event over the horizon T

P GIED I bl

1€[T] i€ld]  re[1]| log 5
T
<y k,./ IOgi 1| fa (68)
ie[d] log 3
1 +o0 +oo
ogt 2 9 4 /_a_ﬂ
= k; +1 1172 - [ 2d (69)
,»e%]] Klogl/ﬁ ) <2—aﬂ >]1 @—aplogl/h |
2 4 -l +°°>
= k.| — — t 2 70
erII:;]] '< 2-ap (2—aﬂ)210g(1/ﬂ)[ ]1 70
2 4
= ki | — + , (71)
i%ﬂ ( 2—ap (2—aﬂ)210g(1/ﬂ)>

where line (68) is obtained by bounding the summation with the integral, line (69) is obtained via integration by parts, and the first

term of line (70) is obtained by imposing af > 2. Substituting now f = aiz, which verifies g € (0, 1) if @ > 2, we obtain:

2
p(el)<|ot2, @+2 1 k=0(@-2%) Y k.
€71 (1) «=2 (“_2)21"%(%2) ie%ﬂ ‘ fez[[;'u ’

Part 2: Upper bounding the instantaneous regret at time 7 under the good event
We can now bound the instantaneous regret at time ¢ supposing the good event holds. We define the regret R, at time ¢ as the
difference in expectation between the optimal action and the one performed by F-UCB, formally:

R= ] # - I] #iwr (72)

i€[d] i€[d]
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H " (u,*—m,a,m) H Hiai(

le[d] ie[l-1]
—
€[0,1]

ie[l+1,d]

——
€[0.1]

H ”1’“1(0)
le[[d]]

2 (w
; e[[ d]] (” ~ Hiq ) £ UCB, (I)(,))
Z

UCB 4, () — ﬂ/,a,(r))
le[[a’]]

<2 Z Br.a;0®;

le[d]

Artificial Intelligence 347 (2025) 104362

(73)

74)

(75)

(76)

77)

where line (73) is obtained by summing and subtracting all mixed terms, line (74) follows from bounding the left and right products
with 1 being all factors (including the middle one) made of non-negative terms, line (76) comes from the optimism under the good
event, having denoted with ﬂ/,a,(t) the exploration bonus.
Upper bound of the expected cumulative regret of F-UCB
Recalling that we call R, the instantaneous regret under the good event, can now compute an upper bound on the expected

cumulative regret as:

E[Rrr-vem,w)] < D, (1-P(8)+R, P (&)

< [F"(SZC>+20'\/alogT

2 Brain®

ie[d]

1

i€ aelk] jelNm ] ¥ 7

i€ a,elkid jefrrng ¥/

T/k;

1..
Y3 [
ie[d] a;€[k]

te[T]
T
< Y (&) +20ovaloeT Y 3 2/
t€[T] i€[d] a;€[k;] !
= Y P(&8)+4ov/alogT Y, viT
te[T] i€[d]

a+2  (a+2)?

1

a=2  (a-2)?

10g("%2>

Z k;+4c+/aTlogT Z \/k_l

i€[d] i€[d]

(78)

79

(80)

where line (78) is obtained by rewriting the series over the arms and the number of pulls for each arm, line (79) is derived by
considering the worst case, i.e., when all the arms are pulled equally (this is the worst case because we are looking at a concave
function), and line (80) is obtained by bounding the summation with the corresponding integral. This concludes the proof. []

Theorem 4.2 (Instance-Dependent Regret Upper Bound for F-UCB). For a given FRB v, F-UCB with a > 2 suffers an expected regret bounded

as:

E [Ry(F-UCB,v)| < C(F-UCB, V),

where E(F—UCB, v) is defined as the solution to the following optimization problem (where g(a) = 5(((1 —-2)72)):
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max Z N,A, 10
(Na)aEA aeA\{a*)
st Ny = Z N,, Vield], je[k]\{a'} (11)
aeA\{a*}
a;=j
4ac’log T
N, < Tg +g(@), Vield], je[k]\la'} 12)
i,j
Y N,=T (13)
acA
N, >0, Vae A a4

Proof. The proof of this statement is divided into two parts. The first part is dedicated to finding an upper bound on the expected
number of pulls for each action component N;;. The second part is dedicated to understanding how these pulls can be combined to
find an upper bound on the regret.
Part 1: Upper bounding the expected number of pulls for each action component

The proof of the expected number of pulls for 62-subgaussian variables comprises three parts, extending and following the proof
of Theorem 2.2 proposed by Bubeck [7].

Given an instance v of FRB, consider a component i € [d], and a suboptimal action g; € [k;] \ {4} }, which suffers a suboptimality
gap of A; ;. In this part, we show that if I;; = a; (i.e., the action selected for component i at time ¢ is g;), then one of the three
following equations is true:

UCB, .+ () < 4, 1)
or:

a1 =1)> Hyg, + 04 / % (82)
or:

Nig(t—1)< M, (83)

ia;
where: UCB, ,«(?) is the confidence bound of the optimal arm for component i at time ¢, having pulled such an arm for N, +(t — 1)
it it
times in the previous rounds, and f;, n, (1) is the estimated value of the mean of arm g; of component i after N, , (f — 1) pulls.
For absurd, if we assume that the three equations are false, then we have:

UGB, (0> i

= lui,ai + Ai,a,

S 42 c2alogt

Z Hig, Ni,a,- (=1

52 N c2alogt
2 Hi,a,,N,ya‘ (=1 Ni,a,» (-1

=UCB,,, (t - 1),

which implies that a;(¢) # a;. Now, we bound the probability that Equation (81) or Equation (82) holds true. Similar to the orig-
inal proof, we use a peeling argument together with Hoeffding’s maximal inequality, which is a consequence of Azuma-Hoeffding
inequality. Note that:

. R clalogt
P(Eq. 81 istrue) <P( Ise€{l,...,1} 1 f; po[s]+\| ———— < y;
a s
:P<E|se{l,.,.,l} : Z(xi,ag[l]—M;‘)S—\/azaslogt>
I=1

We now apply the peeling argument with a geometric grid over the time interval [1,7]. More precisely, given § € (0, 1), we note

. . 1 i i
thatif s € (1,...,1), then 3j € {0,...,102’%;17} Bt <s < pit.
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As such, we get:

0g
log1

s
P(Eq. (81) is true) < P <Els : ﬁj“t <s<pt, Z(xi’af [ - ;4,.*) <—4/c2as logt)
I=1

J

5
=
=

Il
=]

logt
log1/p

s
<> P<Els : ﬂj+1t<s§ﬂjt,2(xi3af[l]—,u;")s—\/azaﬂf“tlogt)
=0 =

We now bound this last term using Hoeffding’s maximal inequality, which gives:

log 2
og177 (\/azaﬂ/“tlogt)
P(Eq. (81) is true) < exp|l ———m—m——@
(Eq ) ;) p T

log?
1

el < af logt>
exp | —
Jj=0 2

log? ) 1
< +1 .
<10g1/ﬂ 5

Using the same arguments, it can be proven that:

i
<

P(Eq. (82) is true) < ( 22" 4 1) L
q. is true) < g 1/7 .

Ba
t2

We can now write:

T T
E [Ni,ai(T)] =E |:Z IL[1,‘.,=a,-}:| <u+E |: Z IL{l,-_,=a,- and Eq. (83) is false}]
t=1

t=u+1

T
=u+E [ Z Lgq. 1) or Eq. 82) is lrue):|
1

=u+1
T
<u+ Z (P(Eq. (81) is true) + P(Eq. (82) is true)),
t=u+1

where u = [462:%] .
We can now .dpper bound the probability of Equations (81) and (82) holds:
T

2 (P(Eq. (81) is true)+P(Eq. (82) is true))

t=u+1
I logt 1
2 1
Z <1og1/ﬂ+ > Iz

<
t=u+1 12
+oo
logt 1
S2/<logl/ﬁ+l> ﬂdl
1 12
1 teo " s
ogt 2 1_01_/i 4 /_u_
) +1 =9 . SN R Y 84
[<log1/ﬂ ><2—aﬁ )]1 C=apioe 1/ J 69
4 8 j—gp 1t
— _ 85
2-ap (2—aﬂ)210g1//3[t . (®9)
4 8

=- + s
2—af  (2-aP)logl/p
where line (84) is obtained via integration by parts and the first term of line (85) is obtained imposing af > 2. Substituting now

p= 4 which verifies p€(0,1) if « > 2, we obtain:

a+2’
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T
Z (P(Eq. (81) is true) + P(Eq. (82) is true)) < — 4 —+ 8 > !
1=t 2- 2% (2_%> 10g(a7+2)

_ 2@+2)  2a+2? 1
T 2—-a  (2-ap log(aTﬂ)

_2e+2) 2 a+2>2‘

T oa=2 log(aTJrz> (a—Z

Rearranging the upper bound on the expected number of pulls given the three cases presented above, we get:

4ac?logT  2(a+2) 2 a+2)2

ELN, ()] < (
A7 a=2 10g<aT+2> a-2

2 o
weset s = 558 + iy (1) =Ol(a-27)
.

Part 2: Upper bounding the expected cumulative regret

We now have to understand how the pulls defined in part 1 can be combined. We want to look at the worst combination in which
we can pull the suboptimal action components.

We recall that regret can be defined by highlighting the dependence on the pulls of the action vectors:

E[Rp(F-UCB, V)= ) NyA,.
acA
As before, we can bind the pulls of the action components N;; and the action vectors N, as follows:
E[N, (D= Y N, Vie[d]. je[k]
acA: a;=j

We know that the pulls cannot be negative, and that the total number of pulls of the action vectors sums to 7', so we impose these
additional constraints. Now, acting on the number of pulls N,, Va € A we want to find the worst-case in which we can combine action
components in action vectors. So, we solve a maximization problem on the regret defined as a function of the number of pulls, given the
constraints defined above, and the upper bound on the expected number of pulls of the action components N,;, Vi € [d], j € [k;]\{q]}
defined in Part 1 of this proof. []

Corollary 4.3 (Instance-Dependent Regret Upper Bound for F-UCB — Explicit). For a given FRB v, F-UCB with a > 2 suffers an expected
regret bounded by:

E [Ry(F-UCB,v)| < C(F-UCB, V)
<dac’logT Y w'; Y A7l +g(@) Y ki

i€ld]  jelkI\la’) i€[d]

where y*, = H,E[[d]]\(i) uy <1 for every i € [d].

Proof. In order to obtain a relaxed solution of the optimization problem in Theorem 4.2, we first derive the following upper bound
to the suboptimality gaps of the action vector a = (ay, ...,a,)":

Sa= [T wi = I e = T1 ﬂ?‘(l— I1 ﬂi’f") (86)

ie[d] ic[d] ie[d] icfd] Hi
. Hia,
< ui (1= min —=2 > (87)
ielg]] ! < i€ld] p;
. lui,a,
= H u} max <1 -— > (88)
iefap '€l H
Hig,
<[Iw X (1— ) (89)
ie[d]  i€[d] Hi
= Z (M = Mig,) H H; (90)
ie[d] J€ld\{j}
- s o)
i€[d]
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where line (87) follows from observing that Hlew < rnmlem -,:i since X Hiai e 10,1), line (90) comes from defining /4
H, eld\U} ,4 < 1. Thus, by considering the objective funct1on in the optlmlzatlon problem of Theorem 4.2, we have:

Nab, < ) Ny DA, (92)
aeA\{a*} aeA\{a*} i€[d]

=D Y, Y Na, (93)

ie[d] JE[k;] a€A : a;=j

= Z /4: Z ‘ Ni,a,-Ai,a,v‘ (94)

i€[d] a;€[k;]\{a;}

By using the Constraint (12) to upper bound N; , and recalling that A, ; <1, we get the result. []

Theorem 5.1 (Instance-Dependent Regret Upper Bound for F-Track). For any FRB v, F-Track run with Ny = [\/log T-‘ and ey =
V202 fr(1/1ogT)/ N, suffers an expected regret of:

E [Ryp(F-Track,v)
lim sup E[Rr(e-track,v)] cw).
T—+o0 lOgT -

Proof. Preliminary Results
Let us introduce the symbol:

_ [262 f(6)
€i,j(t’6) = W (95)

Consider the event £(8) := {3i € [d], 3j € [k;], 3t € [Tyarmup- T1 2 1 |H; ;(t) = 4 ;1 > €; ;(1,6)} and let us bound its probability:

P(EG)) < Z Z P (3t € [Tyarmup: T1 2 15,0 — 11 > €, (1. 8)) (96)
ield] jelki
~ [262 f1(6
= E Z Pl3se[T] : |/41,j[s]—/4,‘,j|> L() 97)
i€[d] J€Tk] g
< Y, 6=ks, (98)
ield] jelkil

where line (96) follows from a union bound over the values of i and j, line (97) follows by rewriting the probability by highlighting
the dependence of the estimator on the number of samples s, and line (98) follows from Lemma B.1, recalling that s(ﬁi! jlsl— i) is
a martingale difference sequence and it is 62-subgaussian.

We will make use of the following two instantiations of event £(5):

& :=€(1/logT) and & :=&1/T). (99)

Clearly, from the previous result, we have that P(£;) <k/logT and P(&,) <k/T.
We start decomposing the regret over the phases of the algorithm:

E [Rp(F-Track,v)| = [g[ > Ad(,)]ﬂE[ D Aa(,)]+E[ > A_,(,)] (100)

rewarm-up tesuccess terecovery

S

g

=Ey[Ryarm-up(T)] =1Ey [Rsuccess(T)] =:Ey [Rrecovery(T)]

where, with little abuse of notation, we denoted with ¢ € phase denotes the rounds in which phase phase is active. We proceed to
analyze the three components separately.
Part 1: Regret in Warm-Up Phase E, [ Ry,arm.up(T)]

We start by analyzing the regret in the warm-up phase, whose duration is given by T\, up = No max;e[q) k; = [10g T] max;c 47 k;
Thus, the corresponding expected cumulative regret can be bounded as follows:

ElRyarmup (7] < Ay [mog T] max k; = O (\/logT> , (101)
v iela)

where A, = max,c 4 A, and the Big-O notation retains the dependence on T only. Thus, its contribution to the regret is asymptot-
ically negligible:

28



M. Mussi, S. Drago, M. Restelli et al. Artificial Intelligence 347 (2025) 104362

. |Ev [Rwarm»up(T)]
limsup ———— =

(102)
T—+o0 log T

Part 2: Regret in the Recovery Phase E,[Ryccovery(T)]
We move to the analysis of the regret in the recovery phase. We start by showing that if event £, does not hold, then, the recovery
phase never activates. Indeed, under SIE simultaneously for all i € [d], j € [k;], and t € [T, T] we have that:

arm-up’

|7 (1) = i ;] < €; (8, 1/ 10g T), (103)
which implies simultaneously for all i € [d], j € [k;], and € [T a1y, T] that:

|ﬁi’j(Twarm-up) - ﬁi’j(t - l)l < |ﬁi,j(Twarm-up) - Mi,jl + Iﬁi,j(t - 1) - ﬂi,jl (104)
< €1, (Tarmaps 1/108T) + €, ;(t = 1,1/ 1og T) (105)
<26, ;(Tyarmup 1/ 102 T), (106)

being ¢, ;(r,1/logT) a decreasing in . Recalling that N; ;(Tyarm.up) = Ny, we have:

2 2
202 f,(1/logT) <2\/20‘ fr(1/1ogT) ey, 107

Ni,j (Twarm-up) B NO

Thus, we conclude that the termination condition of the while loop never activates and, consequently, the recovery phase activates
only when &, holds, i.e., with probability at most 1/logT.

In the recovery phase, our F-Track algorithm plays F-UCB that, from Corollary 4.3, is proved to suffer logarithmic regret of the
form:

2€llj (Twarm-up7 1/logT)= 2\/

p(T) :=4ac®logT Y u*, Y A7} +g(@) Y ki =0(ogT). (108)
i€ld]  jelkiINa}) ie[d]

Thus, we have that the cumulative regret of the recovery phase is bounded by:
p(T)

IE[Rrecovery(T)] = [E[Rrecovery(T)lglE] P(‘?E) + IE[Rrecovery(T)lgl] P(Sl) <0+ @ =0(). (109)
Consequently, its contribution to the expected cumulative regret is asymptotically negligible. Indeed:
. lEK[Rrecovery(T)]
limsup —— = (110)
T+ logT

Part 3: Regret in the Success Phase E [ Ry cess(T)]
We conclude with the most challenging part consisting of bounding the regret in the success phase. The cumulative regret in the
success phase needs to be further decomposed as follows:

v
- tesuccess tesuccess tesuccess

[E[Rsuccess(T)]:[E[l{Slc} D Aa(,)]ﬂg[l{g,/\gg} > Aa(,)]HE[I{Sz} > Aam] (111)

We analyze each term separately.
Part 3.1: Regret under 8? In what follows, all estimated quantities are estimated with the samples available at the end of the

warm-up phase and, thus, we will omit the dependence on Tiy,m.up- We show that asymptotically, during the success phase and
under event 810, the algorithm suffers the optimal regret. To this end, we need to introduce some auxiliary tools. For every i € [d],

let us define a sorting function as any bijective function z; : [k;] — [k;] such that:

Hiy(1) <+ = Hi (i) (112)

If all y; ; are different, the sorting function is unique. Furthermore, for every i € [d] and j € [k;] \ {7;(k;)} (i.e., excluding the action
component with maximum expected reward), let us denote:

_ 207 f7(1/T)

y , 113)
ij 2
Ai,j

where A, ; = Mix (k) — Mij- Let us notice that N; ; corresponds approximately to the minimum number of pulls of component (i, j)
2
prescribed by the lower bound in Theorem 3.3 and denoted with L; ; = 26:#. Given the definition of f(1/T), we have that
ij
L;;/N;; — 1asT — +co. Given the sorting function, it is clear that also:
Nizy) <+ < Nigey)- 14

i

Let us define:
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= fr(1/T)! min N,_o—N, ) 115
p; = fr(1/T) LIETED Ny, izl a0 (115)

It is clear that if for every i € [b] and j € [k;] we have |N, N N; ;| £ B:fr(1/T)/4, then, for any sorting function 7; of the estimated
quantities N, , i there exists a sorting function z; of the true quantities N, ; such that 7; = x;.
Let us define for every i € [d] and j € [k;]:

J
=2 Nimy (116)
I=1
We define now a sorting function z : [k] — |J refa1 ({1} X [k;]) as any bijection such that:

M,y - < My, 117)

and convene (with a little abuse of notation) that M, = 0. It is clear that M) = M, _1) == M, 4_q41)=T. Let | € [k], we
define the active action as:

a(l) :=(jy,...,j;) where j; s.t.z(I")=(i,j;) and I’ =min{!” > and z(I") = (i,-)} with i € [d]. (118)

We can now rewrite the regret with this notation:

k—d
2 Nady = Z My = My1y) Agqy- (119)
a#a* I1=1
having observed that for the k — d + 1 terms we play the optimal action and the successive ones are zero. Furthermore, given the

relation between L, ; and N, ;, we have that:

N, . N,
Zaza Vo _ C and limsup Zaza Vo _ C. (120)
fT(]/T) - T -+ IOgT -

Let us now define:

= fr(1/T)7! min M,y — Mn|. (121)

B = fr(1/T) el My, |0~ M
It is clear that if for every i € [b] and j € [k;] we have |M\ ij — M; ;| < Bfr(1/T)/4, for every sorting function 7 of the estimated
quantities ;j» there exists a sorting function r of the true quantities M, ; such that 7 = #. If this is the case, then, the active action

a(/) induced by 7 must be the same as a(/) since the active action depends on the sorting function only.

We now show that we can always guarantee |N, ; — N, ;| < (; f7(1/T))/4 and | M, ; — M, ;| < (B fr(1/T))/4 for sufficiently large
T. First of all, let us ensure that we identify the optimal component for every i € [d]. This is guaranteed whenever for every j € [k;]
we have:

‘/411 ”Ij’ < elj( warm-up> I/IOgT) <er=< Amin/4’ (122)

where Ay, = min;e ) Minjeqe, |\ (r,k)) Hior k) — Hij- The inequality is satisfied for sufficiently large T" since:

262 f,(1/1logT) ( o2loglog T
er = —_— - =0 _

[VioeT] JioeT

Under this condition, we have that r;(k;) = 7;(k;) and, consequently:

>—>O as T — +o00. (123)

Ai,j = ﬁi,:r(k,-) - ﬁi,j and Ai,j = Hiz(k;) ~ Hij- (124)

Thus, under event SIE, we have |&,-’j —4; ;| <2er. Let us now consider i € [k] and j € [k;] \ {;(k;)}, we have:

N 262 f-(1/T) 262f-(1)T
8-, || D 200
A7 ij
(A + R, 1A - A,
=262 fr(1/T)—2 ) o (126)
A7 A2
2A . A /2
< 8aZfT(1/T)MeT, 127)
min
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where Ay, = max;c[q) maxj,j,e[[k[]] |wij — mij7| and having observed that A,j 24— 2ep 2 Apin — Ayin/2 = Apin /2 and A,j <
A +2ep < Apax + Apin/2 = Ayin /2. Thus, the difference can go below g, f-(1/T) for sufficiently large T'. Let us now move to the
M variables. For sufficiently large T such that the sorting function z; coincides with their estimated counterparts 7;, we have that

for i€[d] and j € [k;]:

‘M M |2N17r(l) Z L2 (128)
J
Z |—1 () i,fr,-(/)| (129)
' QA +A_. [2)
§862]fT(1/T)meln/€T. (130)
min

Similarly, as before, we can conclude that this difference can be made smaller than g for sufficiently large T, and, consequently,
make the estimated sorting function 7 equal the true counterpart 7.
Under these conditions, we can bound the cumulative regret under SIC:

2 Aa(r) = Z ﬁaAa (131)
tEsuccess aFa*
k—d
= (Mzra) M- 1)) 0 (132)
=1
k=d
= (Mn(l) - Mir(/—l)) Ay (133)
=1
k-d
= (Mzr(l) =My + Mgy = Mn(/—])) a) T Z x() ~ n(l—])) Ay (134)
=1
Amax Z | 2y = M|+ CSr(1/T) (135)
20 .+ A /2
< 86%(k — d) max kifT(l/T)M€T+CfT(1/T) (136)
ie[d] fmn —
=O(er fr(1/T)) + Cfr(1/T), (137)

where we used Equation (130). Thus, recalling that e; — 0 for T — +o0, we have:

E[1{&hy A
lim sup [ 1 Zrewccess a(t)] —C. (138)
T—+o0 IOgT -

Consequently, its contribution to the asymptotic regret is exactly C.
Part 3.2: Regret under £ A SE In this case, we have to prove that the regret remains logarithmic. We consider two cases:

Case 1. We perform the analysis in the first case under the following conditions:
Vield]: =i(k)=7;k;) and Vje[k]\ {mk)}: A,] > Anin /4 (139)
In such a case, it is simple to show that the regret is at most logarithmic. Indeed, being the optimal arm correctly identified (z;(k;) =
7;(k;)) we have:

k—d
Y NaBy <285 Y, My, (140)
a#a* =1
<2Apax D, Y N (141)
i€[d] je[kil\{x;(k;)}
<46 fr(1/T) Ay D, > szi 0 (142)
i€[d] jelk I\ m (k)
< 64k6” f1(1/T)Apay A2, = OlogT), (143)

where we observed that since the optimal arm is correctly identified, the following inequality holds: 21 ) MA(,) < Z:eﬂd]]
Zeteninto) Nim
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Case 2. If the condition in Equation (139) is violated, we show that the success phase stops after a logarithmic number of rounds.
Consider the smallest round ¢, ; in which for a given i € [k] and j € [k;] \ {7;(k;)}, it holds that:

262 f(1/T) 12862 f7(1/T)

N; ;(t; ;) 2 min N s A (144)
i.j min
Since the F-Track algorithm in the success phase proceeds with the round robin of at most k arms, we have that:
262 fr(1/T) 12862 fr(1/T 128ke? fr(1/T
t;; < kmin fI( / ), /ra/1) < /rd/ ) _. * = O(log T). (145)
’ AZ. Az Az
L] min min
Now, we consider two sub-cases.
Case 2.1. In the first sub-case, we deal with the case in which some optimal components are not correctly identified:
dield]: k) #mk) (146)

In such a case, at most at round t*, we have that:

R 202 f(1/T)
D> (1) = 4| == 147
e G an

> ;1) (1) — max { Bir i Brmin /8} (148)

2 Wi ey (D = 3i,;:,»(k,») = Apin/8 (149

Z iz Gy D+ 20— Anin/8 — &i,n,(k,) (150)

2l g ) = %(1{;) A2k — Bmin/8 = &i,n,(k,) (151)
i7;(k;)

> 1 2.0y (0 = Max{0, Apin /8} + A, 2 1) = Amin/8 = Ay 1 (152)

2l 2.k ® = 3/ 48 min + B 1) Twarm-up) = Fi 2,0c) Twarm-up)- (153)

where line (147) follows from the fact that event &, does not hold, line (148) follows from Equation (144) with j = z;(k;), line (149)

is obtained with maxa,b < a + b for a,b > 0, line (150) is obtained from the definition of Afﬁi(ki)’ line (151) follows from the fact
that event &, does not hold, line (152) follows from Equation (144) with j = 7;(k;) (whose estimated 3,-’,?1, k)= 0, and line (153) is
obtained from the definition of Ki!,,[(kl_) and from A, z ) = Apip-

This implies that at this round:

Hi gy ® = iy ey Twarmeup) + Hi 2, p) (Twarmeup) = i 1) (8 = 3/48 i > der, (154)
where the latter holds for sufficiently large T'. Thus, we have that the success phase stops after at most #* rounds, leading to a regret
of:

32k fr(1/T)
Z Aa(t) < Amax +

tEsuccess min

=0O(ogT). (155)
Case 2.2. In the first sub-case, we deal with the case holding under the condition:

vie[d]: mk)=7k) and 3Jie[d]: 3Fjelk]\{mk)}: A <Ap/4 (156)

At round t*, for the (i, j) fulfilling the second part of the condition:

ﬁi,zr,(k,»)(t)_ﬁi,zr,»(k,)(Twarm-up) + ﬁi,j (Twarm-up) - ﬁi,j ® (157)
2 ﬁi,ni(ki)(t) - ﬁ[,j(t) - 3i,j (158)
262 fr(1/T) 262fr(1/T)
> Ui g, .(l)—‘li—ﬂ--(f)— — -4 (159)
i,mi(k;) Ni,/r,-(k,)(t) ij Ni,j(t) ij
> —max{0, Ay /8) —max{A, ;, Ay /8) + A, — A, ; (160)
> Anin /4 (161)
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having exploited Ki’j SApip/4and A > Ay,
success phase ends.
Part 3.3: Regret under £ We conclude by bounding the regret under event &,, In this case, we proceed with the following trivial

bound, recalling that Pr(&,) < 1/T.

Thus, for sufficiently large 7', we have that 4e; < A;,/4 and, consequently, the

E [1{52} > Aam] < ApaxT P(&) < Apax = O(1). (162)

resuccess

Consequently, its contribution to the asymptotic regret is negligible. []

Theorem 6.2 (Error Probability Upper Bound for F-SR). For any FRB v, F-SR suffers an error probability bounded by:

k(e — 1 T -k
er@-sev<i-[] <1— ’(’2 )exp(— — >>
i€[d] 2(72 log(k,) Hi

where:

H; := max 'A.‘Z.,
! jeﬂz,ki]]j 5D

and log(k)) 1= 3 + Xiepai T+
Proof. We start the proof by observing that, in this algorithm, we are running a predefined schedule and that all the data related to

every component & € [d] \ {i} do not influence our choices on i and so we can analyze every component independently.
For a given component i € [d], we can define the error probability as follows:

er(F-SR,V) =P (Jj €[k —1],3n € [k; + 1 = j.k;] © 1) (M; ) < iy (M )

< ) Y PR (M) < (M)
JjElk;—1] hek;+1-j]

< Z Z P (=) (M, ) + iy (M ) + 1.1y = Hiny = Aigny)
JEki—1] he[ki+1-/]

M, ;A2
J2ih)
< €X' _——
<33 (-
JE[ki—1] he[k;+1-/]

M, A2

LI (ki+1=))
< j exp| ——mmm888m@88

Z J p 262

J€lki—1]

ki(k;— 1) T -k
< exp| — — s
2 262 log(k;) H,

where the last inequality is obtained by replacing the definition of M, ; into the formulation.
At this point, we can join all the error probability e; 7(F-SR, v), for every i € [d] and, given that the random variables x,(7) are
independent each other get the global error probability as:

er(F-SR,¥)=1— H (1—-e;7(F-SR,V)).
ie[d]

Given that, and given that we have upper bounds on the error probabilities for each component, we get:

ki(k; — 1 T -k
er@-sev<1-[] <1— ‘(‘2 )exp<— S— )>
ield] 202 log(k;) H;

This concludes the proof. []

B.2. Technical lemmas

Lemma B.1. Let T €N, € > 0. Let X, ..., X1 be a martingale difference sequence adapted to the filtration F,, F, ..., such that for every
t € [T, it holds that F[e**i] < @ N)2 g5, for every A € R. Then, for every 6 € (0, 1) it holds that:

! 2
plarer]: Y x, > \/2(1 +(logT)~!) max {¢, 162} <10g (1 + [MD +log(é)> <s. (163)

s=1 log(1 + (log T)~")
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Furthermore, for sufficiently large T, it holds that:

t
P (az er: Y x> \/262%(5)) <3, (164)

s=1

where:

F(5) 1= (1+$> (cloglogT+log<%)>, (165)

and ¢ > 0 is a universal constant.
Proof. The first statement is obtained from Lemma 14 of [24] considering that the inequality employed in Equation (19) of that

proof applies for o2-subgaussian random variables and not for Gaussian variables only. The second statement is obtained by setting

€ = ¢? and bounding og(1og T 1] <logT and log(1 + [(logT)?]) < cloglog T for some universal constant ¢ (~2). []

Lemma B.2. Let X €[0,1), d €N, then if x; € [0,X) ,Vi € [d], it holds:

1- H(l—x,)z(l—E)d‘l Z x;.

ie[d] ie[d]
Proof. We prove this statement by induction. First, we can observe how for d = 1 this result trivially holds:

1= —=x))=x;.

We can now make the inductive step on d:

1- H(l—x,.)=1—(1—x[,) H (1-x,)

ie[d] ie[d-1]
=1-(-xp) [] a-xpxx,
ie[d-1]
=(1—xd)<1— 11 (l—xi)>+xd (166)
ie[d-1]

> (1 -x,) <(1 -0y x,.> +x4

ied-1]
>(1-0"" Y x,
i€[d]

where line (166) is the inductive step on d. []

1

Lemma B.3. In a FRB, considering uy« = 1, if A, ; < A=1- s Vi € [d],j € [k;], the regret can be bounded as:
1
Ry®v)= z <1 - H (1 - A[,a,.(o)) 25 Z Z A0
te[T] ie[d] te[T] ie[d]

Proof. We prove this statement by looking at a single time 7. We can rewrite Lemma B.2 as:
1= [T A= 2000) 20 =21 3 Ay
ie[d] ie[d]

if A, ; <A€0,1), Vi€ [d].j € [k].
We make a choice we want to transform this result in order to have:

1
1- H A=200)2 5 2 Ajan)-

ie[d] ie[d]

This can be done by imposing:
1 i1
Z<(1-A
2 <( )

. <(1=A
21/(d—1)_(1 A)

34



M. Mussi, S. Drago, M. Restelli et al. Artificial Intelligence 347 (2025) 104362

-~ 1
<]— ——
A 1 /@ D" D

Lemma B.4 (Wang et al. 36). Suppose m, B are positive integers and m > 2; there are m + 1 probability distributions Py, P, ...P,,, and m
random variables Ny, ..., N, such that: (i) Under any of the P,’s, Ny, ..., N,, are non-negative and Z[E[[m]] N; < B with probability 1; (ii)

Vi € [m], dry < 11/ 2Eo[N;]. Then:

1 B
- E[B-N]1> 7.

™ i€ml
Proof. For the proof of this Lemma, we refer the reader to Lemma 24 of [36]. []
Appendix C. Additional theorems and lemmas
In this appendix, we provide additional Theorems and Lemmas useful in the discussion of the work.
Lemma C.1. The product X, X, -+ X,, of n > 3 independent ¢2-subgaussian random variables is not subgaussian.

Proof. The proof follows the one proposed by [31].
The proof of this statement can be done by verifying that the moment-generating function of the product of n independent Gaussian
distributions with unit variance (X; ~ N'(0, 1), Vi € [n]) is unbounded:

[exp( H X, )] 0, Ve > 0.
ie[n]

Let us call X the vector composed of our random variables X := (X, X»,...,X,,) and let (U;,U,, ... U,) be a uniformly distributed
unit random vector. For some real C, > 0:

[exp< ’QI]X)] (167)
[exp< Qﬁ) { ”2\/”_2\16[[}]}] .

o rn—lexp<_r_>dr-|}3 U > vien (169)
O/ (2\/—)n 2 24/n v

]

(A) ® ©

=Cn(2\/ﬁ)n/exp<c ! r"> = r~exp <—§> dr-[P’<U,-> ! ,Vie[[n]]>
cn J (2\/2)" (2\/;)" 2\/;

(.

g'(r) f(r)

2 n 2 « 7 2
:Cn( Vo) [CXP<C L "")exp(—%)] +/exp e—L r"—% rdr -[P><U,->—1 ,Vie[[n]]> (170)

en @y/ny o} @y/ny 24/n

———
(D)

24/n)" 7 2
chﬂ [00—0]+/exp<—r—>rdr .P<Ui> ! ,Vie[[n]) 171)

cn 2 2\/,;

0

24/n)" 2\ 1%
=Cn( v <[00—0]—[GXp (—r—)] )-P Ul->L,\-/ie[[n]]

en 2/l 24/
C,>0
n>3

>0
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The inequality in Equation (168) follows from the fact that the event inside the indicator function happens with a probability < 1.
Equation (169) is a rewriting of the previous line under the assumption that the indicator function evaluates to 1. We can rewrite

the expected value as an integral over the positive real numbers since, according to the indicator function, every random variable X;
H I|2

Term (A) is a substltutlon of Hie [ X; with ﬁ repeated » times, which comes from the indicator function. r is the integration
n
variable and represents the Euclidean norm of vector X.
Term (B) represents the probability density of the Euclidean norm of a Gaussian vector X ~ N'(0,1,)).
Finally, term (C) represents the probability of the 1nd1cator function evaluating to 1. Considering the vector ¥ whose elements

are Y; = X, /|| X|l,, then ||Y||, = 1. The probability that Y; > \[ Vi € [n] can be thought of as the probability that the point defined

must be greater than , which is a positive quantity.

by Y in the n-dimensional space is located on the surface of the n-dimensional hyper-sphere of radius 1 in the region induced by the
ope 1
condition Y; > v
Equation (170) is an integration by parts of the two functions f(r) and g’(r) identified in the line above.
Equation (171) holds under the assumption that n > 3 and ¢ > 0. First, the term:

o n>3

[exp(c ! r”)exp(—ﬁ)] Ciooo—O
@y/ny 271, ’

under such an assumption. Second, we can write:

0 (o)
2 2 2 2
exp<c 1 rﬂ_%)Zexp(—%>=/exp<c 1 rﬂ_%) er/exp<—%> dr.
n n
2+/n) " 2+/n) J

The final result then holds under the further assumption that C,, >0. [

Lemma C.2 (Variance of the product of independent random variables). Let X, X, ... X, independent random variables. The variance of
their product is:

Var[X, X, - X,] = H (Var[X;] + (E[X,])?) - H([E[xi])l’
ie[n] ie[n]

Proof.
Var[X, X, - X, ] = E[(X, X, - X,)*] = (E[X, X, - X,,])?
=E[X]X; - X721 - (ELX, D*ELX,]) - (E[X,])*

E[XZIE[X3] - E[X2] — (E[X, D*(E[X,])? - ([E[X,J)2
H (Var[X,] + (E[X,])?) - H([E[X

i€[n] i€[[n]

Lemma C.3. Let X, X,, ..., X, independent subgaussian random variables with expected value y; € [0, 1] and subgaussianity parameter
0; € [0,40). The variance of the product XX, -+ X,, is bounded by:

I o2 svarlx, X, x,1< [] (1+67) -1.
ie[d] ie[n]

Proof. We want to find the worst combination of y;,i € [n], i.e., the combination of expected values which maximizes the variance
of the product of such random variables. To do so, we can consider a single i € [n], and look at the behavior of the first derivative

when we change y; € [0, 1]. We recall from Lemma C.2 that:

Var[X, X, - X,] = H (Var[X;] + (E[X,])*) - H([E[X,.])2

i€[[n] i€[[n]
=[[ (Z+u)- [ ¥
ie[n] ie[n]
=(a§+y?) H (O' +/4 H ,ul, (172)
ie[a]\(7) IE[["]]\ i)
=”?2 H (0' +/4 H ;4 +0'_ H (0'1.2+yi2) (173)
ie[a]\(7) IE[["]]\ ie[a]\(7)
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=TI (F+m)= I1 w|+o? I (o +u)). (174)

ie[n]\ (7} ie[n]\ (7} ie[n]\ (7}
—_— ) —/ | ————
A B C

where lines (172), (173) and (174) are no other than an algebraic step to make explicit in the product the dependence on ;. Now
we want to look at the worst-case scenario for the variance, i.e., the value of y; that maximize it.

Recalling the constraints on u; which is assumed to be bounded in [0, 1] and al.z that is defined over [0, +o0], it is trivial to see
that term A is predominant over term B and so the worst case for element i is to consider u; =1, no matter the other values of
;i € [n] \ {i}. The term C is not relevant as u; does not appear. This reasoning applies for all the possible values of i € [n], and so
the worst case variance is when all the y; are equal to 1, for all the components i € [r]. Given that, the variance of the product of
independent random variables with expected values in y; € [0, 1] and variance o-i2 can be bounded as:

Var[X, X, - X,1< [ (1+67) - 1.
ie[n]

A symmetric reasoning leads to the lower bound. This concludes the proof. []

Appendix D. Numerical validation

In this appendix, we provide numerical simulations to validate the proposed solutions. This validation has two main scopes. First,
in Appendix D.1, we aim to compare the two algorithms we propose for the regret minimization setting (i.e., F-UCB and F-Track)
to assert if our theoretical findings are coherent with what we observe in practice. Then, in Appendix D.2, we evaluate the same two
algorithms’ behavior in the case in which the noise affecting intermediate observations is partially correlated.

D.1. Comparison of F-UCB and F-Track

In this part, we compare F-UCB and F-Track in different scenarios. As discussed in Remark 4.1 and shown Fig. 2, the performances
of F-UCB decrease when the number d of dimensions increases and when the suboptimality gaps are large. The goal of this part is
to (i) verify once again this fact and (ii) observe if F-Track is able to mitigate such a phenomenon.

Setting. We consider the scenario in which the number of arms is constant across all dimensions, i.e., k; = k,Vi € [d]. Given our
goal to verify the algorithms’ behavior over the action vector dimensionality d and the suboptimality gaps dimension, we fixed the
other parameters. We consider a scenario in which we have k = 2 and observations affected Gaussian i.i.d. noise with ¢ =0.5. We
evaluate the two algorithms for d € {2,5,10,20,30}. For what concerns the expected values, for all the dimensions, we enforce the
first arm to be the best one, with expected value y; | = ' = 1,Vi € [d]. The suboptimal arms have all the same expected values
Hip=1—A;,,Vi€[d]. Such a value A, , has been tested in the set A;, € {0.5,0.7,0.9}. We evaluate the performances in terms of
regret, averaged over 10 runs with horizons T € [10*,10°]. We remark that F-UCB is an anytime algorithm and can be run once to
obtain the entire regret curve. Instead, F-Track requires the knowledge of the horizon to compute the correct values of N, and er.
As such, we repeated the experiment for F-Track several times, each with a different time horizon up to the maximum 7.

Results. In Fig. 3, we present the cumulative regret for F-UCB and F-Track in the above-mentioned setting. First, we observe that
for small values of d (i.e., d € {2,5}), F-UCB outperforms F-Track for all the values of A, ,. This behavior is less evident when we
move to d = 10, where the performances become comparable, with an advantage for F-UCB for smaller values of A, ,, while for larger
value of the suboptimality gap, F-Track is better. The results turn in favor of F-Track when d becomes larger (i.e., d € {20,30}),
and such an advantage further increases when A, , is large. These findings are in line with the theoretical analysis we conducted,
which shows that (i) for larger d synchronization becomes fundamental, and (ii) for larger values of A, ,, F-UCB suffers higher regret.

D.2. Robustness to correlated noise
In this part, we compare F-UCB and F-Track when there is a correlation between the noises affecting the different dimensions.

As discussed in Remark 3.1, in our setting, we require that the observations must be non-correlated. Otherwise, the problem cannot
be factored properly given that, in general, if there is a correlation between the noises, we have that:

E [H xl-(t):| # [] Elxo]. (175)

ie[d] ie[d]
Setting. We consider the scenario in which the number of arms is constant across all dimensions, i.e., k; = k, Vi € [d]. We consider
k =2 and d = 10. For what concerns the expected values, for all the dimensions, we enforce the first arm to be the best one,

with expected value y; ; = u; = 1,Vi € [d]. The suboptimal arms have all the same expected values y;, = 0.5,Vi € [d]. In order
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Fig. 3. Cumulative regret of F-UCB and F-Track considering k =2, 6 =0.5, d € {2,5,10,20,30}, and A, , € {0.5,0.7,0.9}, Vi € [d] (10 runs, mean =+ 2std).
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Fig. 5. Cumulative regret of F-UCB and F-Track for k=2,0=0.5,d =5, A;, =0.5,Vi € [d], and correlation « € {0,0.2,0.4,0.6,0.8, 1} (10 runs, mean =+ 2std).

to evaluate the behavior of the algorithms in the presence of correlation in the noise of intermediate observations, we introduce a
term « € [0, 1] to control the interdependence of the intermediate observations. The additive noise applied to the observations x;(r)
is defined as an(t) + (1 — a)¢;(t), where 5(t), ¢;(t) ~ N(0, 62). The noise term 7(t) is applied to all the dimensions, whereas the ¢;(t)
terms are individual and applied to the single dimensions i € [d]. Given this formulation, if « = 0 the intermediate observations
are independent, while if « = 1, the intermediate observations are fully correlated. For values of a € (0, 1), the noise term in the
intermediate observations will comprise a correlated term and an independent term. We consider the case in which the Gaussian
noise with ¢ = 0.5 (for both the independent and correlated components) affects only action components a; = 2 (i.e., those with
expected value y;, =0.5) for i € [d]. We consider values of a € {0,0.2,0.4,0.6,0.8,1}. We evaluate the performances in terms of
cumulative regret averaged over 10 runs with target time horizons T € [10%,107].

Results. Before commenting on the results, we observe that the presence of correlated noise over action components a; = 2 has the
effect of changing the optimal vector action depending on the value of «. In Fig. 4, we show the value of the expected reward of the
action vectors (1,...,1) and (2,...,2) estimated using 10° Monte Carlo simulations for the values of a under analysis. We consider
just the two action vectors (1,...,1) and (2, ...,2), given that all the other combinations of action components will give intermediate
results (and are suboptimal). We first observe that, given that all the observations of the action vector (1, ..., 1) are not influenced by
any noise, its expected reward is stable over @. On the other hand, for action vector (2, ...,2), affected by noise, we see how as the
correlation increases, the expected reward increases itself and overtakes the one of action vector (1, ..., 1). Moving to the simulations,
Fig. 5 shows a comparison of the performances of F-UCB and F-Track when we vary correlation parameter «. First, we observe how
the two algorithms present a consistent behavior over the different values of a. They are able to achieve satisfactory performances
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(i.e., sublinear regret) up to « = 0.6. Then, the regret degenerates to linear. This is consistent with what we observed in Fig. 4, as these
algorithms look at the expected values of the single action components, but in this case, the noise correlation altered the optimal
arm, which is no longer the one with the highest product of the expected observations.

Data availability
The code is available at: https://github.com/marcomussi/FRB.
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