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Multi-Armed Bandits

Standard Setting

In the customary Multi-Armed Bandit framework, we consider a problem where:

m We have K arms, each representing an action
m The actions are independent each other
m The effect of the actions lasts for one time step only

= There is no notion of state
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Multi-Armed Bandits

Feedback and Goal

m At every time step we see a noisy realization of the expected value of the action
we perform:
Tt = fay + Mt

where 7, is an i.i.d. zero-mean noise

m The goal is to minimize the regret:

T
Ry =Tpe —E|Y o
t=1

where 4+ is the expected value of the optimal action
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Multi-Armed Bandits

Settings with Complex Feedbacks

Several works manages bandit with complex feedbacks, like:

» Bandit with Delayed feedbacks (Pike-Burke et al., 2018)
m Restless and Markov Bandits (Ortner et al., 2012)

» Rested Bandits (Tekin and Liu, 2012; Levine et al., 2017)
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Autoregressive Bandits 5

In this work, we consider bandits in which the actions of the previous time steps
also influences the future rewards

We consider that the previous states are a conseguence of the actions (in a rested
fashion) and influence the next rewards thanks to an unknown autoregressive
dynamic
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Autoregressive Processes 6

Autoregressive Processes (AR) are present in a plenty of scenarios in the real world:

~
e ‘im{’
"nd II

Stocks Market Sales Forecasting
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Autoregressive Bandits 7

At every time t € {1,...,T}, we select an action a; and we receive a reward xy:
k
Tt = Yo(az) + E vilag)wi—;  + &t
~—~ N—— 1
Reward at time ¢ Exp. reward of a = , Subgaussian Noise

Contribution of the past

where k is the length of the history we consider, and (vi(at))icqo,....x} is an unknown
parameter vector characterizing action ay
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Autoregressive Bandits

Assumptions

The parameters (vi(a));cqo,...x} fulfill the following conditions:
u (Monotonicity) v;(a) > 0 for every a € A, i € {0,...,k}
» (Stability) I' :== maxgea Zle vi(a) < 1

# (Boundedness) m = maxge 4 Y0(a) < 00
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Autoregressive Bandits

Goal

The goal is to minimize the expected cumulative policy regret:

T
R(m,T) = Jf — Jp(m) =E | >
t=1

where:

re =2, — Iy
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Autoregressive Bandits
Optimal Policy

For every round t € N, the optimal policy w; (H;—1) satisfies:

7 (Hi—1) € argerfl‘lax (v(a), z¢—1)
a

2 T
where Zi—1 = (1, dBp—1goo0o0 ,.%'t_k-)

m Maximizing the immediate expected reward implies maximizing the cumulative
reward

m We do not need to do action planning

m The optimal policy is Markovian w.r.t. the state representation z;_;
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AR-UCB

Pseudo-code

Algorithm 1: AR-UCB.

Input :Regularization parameter A > 0, autoregressive order k € N, exploration coefficients (8:—1):e[r]

1 Initialize t + 1, Vo(a) = M41, bo(a) = Ok+1, Jo(a) = Og+1 forall a € A, zo = (1,0,...,0)T
2 fort € [T] do

3
4
5

6

7
8
9

10 end

Compute a; € argmax,¢ 4 UCB:(a) = (Jt-1(a), z-1) + Be-1(a) lze-1(a)lly, _, (a)-1
Play action a; and observe z; = (y(at),z:—1) + &
Update for all a € A:
Vi(a) = Vi_1(a) + zt—lzzll]l{a=at}
bi(a) = bi-1(a) + 2¢-1%:1 {a=a,)
Compute 3¢(a) = Vi(a) *bi(a)
Update z; = (1,2, ...,T—kt1) T
t—t+1
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AR-UCB

Policy Regret

Let 6 = (2T)~'. AR-UCB suffers a cumulative expected policy regret bounded by
(highlighting the dependence on m, o, k, T', n, and T only):

R(AR-UCB,T) < ©® ( (m® + "()1(]“_ ?;33/2‘/@).
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Experimental Validation

Summary

We perform an experimental validation of AR-UCB:
m In comparison with several bandit baselines

m By studying its sensitivity w.r.t. key parameters
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Experimental Validation

Baselines

We consider as baselines:
m UCB1 (Auer et al., 2002a)
m EXP3 (Auer et al., 1995, 2002b)
» B-EXP3 (Dekel et al., 2012)

m AR2 (Chen et al., 2021)
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Experimental Validation

Comparison with the other baselines
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Experimental Validation

Effect of stochasticity

We recall that the optimal policy 7} (H;_1) for the ARB setting is:

T (Hi-1) € arg max (v(a), zt-1)
a

where z;_1 = (1,24 1,...,2_1)".
The optimal policy, when no noise is involved, is constant and corresponds to playing

the action at € A:
at e arg max %
acA  1—=3"7" 1 7i(a)
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Experimental Validation

Effect of stochasticity

Setting
k=2
m T = 10000

m |A| =2 (two actions, a; and as)

7(a1) = (17 Ps O)T

v(az) = (1, 0, p— )"

where p = 0.5 and € = 0.02

We study the cumulative regret at different
values of noise o € {0, 0.1, 0.5, 1.0, 2.0}
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o ‘Stochastic Deterministic

0
0.1
0.5
1.0
2.0

19994 (0)
20167 (0.20)
22049 (1.02)
24504 (2.04)
29428 (4.09)

19994 (0)
19998 (2.04)
20012 (1.02)
20030 (2.04)
20067 (4.08)
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Experimental Validation

Misspecification of parameter m

Setting

mk=4

m A =7

= m = 5000

» v;(a) sampled from uniform distribution

We want to minimize the cumulative regret
over T'= 10000 samples
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Experimental Validation

Misspecification of parameter k

Setting

m k=10
A =7

® 7;(a) sampled from uniform distribution

We want to minimize the cumulative regret

over T' = 10000 samples

Marco Mussi

5,000

4,000

3,000

2,000

Cumulative Regret

1,000

Enl TS I N
Il

Il o
== 00 e N =
S O

Rounds -10*




Experimental Validation

Real-World Experiment

Real-World Scenario

We want to price 4 products of
an e-commerce website.

We generalize a synthetic model
from real-world data selecting:

» k =8 (2 months)
m Al =38

We study the cumulative regret
over T' = 10000 samples
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Conclusions

m We presented the Autoregressive Bandits, a setting to handle autoregressive
processes using bandit algorithm

m We defined the notion of optimal policy, and we demonstrates that the myopic
policy is optimal also over long time horizon

m We presented AR-UCB, a regret minimization algorithm for handling
autoregressive processes

m We have theoretically characterized the algorithm, and we conducted an
experimental campaign over synthetic and real-world data
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