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ARTICLE INFO Abstract

Keywords: Constrained Reinforcement Learning (CRL) addresses sequential decision-making problems
Reinforcement Learning where agents are required to achieve goals by maximizing the expected return while meeting
Constrained RL domain-specific constraints. In this setting, policy-based methods are widely used thanks to
Last-Iterate Global Convergence their advantages when dealing with continuous-control problems. These methods search in the
Deterministic Policies policy space with an action-based or a parameter-based exploration strategy, depending on
Policy Gradients whether they learn the parameters of a stochastic policy or those of a stochastic hyperpolicy.
Primal-Dual We introduce an exploration-agnostic algorithm, called C-PG, which enjoys global last-iterate

convergence guarantees under gradient domination assumptions. Furthermore, under specific
noise models where the (hyper)policy is expressed as a stochastic perturbation of the actions
or of the parameters of an underlying deterministic policy, we additionally establish global last-
iterate convergence guarantees of C-PG to the optimal deterministic policy. This holds when
learning a stochastic (hyper)policy and subsequently switching off the stochasticity at the end
of training, thereby deploying a deterministic policy. Finally, we empirically validate both the
action-based (C-PGAE) and parameter-based (C-PGPE) variants of C-PG on constrained control
tasks, and compare them against state-of-the-art baselines, demonstrating their effectiveness, in
particular when deploying deterministic policies after training.'

1. Introduction

When applying Reinforcement Learning (RL, Sutton and Barto, 2018) to real-world scenarios, we aim at solving
large-scale continuous control problems where, in addition to reaching a goal, it is necessary to meet structural or
utility-based constraints. For instance, an autonomous-driving car has its main objective of getting to the desired
destination (i.e., goal) while avoiding collisions, ensuring the safety of people on the streets, adhering to traffic rules,
and respecting the physical requirements of the engine to avoid damaging it (i.e., constraints) (Likmeta, Metelli,
Tirinzoni, Giol, Restelli and Romano, 2020). To pursue such an objective, it is necessary to extend the RL problem
formulation with the possibility to account for constraints. Constrained Reinforcement Learning (CRL, Uchibe and
Doya, 2007) aims at solving this family of problems by employing RL techniques to tackle Constrained Markov
Decision Processes (CMDPs, Altman, 1999), which provide an established and widely-used framework for modeling
constrained control tasks. The conventional CRL framework primarily focuses on constraints related directly to
expected costs (Stooke, Achiam and Abbeel, 2020; Ding, Zhang, Basar and Jovanovic, 2020; Ying, Ding and Lavaei,
2022; Ding, Wei, Zhang and Ribeiro, 2024).

Among the RL methods applicable to CMDPs, Policy Gradients (PGs, Deisenroth, Neumann and Peters, 2013) are
particularly appealing. Indeed, PGs have demonstrably achieved impressive results in continuous-control problems
due to several advantages that make them well-suited for real-world applications. These advantages include the
ability to handle continuous state and action spaces (Peters and Schaal, 2006), resilience to sensor and actuator
noise (Gravell, Esfahani and Summers, 2020), robustness in partially-observable environments (Azizzadenesheli,
Yue and Anandkumar, 2018), and the possibility of incorporating expert knowledge during the policy design

IThis work extends the preliminary version presented in (Montenegro, Mussi, Papini and Metelli, 2024b) by providing a theoretical analysis
and empirical evaluation of deterministic policy deployment.
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phase (Ghavamzadeh and Engel, 2006), thus improving the efficacy, safety, and interpretability of the learned
policy (Likmeta et al., 2020). PGs can be categorized into two key families depending on the way exploration is carried
out in the policy space (Montenegro, Mussi, Metelli and Papini, 2024a). Following their taxonomy, we distinguish
between the action-based (AB) and the parameter-based (PB) exploration paradigms. The former, employed by
REINFORCE (Williams, 1992) and GPOMDP (Baxter and Bartlett, 2001), focuses on directly learning the parameters
of a parametric stochastic policy. The latter, employed by PGPE (Sehnke, Osendorfer, Riickstief3, Graves, Peters and
Schmidhuber, 2010), is tasked with learning the parameters of a parametric stochastic hyperpolicy from which the
parameters of the actual policy (often deterministic) are sampled.

PGs have gained significant popularity in solving constrained control problems (Achiam, Held, Tamar and Abbeel,
2017). Within this field, algorithms are primarily developed using primal-dual methods (Chow, Ghavamzadeh, Janson
and Pavone, 2017; Tessler, Mankowitz and Mannor, 2019; Ding et al., 2020; Ding, Wei, Yang, Wang and Jovanovic,
2021; Bai, Bedi, Agarwal, Koppel and Aggarwal, 2022), which can be formulated through Lagrangian optimization
of the primal (i.e., policy or hyperpolicy parameters) and dual variable (i.e., Lagrange multipliers). Even though the
distinction between the exploration paradigms is well known in the PG methods literature, the current state of the art
in policy-based CRL focuses only on the action-based exploration approach (Achiam et al., 2017; Stooke et al., 2020;
Bai, Bedi and Aggarwal, 2023), while the parameter-based one remains unexplored (Montenegro et al., 2024b). A
critical challenge for policy-based Lagrangian optimization algorithms is ensuring convergence guarantees. Existing
works have spent a notable effort in this direction (Ying et al., 2022; Gladin, Lavrik-Karmazin, Zainullina, Rudenko,
Gasnikov and Takac, 2023; Ding et al., 2024). Recently, Ying et al. (2022), Gladin et al. (2023), and Ding et al. (2024)
manage to ensure global last-iterate convergence guarantees. However, these approaches are affected by some notable
limitations: (¢) the provided convergence rates depend on the cardinality of the state and action spaces, limiting their
applicability to tabular CMPDs and preventing scaling to realistic continuous control problems; (i7) they focus on
softmax policies only, disregarding other more realistic policy models (e.g., Gaussian ones); (iii) ensure convergence
when a single constraint only is present (Ding et al., 2024; Rozada, Ding, Marques and Ribeiro, 2025).

Real-world problems not only require RL algorithms to produce policies satisfying constraints, but they also often
demand the resulting policy to be deterministic to meet reliability, safety, and traceability requirements. To this end,
PGs remain a recommended choice. Considering unconstrained scenarios, the challenge of learning deterministic
policies was first addressed by (Silver, Lever, Heess, Degris, Wierstra and Riedmiller, 2014), that introduced the
deterministic policy gradient (DPG) method, later inspiring successful deep RL algorithms such as DDPG (Lillicrap,
Hunt, Pritzel, Heess, Erez, Tassa, Silver and Wierstra, 2015; Fujimoto, van Hoof and Meger, 2018). However, DPG-
based approaches present notable drawbacks due to their off-policy nature, which makes the theoretical analysis
complex and limits local convergence guarantees to restrictive assumptions (Xiong, Xu, Zhao, Liang and Zhang,
2022). More recently, Montenegro et al. (2024a) proposed a unified framework for deterministic policy deployment
that bridges action-based and parameter-based exploration paradigms. Their approach is grounded on specific noise
models that represent stochastic policies and hyperpolicies as perturbations of the actions or the parameters of an
underlying deterministic policy. The core idea is to train stochastic (hyper)policies via policy gradient algorithms and
deploy their deterministic counterparts by switching off the stochasticity, thereby offering a principled methodology
for incorporating deterministic policies within the policy gradient framework. The latter contribution is a recent
advancement in the unconstrained setting, while in the constrained one, despite the advancements in policy-based
CRL, the integration of deterministic policies within this framework remains mostly unexplored. A recent contribution
in this direction is presented by Rozada et al. (2025), who introduce the Deterministic Policy Gradient Primal-Dual
(D-PGPD) algorithm, a novel approach designed to directly learn deterministic policies in CMDPs with continuous
state and action spaces. D-PGPD is a primal-dual algorithm that incorporates entropy regularization w.r.t. the policy
and ridge regularization w.r.t. the dual variable. Unlike traditional stochastic policy-based CRL methods, which
introduce exploration through policy randomness, D-PGPD learns a fully deterministic policy and relies solely on
the inherent stochasticity of the environment. While this design ensures stable and consistent policy execution, it
may face limitations in environments where intrinsic stochasticity is insufficient to explore the state-action space
effectively. Moreover, the algorithm is developed for single-constraint settings, which may reduce its applicability to
real-world problems involving multiple constraints. In the considered setup, and under additional assumptions, such as
boundedness of the action space, the sample-based version of D-PGPD requires a sample complexity of order O(e~!3)
to the optimal feasible deterministic policy in the last iterate. This unsatisfactory rate highlights the need for further
research on more efficient methods.
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Original Contribution. The goal of this work is to introduce a framework for solving constrained continuous
control problems using policy-based primal-dual algorithms that operate in both the action-based and parameter-
based policy gradient exploration scenarios, while providing global last-iterate convergence guarantees with general
(hyper)policy parameterization to both optimal stochastic (hyper)policies and deterministic policies. Specifically, the
main contributions of this work can be summarized as follows:

e In Section 2, we introduce a general constrained optimization problem, which is agnostic w.r.t. both the action-
based and parameter-based exploration paradigm.

e In Section 3, we introduce C-PG, a general policy-based primal-dual algorithm optimizing the regularized
Lagrangian function associated with the general constrained optimization problem shown in Section 2. We show
that, under (weak) gradient domination assumptions, it simultaneously achieves the following: (i) last-iterate
convergence guarantees to a globally optimal feasible policy (i.e., satisfying all the constraints); (ii) compatibility
with CMDPs having continuous state and action spaces; (iii) the ability to handle multiple constraints.

e In Section 4, we restrict action-based and parameter-based exploration paradigms as white-noise perturbations
applied to the actions or parameters of an underlying parametric deterministic policy. Based on this characteriza-
tion, we define deterministic deployment as the process of switching off the noise (Montenegro et al., 2024a) in
the learned stochastic (hyper)policies. Within this framework, we derive all the conditions required to ensure the
last-iterate global convergence of C-PG, as presented in Section 3. Finally, we show that this approach guarantees
last-iterate convergence to the optimal deterministic policy in the constrained setting.

In Section 6, we numerically validate the parameter-based and the action-based variants of C-PG against state-of-the-
art baselines in constrained control problems. Related work is discussed in Section 5. Omitted proofs and additional
technical results are reported in Appendix A.

2. Preliminaries

In this section, we present the notation we will use throughout this manuscript and the preliminaries needed to
understand its content. Moreover, after having introduced the the AB and PB exploration paradigms, we introduce the
exploration-agnostic constrained optimization problem we aim at solving with the introduced method.

Notation. For a measurable set X, we denote as A(X) the set of probability measures over X. For P € A(X), we
denote with p its density function w.r.t. a reference measure that we assume to exist whenever needed. With a little abuse
of notation, we will interchangeably use x ~ P or x ~ p to express that random variable x is distributed according
to P. For n,m € N with n < m, we denote [[n]] := {1,2,...,n} and with [[n,m]] := {n,n+ 1, ..., m}. For a vector
x € R?, we denote as x; the i-th component of x. For a € R, we define (a)* := max{0, a} and we extend the notation
to vectors as (x)* = ((x)7, ..., (xd)+)T. Given a set X C R?, we denote with IT x the Euclidean-norm projection, i.e.,
Myx € argmin,cy ||y — ||, for any x € R?. For two vectors x, y € R, we denote with (x, y) their inner product. A
function f : R? — R is L,-Lipschitz Continuous (L,-LC) if | f(x)— f(x')| < L||x —x'||, and L,-Lipschitz Smooth
(L,-LS) if it is differentiable and ||V, f(x) — V. f(x)|l, < L,|lx — x'||, for every x, x’ € R4,

Constrained Markov Decision Processes. A Constrained Markov Decision Process (CMDP, Altman, 1999) with
U € N constraints is represented by M := (S, A, p, 7, {¢; }icquys {bi iegups Po-7)» Where S € R9s and A C R4
are the measurable state and action spaces; p : SX.A — A (S)is the transition model, where p(s’|s, a) is the probability
density of getting to state s’ € S given that action a € A is taken in state s € S; r : S X A — [—1,0] is the reward
function, where r(s, a) is the instantaneous reward obtained by playing action a in state s; ¢; : SXA — [0, 1] is the i-th
cost function, where c;(s, a) is the i-th instantaneous cost obtained by playing action a in state s; b; € [0, J,,] is the
threshold for the i-th cost for every i € [U]l; ¢y € A(S) is the initial state distribution; and y € [0, 1] is the discount
factor. A trajectory 7 of length T € NU{+oo}! is a sequence of T state-action pairs: 7 = (sT’O, g, 8,71, 71 )

The discounted return over a trajectory 7 is R(z) := Zz;_ol y'r(s, . a,,), while the i-th discounted cumulative cost is
Ci(r) := Zth_Ol y’c,—(s,y,, a, ). We define the additional cost function cy(s, @) := —r(s, a) € [0, 1] and Cy(7) := —R(z)

'We admit y = 1 just when T' < +c0.
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just for presentation purposes. Note that, with J,, = %, R(t) € [=Jax 0] and Ci(7) € [0, J ], for every
i € [U]l and trajectory z. Our goal is to minimize E[C,(7)] subject to the constraints E[C;(7)] < b; forevery i € [U].

Action-based Policy Gradients. Action-based (AB) PG methods focus on learning the parameters & € ® C R
of a parametric stochastic policy 7 : S — A(A), where mg(a|s) represents the probability density of selecting
action a € A being in state s € S. At each step ¢ of the interaction with the environment, the stochastic policy
is employed to sample an action a; ~ 7 (-|s,). To assess the performance of 7y w.rt. the i-th cost function, with
i € [0,U], we employ the AB performance index J, ; : ® — R, which is defined as J, ,(6) := E,., (|0 [Ci(o)].

where pa(7,0) 1= ¢y(s, ) ]_LT:_O1 (@, 15: )p(S; 141184, @, ;) is the density of trajectory 7 induced by policy 7.

Parameter-based Policy Gradients. Parameter-based (PB) PG methods focus on learning the parameters p €
R C R9r of a parametric stochastic hyperpolicy v, € A(®). The hyperpolicy v,, is used to sample parameter
configurations 6 ~ v, to be plugged into an underlying parametric policy 7y, that will be then used for the
interaction with the environment. Notice that 7y can also be deterministic. To assess the performance of v, w.r.t.
the i-th cost function, with i € [0, U], we employ the PB performance index Jp; : R — R, which is defined as

JP,i(p) = IEGNVP |:[ET~pA(-|6) [C,(T)]]

Constrained Optimization Problem. Having introduced the AB and PB performance indices, we formulate a
constrained optimization problem (COP), which is agnostic w.r.t. the exploration paradigm:

minJ;o(0) st J;,(0) < b, Vi€ U, (1

where ¥ € {A,P} and v is a generic parameter vector belonging to the parameter space V. When { = A, we are
considering the AB exploration paradigm, so ¥ = ©. On the other hand, when ¥ = P, we are in the PB exploration
paradigm, thus ¥V = R.

3. Last-Iterate Global Convergence of C-PG

In this section, we present C-PG, a general primal-dual algorithm that optimizes a regularized version of the
Lagrangian function (Section 3.1) associated with the COP of Equation (1). After having introduced the necessary
assumptions (Section 3.2), we show that C-PG exhibit dimension-free” last-iterate global convergence guarantees
(Section 3.3). For notational convenience, in the rest of this section, we use J; in place of Ji i

3.1. Regularized Lagrangian Approach

To solve the COP of Equation (1) we resort to the method of Lagrange multipliers (Bertsekas, 2014) introducing
the Lagrangian function £(v,4) = Jy(v) + Eszl A (Ji(@) = b)) = Jo(®) + (A,J(v) — b), where v € V is the
primal variable and A€ Rgo are the Lagrangian multipliers or dual variable, J = (J;, ..., Jy) ", andb = (b, ..., by)".
This allows rephrasing the COP in Equation (1) as a min-max optimization problem min,cy max, _pv Ly(v, ) and

>0
we denote with Hy(v) := max,pu Lo(0, 1) the primal function and its optimum with Hy := min,ey Hy(0). To
>0

obtain a last-iterate convergence guarantee, we make use of a regularization approach. Specifically, let @ > 0 be a
regularization parameter, we define the w-regularized Lagrangian function as follows:

U
L0 2) 1= Jo®) + 3 4; (Ji0) = b) = S A5 = Jo(®) + (A.J0) = b) = S 12115 = Lo(0. ) = T I141l5.
i=1

The ridge regularization makes £ (v, 1) a strongly concave function of 4 at the price of a bias that is quantified in Lem-
mas A.1, A.2, and A.3. Thus, we address the w-regularized min-max optimization problem min, ) max;c, £,,(0, 1),
where A ;= {1 € IRgo A, £ w! \/E Jmax }» in replacement of the original (non-regularized) one. We stress that
this choice of A guarantees that the optimal Lagrange multipliers A? lie within A. For this problem, we introduce

2The dimension-free property (Liu, Zhou, Kalathil, Kumar and Tian, 2021; Ding et al., 2020; Ding, Zhang, Duan, Basar and Jovanovic¢, 2022;
Ding et al., 2024) is achieved when the convergence rates do not depend on the cardinality of the state and/or action spaces.
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the primal function H,(v) := max,;c, L£,(0, 1), that, thanks to the ridge regularization, admits the closed-form
expression:

U
1 2 1
H,©) = Jy®) + 5= 3 (1@ = 5)") = Jo@) + 310 - B,

i=1

where the optimal values of the Lagrange multipliers are given by:
1 1
#©) =T, (=U®) = b)) = —I©) - b)*,
® ®

that is guaranteed to have norm smaller than w™!y/UJ,,,. Furthermore, we define H? := min,c) H,(v). C-PG
updates the parameters (v, A;) with an alternate gradient descent-ascent scheme for every iterate k € N:

Primal Update: 1%+1«-Hv<vk—§ﬁk§vﬁw0%,lp),
Dual Update: 4, < II, (),k + VLo (s /lk)) ,

where §, 4, {; « > 0 are the learning rates and @Dﬁw(vk, A, v 1L, (0, A,) are (unbiased) estimators of the gradients
VoL, (0, 4), VL, (0, A) of the regularized Lagrangian function. Notice that C-PG performs alternate descent-
ascent, as the update value for the dual variable is performed employing the already updated primal variable.

3.2. Assumptions
Before diving into the study of the convergence guarantees of C-PG, we list and motivate the assumptions necessary
for our analysis.

Assumption 3.1 (Existence of Saddle Points). There exist v(’; € VYV and /13 € Rgo such that £0(v(*),,13) =
min,g) max 1erY, Ly(o, 4). N

Assumption 3.1 ensures that the value of the min-max problem is attained by a pair of primal-dual values v(’; ey
and A7 € [R{go which, consequently, satisfy Lo(0%, 1) < Lo(0F, A7) < Lo(v, 43) for every o € V and 4 € Rgo.
Analogous assumptions have been considered by Yang, Kiyavash and He (2020) and Ying et al. (2022). Thus, (vg, /1(*))
is a saddle point of the Lagrangian function £, and, consequently, strong duality holds. Alternatively, as commonly
requested in CRL works, assuming Slater’s condition combined with the requirement that the policy space covers all

Markovian policies ensures strong duality (e.g., Paternain, Chamon, Calvo-Fullana and Ribeiro, 2019; Ding et al.,
2020, 2024).3

Assumption 3.2 (Weak y-Gradient Domination). Let w € [1,2]. There exist a) € Ry and f; € Ry such that, for
every v € VY and A€ A, it holds that:

1V0 0. DI 2 ) (£o(o, ) = min £, 2)) - 5. @

Assumption 3.2 is customary in the convergence analysis of policy gradient methods and it is usually enforced
on the objective Jj, only (Yuan, Gower and Lazaric, 2022; Masiha, Salehkaleybar, He, Kiyavash and Thiran, 2022;
Fatkhullin, Barakat, Kireeva and He, 2023). In particular, when f; = 0, we speak of strong y-gradient domination. In
this form, for a generic exponent y € [1,2], this assumption has been employed by Masiha et al. (2022). Particular
cases are y = 1, which corresponds to the standard weak gradient domination (GD), while for v = 2 we have the so-
called Polyak-t.ojasiewicz (PL) condition. Notice that Assumption 3.2 is enforced on the non-regularized Lagrangian
function L) (i.e., @ = 0). However, it is easy to realize that it holds for the regularized one L, by simply replacing L,
with £, in Equation (2).

Remark 3.1 (When does Assumption 3.2 holds?). As remarked by Ding et al. (2024), the Lagrangian function, for
a fixed value of A can be regarded as the return of a new reward function —Cy — (A, C), where C = (Cy, ..., Cy)".

3 Assumption 3.1 combined with Slater’s condition, i.e., the existence of a parametrization © € ¥ for which there exists £ > 0 such that
J;(0) — b < =& forall i € [U] (strictly feasible), allows providing an upper bound to the Lagrange multipliers II/I("; I, < 5‘1(.]0(5) - JO(DB‘)) using
standard arguments (see Ying et al., 2022).
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As a consequence, a sufficient condition for Assumption 3.2 is when the selected class of policies guarantees the
w-gradient domination regardless of the reward function. For instance, in tabular environments with natural policy
parametrization, i.e., wg(s) = O for every s € S, the PL condition (v = 2 and f; = 0) holds (Bhandari and
Russo, 2024). Moreover, in tabular environments with softmax policy, i.e., wg(als) x exp(0(s,a)), GD (v = 1
and f, = 0) holds (Mei, Xiao, Szepesvari and Schuurmans, 2020). This enables a meaningful comparison of our
results when resorting to softmax policies (e.g., Ding et al., 2020; Gladin et al., 2023; Ding et al., 2024). More
in general, when (i) the Fisher information matrix induced by policy rg is non-degenerate for every 0 € 0, i.e.,
F0) = [E,,g[Ve log mg(als)Vglog 7r9(a|s)T] > gl for some up > 0 and (ii) a compatible function approximation
bias bound holds, i.e., [Eﬂe* [(A7o(s,a)—(1 —y)uTV9 log 7r9(a|s))2] < €pigs beingu = F(O)TVGJQ(O) and the advantage
function A0 computed w.r.t. reward —cy—( A, ¢), the weak GD (y = 1) holds with o) = Gu;l and | = (1=y)! \/%,
where G is such that ||V g log mg(a|s)||l, £ G (Masiha et al., 2022).

In principle, we could have enforced Assumption 3.2 on the primal function H,(v) only. However, this would
come with two drawbacks: (i) the assumption would now depend explicitly on w; (ii) the considerations of Remark 3.1
would no longer hold. Nevertheless, in Lemma A.4, we prove that Assumption 3.2 induces an analogous property on
the primal function H,(v) in the regularized case.

Assumption 3.3 (Regularity of the Regularized Lagrangian L). There exist Ly, L,, Ly € R such that, for every
0,0’ €V, and for every i, A€ A, the following holds:

V,Lo(-, A) L,-Lipschitz w.r.t. v: ([ViLo, 4) = VLo, D), < Ly|jo—-2),, 3)
Lo(, ) Ly-Smooth w.rt. v : 1V L0(0. 4) = Y, Lo, D], < Lollo = /I, @)
V,Lo(0, ) La-Lipschitz w.rit i: 1V Lo(0. 4) = Vo Lo, )|, < LyllA = 2']l. 3)

Notice that, similarly to Assumption 3.2, we realize that if Assumption 3.3 holds for the non-regularized Lagrangian
Ly, it also holds (with the same constants) for the regularized one L, for every @ > 0. The regularity conditions of
Assumption 3.3 are common in the literature (Yang et al., 2020) and mild when regarded from the policy optimization
perspective. Equation (3) is satisfied whenever the constraint functions J; are Lipschitz continuous w.r.t. 0. Indeed,
[ViLo@, ) — VL4, D], = ||[J(®) — J@)||,- Equation (4) is fulfilled when the objective function J; and the
constraint functions J; are smooth w.r.t. o and the Lagrange multipliers are bounded (guaranteed thanks to the
projection I1,), since ||V, L£(0, 1) — V, L@, D)||, < |V, Jo(0) — V,Jo(0)] + Zil AV, J () = V,J,(0)|. Finally,
Equation (5) is fulfilled whenever functions J; admit bounded gradients, since ||V,Lq(0,4) — V,Lo(0, )|, <
[V J(®)(4 - A )5. It is worth noting that L, depends on the norm of the Lagrange multipliers and, consequently,
due to the projection operator I1,, we have that L, = O(w™!), whereas L, and L; are independent on e.* Explicit
conditions on the constitutive elements of the MDP and (hyper)policies to ensure Lipshitzness and smoothness of
these quantities are reported in (Montenegro et al., 2024a, Appendix E) for both the AB and PB cases. These regularity
properties enforced on £, are inherited by the primal function H,, which results tobe (L, + Liw™")-LS (Lemma A.7).
Concerning the regularity of £, w.r.t. A, we observe that it is a quadratic function and, therefore, it is w-smooth and
satisfies the PL condition, i.e., Assumption 3.2 with y = 2, f; = 0, and with a; = w (Lemma A.5).

Assumption 3.4 (Bounded Estimator Variance). For every v € V and A € A, the estimators @DEw(v, A) and
ﬁlﬁw(v, A) are unbiased for V L (v, 1) = V Jy(0)+ Zf‘;l AiVpJi(0)and V L (0, 1) = J(0) —b —wA with bounded
variance, i.e., there exist V,,V, € Rzo such that:

Var[V, L, (0, D] < V,,  Var[V,L, (0, )] < V.

Note that V,, typically depends on the Lagrange multipliers and, for standard sample-mean estimators, it is of order
V,, = O(w™?) thanks to the projection operator. In contrast, V; is usually not affected by @ since the term A is not
estimated and, thus, it does not affect the variance of the sample mean estimator. The variance of such estimators can
be easily controlled by leveraging on the properties of the score function as done in previous works (see Papini, Pirotta
and Restelli 2022 and Montenegro et al. 2024a, Appendix E).

4We highlight the dependencies on  since, as we shall see later, we will set @ = ©(e) having, consequently, an effect on the convergence rate.
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3.3. Convergence Analysis

We are now ready to tackle the convergence analysis of C-PG to the global optimum of the COP of Equation (1).
To this end, we study the potential function defined as Py (x) := a; + xby, where a; = E[H,(v,) — H] and
b, = E[H,(vy) — L,(0, 4)], ¥ € (0,1) will be specified later, and the expectation is taken w.r.t. the stochastic
process generating samples. Since a;, b, > 0, intuitively, if P, () =~ 0 we have that both a;, b, ~ 0 and, consequently,
convergence is achieved. Let us start relating P, (;y), with the solution of the COP in Equation (1).

Theorem 3.1 (Objective Function Gap and Constraint Violation). Let € € R, . Under Assumption 3.1, if Pi(y) < €,
it holds that:

Elo(00) = Jo@pl S e + 24, ElU(0) = b)"] <de +oll4jl. Vi€ [U]. ©)

Proof. Since Py () < e, it follows that g, < € and, consequently, 0 < E[H ,(v;) — H:;] < e. We start by bounding
the norm of the dual variables:

* * * * * 4 *
125 @2 < 1A 1l + 1A% () — A5l < 1A + —H,(0) — Hp),

%H/l*(v) — A2 |I,- The projection IT, is such that A*(v) = I, (i(J(v) - b)) = i(J(v) —b)* and, consequently, we
have:

where we applied the triangular inequality and Lemma A.6, which proves that, for any v € V, H,(v) — H} >

130 = b1l = 1A @) = b)* [l < 4(H,,(v) = Hp).
By the last inequality, together with Lemma A.3, which states that:

0 < Jo@p) — Jo@}) < ol 4315 and  [|[J@%) = b)*|l, < wll Al
and applying the expectation on both sides, we have the following:

EllJ@) =TIl < 1A @) = b)Tll; + 4 E[H,,(0) — Hj1 < ollAGll, + 4e.
We obtain the constraint violation bound recalling that:

ElllJ(@0) = b)), 2 [[Eld(@) = D), 2 I E[J (@) = D)l -

For the objective function bound, let us consider the following derivation. By definition of H,(v) and A*(v) we
have:

Jo(0p) = Jo(v},) = H,,(v) — H,) - % (A" @113 = NA5113) -

Taking the expectation on both sides and upper bounding ||A} || with ||i(";|| from Lemma A.1, which states that
0 < Lo(05, Ag) = Lo, 4) < 5 (1145115 = 1A5]15), the following holds:

ELJo(00) = Jo(0},)] = E[H,,(0) = H] = Z EIIA* @)} ~ 143 113]
< E[H,(0) = Hyl + S 114315
<e+ 45
The result is obtained by applying Lemma A.3 (already stated in this proof) as follows:

Y e —
<0

O
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Theorem 3.1 justifies the study of the potential 7, (y) as a technical tool to ensure convergence. Indeed, whenever
P.(x) < € both (i) the objective function gap and (ii) the constraint violation scale linearly with ¢ and with the
regularization parameter @ of the regularized Lagrangian £, multiplied by the norm of the Lagrange multipliers of
the non-regularized problem ||/l(’; |l,, which are finite under Assumption 3.1. This expression also suggests a choice of
@ = O(e) to enforce an overall e error on both quantities. Note that, from Theorem 3.1, it is immediate to employ
a conservative constraint (bg ~ b —4e — w||/l$||2) to achieve zero constraint violation with no modification of the
algorithm.

We are now ready to state the convergence guarantees for the potential function.

Theorem 3.2 (Convergence of Py). Under Assumptions 3.2, 3.3, 3.4, for y < 1/5, sufficiently small € and w, and a
choice of constant learning rates {,,{;, we have Px(y) < € + p,/a, whenever:

o K =0O(w 'log(e™)) if y = 2 and the gradients are exact (i.e., V,=V,=0);

2
e K= O(w'le_;_l) if w € [1,2) and the gradients are exact (i.e., V, =V; =0);

4
o K = (9(60‘36_7“) ifw € [1,2] and the gradients are estimated (i.e., V, = O(@™?) and V; = O(1)).

Proof Sketch. The proof of Theorem 3.2 is quite technical, thus we report here just its sketch, which we divide into
five parts.

Part I: bounding a,. The first part of the proof consists of bounding E[a; | | Fr_1] = E[H,(0p ) —H™ | Fr_1],
considering to be at a generic k' iterate of C-PG with F— afiltration up to iteration k — 1. In particular, by exploiting
the update rule of C-PG, via Lemma A.7 stating that H, is L -LS, and by selecting {,,, < L, we can conclude that:

E [Hco(vk+l)|rk—l] - H*
. Cok 2 ok 2>, Ly
< H,(v) - H" - - [|VoH @5 + - Vo Lok, A1) = Vo Hy (0|, + 7%,va’
where the constant V,,, coming from Assumption 3.4, is such that Var[V L (v, ;)] £ V.

Part II: bounding b,. Similarly to what shown in the first part, the second part consists of bounding E[b;; |
Fr_1] = E[H,(0_1) = L,(0441, Ai41) | Fr_1]. To do so, we exploit Assumption 3.3 stating that £, is L,-LS. In
particular, in Lemma A.5, we show that £ is @-LS and that it fulfills the PL condition with constant @w. From these
observations, together with the update rule of C-PG and the selection {; , < 1/w, we conclude that:

E [Hw(vk+l) - Ew(vk+1aik+1)|rk-1]

Sk Cak L , L
< (1 - Ta)) (H,(0p) — L, (03, A) + (1 - Ta)) <c,,’,( <1 + 72§u,k> VLo 4|5 + {gg’kvv>
Cak Cok 2, Sk 2> Ly w
+ (1 - Tco) <_T Vo Ho@lly + == Vo Lok 2) = Vo Ho (0|3 + 7¢5,va> + ng,kvl.
Part III: bounding 7P, (y). Having bounded separately a; and b, and being P,(y) = a; + yb;, we can just
put together the previously obtained results to have a bound on P, (y). Moreover, exploiting Assumption 3.3 and by

noticing that £, satisfies the quadratic growth condition (since Lemma A.5 states that £, satisfies the PL condition
with @ as constant), we obtain the following inequality:

Agy1 + Xbiy

¢
Sak+)(<1—%a)>bk

L ¢
+ <2¢D,k (1 + fcu,k> % <1 - %w)

5In the context of this statement, the (9(-) notation preserves dependences on ¢ and  only.
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o, 9%
_Tk <1 tx <1 - Tkﬂ)))) E [||Vun(vk)||§]
412
+ <2cu,k (1 + %m) ¥ <1 - %w) + %" (1” <1 _ %w») w3bk

2

Cok $ak ®
+ DT <LH + <1 - 7w> (Ly + L2)> vV, + ){EC)%J(VA.

Part I'V: applying the y-gradient domination. Form the previously highlighted inequality, we aim at recovering
a recursive equation in 7 (). To this end, we apply Assumption 3.2, from which it follows that

E [“VUHQ,(D)”;] > a? max {0, E [Hw(v) _ g*] }% ’

where H* := H* + B/ ;. Now, exploiting this last result and enforcing y < min{1/5, 1/(max;¢jgy b}, after
many algebraic steps, we obtain the following inequality:

2

Pey1(0) < P(y) — C max {o, ﬁk(;()}; +V,

[IS)

I~ ~ 1-1 &) ~ ¢ L?
where P (y) :=ay+ yb,—py/a;, C :=2 v %, and V := 7" <(1 +2)L, +(1+ ){)j) VD+)(%Cf’kVA.We

highlight that to get to this result, the learning rates have been selected as:

2
o x¢
11 > Lk and C/l,kﬁl-

=2 w
(1 + poa! + 4L§(1 +7y)

Part V: rates computation. Equipped with the recursive inequality reported in Part IV, we just have to compute
the rates guaranteeing Pg (y) < €+ f;/a;. In particular, we first analyze the exact gradient case, i.e., V = 0, for when
v =2,and y € [1,2). Then, we do the same in the case of estimated gradients, i.e., V' > 0. All the results are reported
in Table 1. O

Some comments are in order. First, Theorem 3.2 holds for a specific
choice of the constant y € (0,1/5) defining the potential function Py ().
Second, the presented rates hold for sufficiently small values of € and w. This

8- | = Exact gradients ||
Estimated gradients

is just for presentation purposes, as the sample complexity® can only improve 6 ]
if we increase the values of € and w. Third, in the proof, an explicit expression 2| g,

. . . . . =
of the learning rates is provided. Concerning their orders, for the case of exact =1~ 4|

gradients, we choose §; = o~ ! and ¢» = O(w), whereas for the estimated
gradient case, we choose {; = O(we?/¥) and ¢, = O(w?e*/¥). 2 ]
Assuming o to be a constant, we observe that both learning rates display | ‘ ‘ ‘

the same dependence on € and, consequently, they are in single-time scale. 1 12 14 16 18 2
However, as we have seen in Theorem 3.1, in order to obtain guarantees on the
original non-regularized problem, we have to set @ = O(e), leading to a two-  Figure 1: Plot of the exponents of ¢!
time scales algorithm. Fourth, we observe that, for both exact and estimated in the cases of Table 1.

gradients, the sample complexity degrades as the constant y of the gradient

domination moves from 2 to 1, delivering the smallest sample complexity when the PL condition holds. Finally, we
highlight that C-PG jointly: (i) converges to the global optimum of the COP problem of Equation (1); (ii) delivers a
last-iterate guarantee; (iii) has no dependence on the cardinality of the state or action spaces, making it completely
dimension-free. Table 1 and Figure | summarize the results of Theorem 3.2.

5Theorem 3.2 provides an iteration-complexity guarantee. Concerning the estimated gradient case, this translates into a sample complexity
guarantee since we are allowed to estimate gradients with a single sample.
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Exact Gradients Estimated Gradients
w=1 (GD) ‘ we(l2) ‘ y=2 (PL) w=1 (GD) we(l2) w=2 (PL)
Fixed » o le! a)‘le_%Jrl o log(e™) || o3¢ *log(e™") w‘3e_$+llog(e‘1) w3e MNog(e™)
0=0(¢) e? 6‘7% e og(e™") e ®log(e™") eié*zlog(e’l) e*log(e™!)

Table 1
Summary of the sample complexity results of C-PG when either keeping w fixed or setting it as w = O(¢) .

3.4. Action-based and Parameter-based Variants of C-PG

So far, we have focused on the exploration-agnostic formulation of the proposed method. In this section, we
introduce its action-based and parameter-based variants, namely C-PGAE and C-PGPE. These variants differ in the
considered cost functions, J, ; or Jp; for every i € [0, U], and the estimators employed to update the optimization
variables. We recall that the general Lagrangian function for the problem in Equation (1) is the following:

U
Lio®.4) 1= Tog@) + Y &y (Jr(0) = b,) = 5 Il

u=1

being v € V a generic parameter vector to be optimized. As highlighted in Section 2, in the case of action-based
exploration (T = A) o corresponds to the policy parameterization v = @ € ®, while in the case of parameter-based
exploration (f = P) it coincides with the hyperpolicy parameterization o = p € R. In the following, we are going to
consider the gradients w.r.t. both the parameterization v and the Lagrange multipliers 4, having the following explicit
forms in the exploration-agnostic setting:

U
VoL (0, 4) =V, Ji o(0) + Z A, Vpdi(0) and VL. (0,1) =]:(v) +b+wi,

u=1
where J.(0) 1= (J; ;(0), ..., J; y(@) T and b := (by, ..., by)".

Action-based Exploration for C-PG. The action-based variant of C-PG, referred to as C-PGAE, aims at optimizing
the parameters @ of a parametric stochastic policy z,. In particular, for every i € [0, U]], we recall the definition
of action-based cost functions: J, ;(0) = [Er~pA(~|9) [Ci(T)], where p, (7, 0) is the probability density of trajectory =
induced by the policy 7.

Considering the gradient w.r.t. the parameters 6, the following holds:

VoJi () =V E C; = E V,lo ,OC; .
071.1(0) 9r~pA(-|0)[ (7)) TN]JA('le)[ olog pa(z,0)Ci(7)]

As for standard PGs (Williams, 1992; Baxter and Bartlett, 2001), we can switch to its sample-based version to
obtain an unbiased estimator of the gradient. In particular, we resort to a GPOMDP-like version (Baxter and Bartlett,
2001) for the proposed estimator:

N T-1 t
N 1
VGJ/\.I'(G) = N Z z (Z Ve log ﬂe(a‘rj,h srj,l)) ytci(sfj,t’ aTj,t)v
1=0

j=11=0

where N, called batch size, is the number of independent trajectories {7, } jvz | such that 7; ~ p, (- | €). We just consider
a GPOMDP-like version of the estimator, since the REINFORCE-like one would suffer from a higher variance as for
standard PGs (Papini et al., 2022). Thus, considering that:

U
L0002 = T5 0@+ 3 4, (1,0) = b,) = T 114l

u=1
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C-PGAE employs the following estimator to update the primal variable 6:

U
VoL no(0.0) =Ygl o@) + D 4,547, ,(0).

u=1
If we now focus on the action-based gradient w.r.t. Lagrange multipliers, we have the following:
VlﬁA,m(ev 'l) = JA(Q) —b- C()/l,

where JA(0) = (J, (0),...,J A_,U(G))T. Thus, its sample-based version used by C-PGAE to update the dual variable
is the following:

~ N
7] 1
axLre@ =5 ,21 Cy(z)) = b, — wA,,

where the N independent trajectories {z;} ]I\; , are such that 7; ~ ps(- | ).

Parameter-based Exploration for C-PG. The parameter-based variant of C-PG, referred to as C-PGPE, aims at
optimizing the parameters p of a parametric stochastic hyperpolicy v,, used to sample the parameters 6 for an
underlying parametric policy 7, (which can also be deterministic, as we shall see in the next section). In particular,

for every i € [0, U], we recall the definition of parameter-based cost functions: Jp ;(p) = [Eewp [[ETN 2AC10) [C,-(T)]],

where p4 (7, 0) is the probability density of trajectory 7 induced by the policy 7.
Considering the gradient w.r.t. the parameters 0, the following holds:

Vo lpp)=V, eiEv,, [mEue) [c,.(r)]] = iEv,, [v ,10gv,(0) TN,,LE@,e) [Vglog pA(T|9)Ci(T)]] .

As for the prototypical parameter-based method PGPE (Sehnke et al., 2010), we switch to its sample-based version
to obtain an unbiased estimator of the gradient:

N

o 1

Volni(p) 1=~ DV, 10gv,(8))Ci(x)).
j=1

where N, called batch size, is the number of independent parameter-trajectory pairs {(6;,7;)} ]]\i such that 7; ~ pa(- |
0;) and 0; ~ v,. We highlight that, for parameter-based exploration, we sample N policy parameterizations 6; from
the hyperpolicy v, for each of which we sample a single trajectory 7; ~ p5(- | 6;). That being said, considering that:

U
LouP W) = TooP)+ X A (Joi(0) = b,) = 5 U121,

u=1
C-PGPE employs the following estimator to update the primal variable p:

U
Vol ) =V, Tp0(0) + Y 4Y )5 (p).

u=1
If we now focus on the parameter-based gradient w.r.t. Lagrange multipliers, we have the following:
ViLp (P, A) =Jp(p) —b - w4,
where Jp(p) 1= (Jp (P), ..., Jpy (p))T. Thus, its sample-based version used by C-PGPE to update the dual variable is
the following:

~

N
0 1
a—ﬂiﬁp,w(l” A) = N j;l Ci(zj) = b; — w4;,

where the N independent trajectories {rj}jl\; | are such that 7; ~ p,(- | 6;), where 6; ~ v, for every j € [N].
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4. Deterministic Policy Deployment of C-PG

In this section, we analyze the convergence guarantees of C-PG towards an optimal deterministic policy. To this end,
we focus on the setting of white noise (hyper)policies (Montenegro et al., 2024a). Specifically, we restrict both action-
based and parameter-based exploration strategies as stochastic perturbations of an underlying parametric deterministic
policy pg. In this framework, stochastic policies 7y are modeled as perturbations of the actions prescribed by pyg,
while stochastic hyperpolicies v, are interpreted as perturbations of the parameters € of the deterministic policy.
Leveraging this structure, we study the behavior of the C-PG algorithm when it learns using stochastic (hyper)policies
and subsequently deploys their deterministic counterpart by switching off the stochasticity at the end of training.
Our analysis establishes the sample complexity required by C-PG to guarantee that the deployed deterministic policy,
regardless of the exploration paradigm used during training, is an optimal feasible one.

We begin by presenting the noise model used in our analysis (Section 4.1), followed by a description of the
deterministic policy deployment process in CMDPs (Section 4.2). We then state the assumptions required for
convergence (Section 4.3), and finally provide the sample complexity required by C-PG to converge in the last iterate
to an optimal deterministic policy when the noise is switched off at the end of training (Section 4.4).

4.1. White Noise Exploration

While deterministic policies are desirable in real-world applications (see Section 1), learning them directly typically
requires off-policy actor-critic architectures (Silver et al., 2014; Lillicrap et al., 2015; Xiong et al., 2022), which pose
significant challenges for convergence analysis even in unconstrained settings. In this part, we introduce a specific
noise model that enables us to restrict both action-based and parameter-based exploration strategies as stochastic
perturbations of deterministic policies. This formulation allows us to quantify the performance gap induced by a given
parameterization of a stochastic (hyper)policy w.r.t. its associated deterministic policy.

We begin by defining deterministic policies and the related performance and cost functions. A parametric
deterministic policy is a function g : S — A, where @ € ® C R% is the parameter vector. For every i € [0, U], the
performance and cost functions Jp,; : ® — R related to a deterministic policy are:

o0 = E 1G]

where pp(7;0) = ¢y(sg) Htrz_ol D(S,4118:, Hg(s,)) is the probability density of trajectory  induced by ug. Using these
definitions, we introduce the deterministic regularized Lagrangian function employed by C-PG as:

U
L1,(0.4) = Jpo(0) + ¥ (41(p,0) = b)) = ZNAI.

i=1

We can now redefine both AB and PB exploration on top of deterministic policies (Montenegro et al., 2024a).
Considering AB exploration, stochasticity is injected at the action level, perturbing the deterministic policy’s output
at each environmental interaction step. In PB exploration, noise is applied directly to the policy parameters before
execution, resulting in a fixed perturbed version of the underlying deterministic policy for an entire trajectory. Next,
we formally present how we intend a perturbation in the action or parameter spaces.

Definition 4.1 (White Noise). Let d € N and o € Ry A probability distribution ®; € A (R?) is defined as white
noise if it satisfies the following conditions:

Ee-a,l€1=0, Ec g, lll€l3] < do?, %)

e~D,
where 0, € R? is a d-dimensional vector of all zero components.

Definition 4.1 includes zero-mean Gaussian distributions € ~ N'(0,,6A) with A, (A) = 1, ensuring that
[E[||e||§] = ¢2tr(A) < do?. We stress that this noise has to be considered white across exploration steps. We can now
redefine action-based and parameter-based explorations as white noise perturbations of the actions or the parameters
of an underlying parametric deterministic policy pg.
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Action-Based (AB) Exploration. Considering AB PG methods (see Section 2), we consider a parametric stochastic
policy mg as built upon an underlying deterministic policy pg by perturbing each action suggested by py with a white
noise random vector. Formally, we consider the following definition of white noise policies.

Definition 4.2 (White Noise Policies). Let @ € © and pg : S — A be a parametric deterministic policy. Given a
white noise distribution (I)dA (Definition 4.1), a white-noise-based policy g : S — A(A) is defined such that, for
every state s € S, the action a ~ wg(-|s) satisfies a = pg(s) + €, where € ~ <1>dA which is sampled independently at
every step (i.e., whenever an action is sampled).

We highlight that Definition 4.2 further justifies the name for AB exploration since the exploration is carried out
at the action level.

Next, for every i € [0, U] we redefine the cost functions J, ; leveraging the introduced characterization of white
noise policies. To this end, we need to introduce the concept of non stationary deterministic cost functions. Let
€ = (¢! be a sequence of independently sampled white noise vectors satisfying Definition 4.1. Let p = ()
be a non stationary deterministic policy where, at time step ¢, the deterministic policy y, : S — A is ‘played, with
H; = ug+e,. Foreveryi € [0, U], we introduce the cost functions for this kind of policy: Jp, ;() = E,., () [Ci(D)],
where pp (7, p) is the density of a trajectory 7 induced by the non stationary deterministic policy u. Equipped with this
new deﬁnitioTl, we can reintroduce the AB cost functions J, ; which admit the following deﬁnitﬂ)n, together with the
one already provided in Section 2, when the considered stochastic policy 7y complies with Definition 4.2:

Joi0) = E [JDJ(” +§)],
€~®§A —0

where K, te= (1o + e,)th_O1 and @,  is a white noise distribution compliant with Definition 4.1..

Parameter-Based (PB) Exploration. Considering PB PG methods (see Section 2), we consider a parametric
stochastic hyperpolicy vg as built upon an underlying deterministic policy pg by perturbing the parameter vector 0
with a white noise random vector. Formally, we consider the following definition of white-noise hyperpolicies.

Definition 4.3 (White Noise Hyperpolicies). Let @ € ® and g : S — A be a parametric deterministic policy. Given
a white noise distribution Dy, ( Definition 4.1), a white-noise-based hyperpolicy vg € A(®) is defined such that, for
every parameter 0 € ©, the perturbed parameter 0' ~ vg satisfies @' = 0+ €, where € ~ @, independently for every
trajectory.

As previously done for action-based exploration, we stress that this definition further justifies the name of PB
exploration, since the exploration is carried out at parameter level. Moreover, we let the reader note that the noise
€ is sampled once at the beginning of each trajectory, meaning that the resulting policy jg,. remains deterministic
throughout the entire trajectory collection phase.

Next, for every i € [0, U] we redefine the cost functions Jp; leveraging the introduced characterization of white
noise hyperpolicies. We reintroduce the PB cost functions, which admit the following definition, together with the one
already provided in Section 2, when the considered stochastic hyperpolicy vy complies with Definition 4.3:

Jpi(0) = E [Jp 0 +6)],
e~Dy0

where @ is a white noise distribution compliant with Definition 4.1.

In the remaining part of this section, we will consider an exploration-agnostic setting, in which we denote with
T € {A, P} the two different exploration approaches. We highlight that the problem formulation and all the theoretical
results of Section 3 still hold.

4.2. Deploying Deterministic Policies in CMDPs

In this part, we analyze the effect of switching off the stochasticity on the regularized Lagrangian employed by C-PG
to solve the COP in Equation (1) when dealing with stochastic policies and hyperpolicies that satisfy Definitions 4.2
and 4.3, respectively.

Before presenting such results, we introduce two assumptions enforcing the regularity of the deterministic
objectives Jp ; w.r.t. the parameters @ and the non stationary deterministic policies u associated with AB exploration.
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Assumption 4.1 (Jp,; Regularity w.r.t. 0). For every i € [[0,U]), there exist Lp;, Lyp; € Ry such that, for every
0,0’ c O, the following conditions hold:

|JD,I(0) bl JD’I-(O’)| S LlD,i ||9 bl 6’”2 a”ld ||V9JD,I(9) - VGJD,I'(O,)Hz S L2D,i ||9 bl 9’”2 .
Moreover, we denote Lp .y = maX;epouy Lip; and Lop max := MaX;eqo.uy Lop -

Assumption 4.2 (Jp, ; Regularity w.r.t. p). For every i € [0,U]|, there exist Ly, ;, L,,; € Ry such that, for every

pair of non stationary deterministic policies u, W', the following conditions hold:

T-1
|78 = I ()| < Liys Y, sup [l,(s) = ()|, and
T =05

T-1
|Vidoiw = Vdoi )|, < Loys X, sup [|,(5) = ()]
t=0

Moreover, we denote Llﬂ’max = maX,eqo,u le and L2;4,max = maX,eqo,uy L2;4,i'

We stress that these assumptions will be crucial for presenting the core result of this section regarding the effects
on L ., when switching off the stochasticity in the context of white noise exploration (see Section 4.1). Additionally,
we let the reader note that Assumption 4.1 induces both J, ; and Jp; to enjoy the same regularity condition stated
in such an assumption when considering (hyper)policies complying with Definitions 4.2 and 4.3 (Montenegro et al.,
2024a). Moreover, the Lipschitz constants are fully characterized in (Montenegro et al., 2024a).

We are now ready to analyze the effect of switching off the stochasticity in PB and AB exploration on the regularized
Lagrangian L. , employed by the C-PG method.

Theorem 4.1. Considering (hyper)policies complying with Definitions 4.2 (AB) or 4.3 (PB), under Assumptions 4.1
(PB) or 4.2 (AB), the following results hold:
i. (Uniform Bound) for every @ € ® and A € Rgo.'

|£0,0(02) = £4,0, )| < (1+11A11) Lyy04/ds.

ii. (Lp, Upper Bound) let (0}, . AZ ) be a saddle point of Lp, ,, and let (6 w’ /l: ) be a saddle point of L .
Then: ’ ’ ’ ’

L0025 = L0080 15,) <2 (141147, ]11 ) Lisor [

Where Lhu = LlD,max’ LlA = Llﬁ,max’ dlu = d@, and dA = dA
Proof. We start the derivation by recalling the explicit form of |£p (0, 1) — L; (0, A)|:

|£,0(6, 1) = L ,(6, 1)
U w U ()]
= |Jpo® + D 4 (Jp,(0) - b;) — 5 1415 = J:0(0) - > 4 (:,0) = b)) + 5 14113
i=1 i=1
U
< |Ipo(0) = T o) + Y 4; [ Jp,1(0) = T ,(O)],

i=1

where the last line follows by simply having applied the triangular inequality.

To continue the proof, we need to resort to Theorems 5.1 (PB) and 5.2 (AB) by (Montenegro et al., 2024a). These
state that under Assumptions 4.1 (PB) or 4.2 (AB), when dealing with an (hyper)policy complying with Definitions 4.2
(AB) and 4.3 (PB), the following holds:

|JD,i(9) - JT,1(9)| < LITJG‘ /d.,
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where LlP,i = LlD,i’ LlA,i = Ll[l,i’ dP = d@, and dA = dA
By leveraging this result, the following holds:

U

L0060, 4) = L5 ,(0. 1)] < | o(0) = I o(O)] + Y 4; | () — T (O]
i=1

U
S <1 +ZA,> LH-O"IdT

= (1+1121) Lyso/d.

being Lip = Lipmax and Ls 1= Ly, may, Which concludes the first part of the proof.

We can now face the second part_ of the proof. In particular, let (0; w’ /l;f ) be a saddle point of L, , and let
(OD o AD.,) be a saddle point of L, .. Before going on with the derivation, we recall that a saddle point by definition

satisfies the following property:

Lp (6

b D) < Lp o0, 47,,) < Ln,,(6. 45 ).

forevery @ € ® and 1 € [Rgo. That being said, the following holds:

Lp 0% . A7 )= Lp (0 . A )

T,0° Tw Dw’
<Ly, (0%, 4%,) ~ ﬁDw(eDw, ;‘a)
= L0 A% ) = Lp (O A% )£ Ly (07 A7)

Da)’ t,0° Tw
< Lp(0F ) A ) = Lo (0% AT )+ Lo (05 AT )= Ly (65 %)
< |00 4 37 ) = L1000 A5 )| + | E4000) 1 45,) = L0l 47,

D,w’ '}'a)
<21+ i ] ) Loy

where we have just exploited the previously recalled property of saddle points and, in the last line, the result proved in
the first part of this proof. O

Some comments are in order. Theorem 4.1 quantifies two sources of error: (i) is the gap |Lp, (0, ) — L (0, 1)|
incurred when switching off the stochasticity of the (hyper)policy; (ii) is the error Ly, C0(9; /1* ) Lp CO(OD »° /l* w)
arising when deploying the parameters of the learned stochastic (hyper)policy. We hlghhght that both error terms
scale linearly with the stochasticity level o in the (hyper)policy, and with the regularity constants introduced in
Assumptions 4.1 (PB) and 4.2 (AB). In addition, the losses depend on the #;-norm of the Lagrange multipliers. In
particular, the second bound depends on the #;-norm of the Lagrange multiplier at the saddle point of the regularized
stochastic Lagrangian L. ,. They also depend on the problem dimensionality, denoted d., which corresponds to the
parameter space dimensionality dg in the PB case and to the action space dimensionality d 4 in the AB case. We further
note that AB exploration embeds an additional dependence on the interaction horizon 7" within the constant Ly, .-

Finally, this result allows us to recover the well-known trade-off between PB and AB exploration strategies (Metelli,
Papini, Faccio and Restelli, 2018; Montenegro et al., 2024a): the former may suffer in high-dimensional parameter
spaces (large dg), whereas the latter may struggle with high-dimensional action spaces or long interaction horizons
(large d 4 or large T').

The analysis presented here will play a central role for establishing the sample complexity of C-PG when learning
an optimal feasible deterministic policy via stochastic (hyper)policies and subsequently deploying their deterministic
counterpart by switching off the stochasticity at the end of training.

4.3. Conditions for Convergence
In order to establish the convergence guarantees of C-PG to the optimal feasible deterministic policy, achieved
by switching off the stochasticity after learning an optimal stochastic (hyper)policy, we proceed as follows. First, we

A. Montenegro et al.: Preprint submitted to Elsevier Page 15 of 59



Learning Deterministic Policies with Policy Gradients in Constrained Markov Decision Processes

leverage Theorem 3.2 to quantify the sample complexity required for learning an optimal stochastic (hyper)policy in
the last iterate of C-PG. Then, we leverage Theorem 4.1 to characterize the loss incurred in terms of potential function
Pk (y) when transitioning from a stochastic (hyper)policy to its deterministic counterpart by setting ¢ = 0.

To apply Theorem 3.2, it is necessary to verify the set of assumptions introduced in Section 3.2. In this part, we
revisit those assumptions and, when possible, we aim to minimize their number by showing that, under the noise model
introduced in Section 4.1 to represent both the AB and PB exploration paradigms, most of the required conditions can be
inherited from analogous regularity properties imposed on the underlying deterministic-policy-dependent quantities.

Saddle Point Existence. Assumption 3.1 enforces the existence of a saddle point (0;@, FT"CO) for the stochastic
Lagrangian L, ,. This assumption is only needed in Theorem 3.1 to map the stochastic (i.e., associated to Ly )
potential function P; g () to the J; ; terms, demonstrating it is a useful tool in quantifying the sample complexity
to ensure last-iterate global convergence of C-PG. Similarly, it is possible to show the same mapping between Pp, ¢ ()
to the Jp; terms as done in Theorem 3.1, by applying the same theorem straightforwardly under the existence of a
saddle point (67 " '11*),50) for the deterministic Lagrangian Lp, ,,. Since the stochastic saddle point (9;@, /l;w) is not
related to the deterministic one (9]*)’0), /le), we need to assume the existence of both.

Weak v -Gradient Domination. Assumption 3.2 is a core component of the theoretical analysis of C-PG, as it enables
regularization solely w.r.t. the Lagrange multipliers A, as further discussed in Section 3.2. Rather than directly assuming
weak y-gradient domination on the stochastic Lagrangian L, ;, we demonstrate that this property can be inherited from
the corresponding assumption on the deterministic Lagrangian Ly, ,, for both exploration paradigms.

Assumption 4.3 (Weak y-Gradient Domination on L, ). Let w € [1,2]. There exist ap, > 0 and f, > 0 such that,
forevery@ € ®and A € Rg , it holds that:

IVoLno®. D] = a <£D,0<9, D= min £,@ 1)> N

This leads to a characterization analogous to that of Assumption 3.2, but imposed on the deterministic La-
grangian Lp, o rather than directly on the stochastic one L, , that just inherits this property, as we later show. Before
establishing this inheritance result, we introduce an additional assumption that is required only in the case of AB
exploration.

Assumption 4.4 (Regularity of ug). There exists Ly, € Ry such that, for every s € S and 0, 0’ € O, the following
holds:

li6(s) = noy ()]l < Ly, [|€ = 6"

This assumption only requires that the deterministic policy pg is L;,-LC w.r.t. its parameters, which is needed to
inherit regularity properties from the deterministic objectives Jp ; in the AB exploration paradigm (Montenegro et al.,
2024a). We are now ready to state the inheritance of the weak y-gradient domination.

Theorem 4.2 (Inherited Weak w-Gradient Domination on L; o). Consider an (hyper)policy complying with Defini-
tions 4.2 (AB) or 4.3 (PB). Under Assumptions 4.1 (PB) or 4.2 (AB), 4.3, and 4.4 (AB), for any w € [1,2], 8 € O, and
A e RY | the following holds:

>0’

”Veﬁf,o(e, /1)”2111 2 ap <£T,0(9’ A)— gllelfé ET,0(0,7 1)) - ﬂT(O', w),

where:
_ — 2—1
P ) = B+ (2ap Lipmae + L+ ALY, 0¥~ 1a8 ™) (14 1211 )0/de,
and.:

_ _ 2—1
Bi(ow) = fp + <2aDL1”’max+(1 FUANY LY LY T2y )(1 + 1Al /d ..
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Proof. We begin the proof by considering the term Lp, 5(6, 1) — mingcg Lp (0, 1). Given that we consider an
(hyper)policy complying with Definitions 4.2 (AB) or 4.3 (PB), and being under Assumptions 4.1 (PB) and 4.2 (AB),
we can apply Theorem 4.1, stating that:

Lpo0. 1) = L0, 4) 2 ~(1+ |l Ly;0/d;.

where for ¥ = A we have Ly = Ly, . and dy = d 4, and for ¥ = P we have Lp = Lp ,,c and dp = dg. That
being said, the following derivation holds:

Lp(8, 2) = min £1,0(6, 1)

= E’D 0(0 l) mln [:D 0(0 ) + [/-I-’O(O, l)
—(1+ 1ALy 04/ d; + L4(0,4) — min L1, ((0', 1) + min L. ,(6', 1)
’ 0co co
> L0(6,2) - mm [,T 0@, ) — (A +|All)L 04 /d; + gni(r;)l (Li0(0' 1) = Lpo(0, 1))
(S

where we applied Theorem 4.1 twice.
Thus, starting from the statement of Assumption 4.3, the following holds:

| VeLpo®. V| = ap (EDO(B i) — mm ED 0@, ,1)) - bp

> ap (ET 0(9 l) mln ET 0(0 A«)) - ﬁD - ZaD(l + ”l”l)LlTU\ / d#. (8)
To continue the proof, we need to consider separately the two exploration paradigms, in order to properly exploit

the corresponding noise model.
PB Exploration. According to Definition 4.3, we can rewrite the PB Lagrangian as:

Lpp0. )= E [Lpo@+e ).
€~(Dd@
Thus, given @ € [0, 1] and defining 55 = a0 + (1 — @)(0 + €), the following holds:
VoLlpo®. D)= E [Volpo@+e d)]=Volpo®. )+ E [GTvéﬁo NCA /1)] ,
) e~CDd® ’ > €~‘Dd@ X

where we have simply applied the Taylor expansion centered in € = Od@,- Now, by applying the Euclidean norm, we
have the following:

[VoLp (0. V|, =

Volpo®. 4+ E |€7V220,0@e. 1)
(€]

2

2 [|VoLp,o(6: V|, - ‘ o

E [eTv’gﬁD o(@.. /1)]
‘Dd@ ’

2

2 [|[VoLpo®. D], - E [“eTvgﬁD’O@G’MM ’
(€]

€~

which follows by applying the triangular and Jensen’s inequalities. Now, by applying the Cauchy-Schwartz inequality
as [E€~<I>d@ [lell,] £ 4 /[EeNq)d@ [||e||§] < 64/dg and by exploiting the fact that, under Assumption 4.1:

U U
V32000 )|, < |[V37000)], + ”szD,(e)” < Lot s <1 34 ) = (14 114l11) Lop mas
i=1
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we can conclude the following:
IVotoo@ Ml < [Vorno@ ol + & [le™v3200@e 1)

< [VoLeo@®. D, + (1+ 141) Lop maxe V-

Now, considering that y € [1, 2], by exploiting the superadditivity of (-)¥, we have:

74
1V6L00@. DY < [VoLro@ MY + ((1+1411) Lap Vo ) -

Combining this last result with Equation (8), we conclude the inheritance of the weak y-GD from Lp, , in the PB
case:

||V9£P.(,(0, 'l)”;/ 2 ap <£P,()(0’ A) - gleig Lp (8, A)) — Pp(o.w),
where:
(o, w) = fp + (mDLleax +(1+ ||/1||1)"’_1L;’Dvmaxa"’_1dg/2_l) A+ 14ll)o Vg,

AB Exploration. According to Definition 4.2, we can rewrite the AB Lagrangian as:

Lro@,4)= E [ED,O(F +e€, /1)]-
e~ =0

Thus, given @ € [0, 1] and defining ;79 = ap, +( - a)(ﬁe + €), the following holds:

Volao@ 2= E|VoLpo(u, +e )]

~dT
e~y

E, [ Vuoots Dlympse Vol + o)

~bT
e~y

ET VﬂED,O(E’ A)|ﬂ=”9V9E9 + ETVZL:D,O(E’ M =g Veﬁe]
e~ | £ K=R K’ K=Ky
=Ty

_ T2 N
=Voou0. 0+ £ [€7V2 2000 Dl Vo,

where we simply applied the chain rule and the Taylor expansion centeredin € = 0 a7 Now, by applying the Euclidean
norm, we have:

1V02400. D), = [IVoLog® D+ E [eTV2Lyo( Dluegi Vokt,)

gN(DdA

2

> [[VoLp (0. M|, -

T2

a4

2

J

which follows from just applying the triangular and Jensen’s inequalities. Now, by applying the Cauchy-Schwartz

Z ||V9£D’()(0, l)“z - ENET [ ETViED,O(Ev A’)lﬁ:Eg VGEQ
%y -

inequality as E,_qr [ll€]l,] < \ [E. or [||€||§] < 04/Td 4 and exploiting Assumptions 4.2 and 4.4, by following the
= Tdgq T = Tdg T

same procedure of the PB case, we obtain:

”Veﬁ/\,()(o, l)”z > ||V9‘C'D,O(9’ A,)”Z - (1 + ”A‘lll)Ll}leE,maXGVTd.A’
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and thus:

VoL ao®, Dy = ap <£A.()(9’ 1) = énin Lo, l)) = falo,y),

'€®
where
Pa@.w) = Pp + (200 L1 + L+ IR LY, L ¥ 1TV ) (L4 121 o,
showing the inheritance of the weak w-GD from Ly, , in the AB case too. O

We highlight that the weak y-gradient domination property is inherited from the deterministic Lagrangian Ly,
with the same multiplicative constant ap. Moreover, by setting ¢ = 0, one exactly recovers the result stated in
Assumption 4.3. Finally, under the adopted noise model, this property follows directly from regularity assumptions on
the deterministic cost functions Jp, ; (Assumptions 4.1 and 4.2) and on the deterministic policy ug (Assumption 4.4),
together with the bounds on the loss incurred when switching off the noise (see Theorem 4.1).

Regularity of L. . Assumption 3.3 imposes regularity conditions on the stochastic Lagrangian L, ,, which are
standard in the literature on the convergence of primal-dual methods (Yang et al., 2020), as previously discussed in
Section 3. As with the other conditions required to apply Theorem 3.2, these regularity properties can also be inherited
from Assumption 4.1, as formalized in the following theorem.

Theorem 4.3 (Inherited Regularity of L. (). Consider a (hyper)policy complying with Definitions 4.2 (AB) or 4.3
(PB). Under Assumption 4.1, for every A, A’ € Rgo and 0,0 € O the following conditions hold:

VL4060, 2) = V400, V|, < VUL pax [0 = €],
VoL i00. 1) = VoLig@®, D, < (1+1A11) Lop max |0 — €], -
1VoL0(6. 1) = VoL o6 A)||y < Lyppma |2 = 4], -

Proof. We start by proving that Ly o, A) is LS w.r.t. the parameters 0, thus, for every 41 € Rgo and 0,0 € O, we aim
to find L, € Ry such that: -

[VoL:o(0,4) — VQET’O(G', /1)||2 <L,|6- 0’”2 .
This can be easily done by expanding the V4L,  terms:

U
VoJi00) = Vol o) + D A (VoJ: 1(0) = Vo (6))
i=1
U
< ||Vodi0® = Vodio@)]|, + X, 4 [|VoJ1.:(0) = Vo (@), -
i=1

VoL (0, 1) = VoL (0, 1), =

2

by the triangular inequality. Now, we recover Lemmas D.3 and D.7 by Montenegro et al. (2024a), stating that under
Assumption 4.1 both Jp, ; and J ; are LS with the same constant of Jp, ;. In our setting, it means that J, ; is Lyp yax-LS,
for every i € [0, U]. That being said, the following holds:

U
VoL 0(8. 1) = VoL o@D, < [|[Vodi 0O = Vodi o @], + X 4 [|Vods 40) = Vo (0]
i=1

U
< (1 +Y /1i> Lopmax 6= €|,

i=1
= (1 + IM“]) L2D,max ”9_ 9,”2’

thus having quantified the smoothness constant.
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We can now proceed by proving that VL. ((-, 4) is LC, so we have to find a constant L; € R such that, for
every A € Rgo and 6,60 € ©:

VL1 0(0,2) = VL4 0O D)|, < Ly |06,

As done in the previous case, we expand the V, L,  terms:

1

U
V240062 = VL0 D], = [3:0) = 10, = A 3, (75.00) = J4,0))” < VU L [0 - 0
=0

where we just applied the same reasoning of Lemmas D.3 and D.7 by Montenegro et al. (2024a) to state that J. ; is
Lip max-LS, for every i € [0, U]
Finally, we prove that VoL (6, -) is LC, finding a constant L3 € R such that, for every 4, Ve Rgo:

VoL (0. 2) = VoL (0. 4], < Ly[|A = 4],
As done before, we expand the VoL  terms:
VoL (6. 1) = VoL@, A)||, = | VeI @A = 2|y < Lip ma |4 = 4[], -
where we just exploited the fact that under Assumption 4.1 Jp ; is Lyp n.,-LC for every i € [0, U]. O

We highlight that, as previously discussed in Section 3, the only constant that depends on O(w~!) when considering
the learning process of C-PG is the smoothness constant of L, (-, 4). This dependence arises from the term || ||, which
is upper bounded by O(w~!) due to the regularization employed in C-PG.

Bounded Estimators’ Variances. The last condition for convergence we have to discuss is the one of Assump-
tion 3.4, requiring that the unbiased estimators VoL , and V,L; , have bounded variance. Under the specific noise
model at hand, this property holds under the following assumption.

Assumption 4.5 (Bounded Scores of ®). Let ® € A(R?) be a white noise complying with Definition 4.1 with variance
bound ¢ € R, and density ¢. ¢ is differentiable in its argument and there exists universal constant ¢ € Ry such
that:

eiEq> [||V€ log ¢(6)|I§] <cdo? and 6!5@ [||V§ log (j)(e)llz] <co2.

Intuitively, this assumption is equivalent to the more common ones requiring the boundedness of the expected
norms of the score function and its gradient (Papini et al., 2022; Yuan et al., 2022). Note that a zero-mean Gaussian
noise ® = N'(0,,X) fulfills Assumption 4.5. Indeed, one has V. log ¢(e) = > e and Vg log p(e) = =71, Thus,
E[[IVclogd(e)l2] = (™) < dAyn(E)~" and E[[|V2log p(€)ll,] = Apin(E)~". In particular, for an isotropic
Gaussian T = 1, we have 4,,;,(Z) = 2, fulfilling Assumption 4.5 with ¢ = 1.

Under Assumption 4.5, the variances of the estimators employed in C-PG, which are described in Section 3.4, are
bounded, as shown by the following lemma.

Lemma 4.4 (Bounded Estimators’ Variances). Consider a (hyper)policy complying with Definitions 4.2 (AB) and 4.3
(PB). Under Assumptions 4.4 (just for AB) and 4.5, the following conditions hold:

) & Z o1+ 1Al))? )
= Vl and Var [V@ET’w(e, l)] < T = VT,G’

U —y"?

Var [%ﬁm(e, ,1)] iy

. 1_]/7‘ 2 . 2 l—J/T 3
where Zp g = cdg rp— and Z, o 1= CdALly -y ) °
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Proof. We start by bounding the variance of VL. (0, 2) = J:(6) — b — wA, where J.(0) = (J;.(6), ..., T ,(0))T
and f“(e) Z C(T) with T~ pa(-,0) (in AB exploration) or T~ pp(-,0;) and Oj ~ Vg (in PB
exploration). Thus we can notice that the variance arises just from J;(0). Defining C(z) := (Cy(7), ..., CU(T))T,

where C;(7) = Z;T 01 Yie(s, pa,) < %, the following holds:
S U —y")?
Var 9,25, 91]:-\/ C =—[E[C < ——L=

ar A ( ) N ar [ (Tl)] ” (Tl)”Z N(l _ 7/)2

‘We now bound the variance of @th(e, 4), for which we distinguish the PB and the AB cases. Starting from PB
exploration, we can express the estimator at hand as:

N-1 U
[962000. 0], < % X [Volozwe®))], | Cote)+ X, 4.tz
j=0 i=1

2

_ T N-1
C +|]|\;1(”11)—(1y) ) Z HVelogve(Oj)Hz.
7=0

Thus, we have the following:

U

Var [%ﬁpw(e, ,1)] = % Var lve log vg(8,) <CO(1'1) + Aici(fl))]
i=1

2

-LlE
N

U
Vg logve(0)) <C0(1'1) + Aici(rl)>

i=1

2
< A+ IA2a =y
N —yy

E [||v9 log v9(91)||§] .

We now recover Lemma E.4 by Montenegro et al. (2024a), stating that under Assumption 4.5 E[|| Vg log vg(6’ )||§] <
cd®0_2 for every 6, @' € O. Thus, we can conclude the following:

cde(1 + A1) = ")
No2(1-y)?

Switching to the AB case, we can express the estimator as:

N-1T-1 t U
VOEA,U)(G’ l) Z Z (2 Ve 10g ”G(a‘r A | s‘r l)> (CO(ST/-,I’ ar/-,t) + Z )’ici(srj,t’ arj,t)) .
i=1

jOtO

Var [%ﬁpm(e, ,1)] <

Thus, we have the following:

Var [%ﬁ (O, ,1)]

T-1 /1 U
1
=5 Var lz <Z Vo logmp(a,, | sTl,,)> r <co(sfl’,, a, )+ Z Aici(Se s aTlJ)>]

=0 1=0 i=1

. T-1 / 1 U 2

= N E <Z V@ IOg 7[9(‘111 ) | s‘rl l)> (Co(sq,n a‘rl,t) + Z Aici(srl,t’ a‘rl,t)>
=0 \!/ i=1 )

. [7-1 U 2 om0 5

< F E 2 yt <C0(srl,t’ ar,,t) + 2 ’lici(srl,t’ a’l‘] ,t)> (2 yt Z “VB 10g ﬂe(arl,l | srl,l)“z)
=0 i=1 =0 1=0

L+ 1412

A

(= y)_ LZ:; Z ”V(svlogir@(afl 11 se 1)” ]
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We now recover the result of Lemma E.3 by Montenegro et al. (2024b) stating that, under Assumptions 4.4 and 4.5, it
holds that E[|| Vg log ﬂ9(1)||§] <cd AL?MG_Z for every 6 € O and trajectory 7. Thus, we conclude the following:

cd L3, (1+ [[A1)°( = ")
No2(1 —y)3

Var |:§GEA.(»(0’ /1):| <

O

As previously discussed in Section 3, we highlight that while V; = O(1), V; g = O(6~2w™?) when considering
the learning process of C-PG. The dependence of the latter from ™2
which ensures that the Lagrange multipliers are bounded by O(w™").

arises from the regularization and projection I1,,

4.4. Convergence Analysis

We are now almost ready to present the convergence of C-PG to the optimal feasible deterministic policy obtained
by switching off the stochasticity (i.e., setting ¢ = 0) at the end of the learning process. Recall that in Theorem 3.2
we analyzed the convergence of the stochastic (i.e., associated with £ ) potential function P ,(x), after establishing
in Theorem 3.1 that it serves as a tool to assess the last-iterate global convergence of C-PG. Before proceeding, we
formally introduce the deterministic (i.e., associated with ED’w) potential function. Considering w > 0, y € [0, 1], and
to be at a generic k € N iterate of C-PG, Pp () i sdefined as:

Ppi(x) = | max Lp (04, 4) — L ,(0F AL )| + 7 E | max Lp (04, 4) — L, (0, 4) |
1erY ’ ’ 1erRY

>0 >0

where (8, , 4, ) is the saddle point of Lp ,,.
In this part, we first quantify the loss | Py ; (x)—Pp x(x)| between the stochastic and deterministic potential functions
at a generic iterate k € [[K]| of C-PG. We then leverage this result to derive the sample complexity required to ensure

that the deterministic policy deployed in the last iterate of C-PG is an optimal feasible solution for the problem at hand.

Theorem 4.5. Suppose to run C-PG for k iterations. Considering (hyper)policies complying with Definitions 4.2 (AB)
or 4.3 (PB), under Assumptions 4.1 (PB) or 4.2 (AB), for any y € [0, 1], the following result holds:

1Py i) = Poi(0)| <401+ Apg) Liso4/ds,
Where AmaX = a)_lUJmaXx L]P = LlD,max’ LlA = Llﬁ,max’ dP = d@’ and d/\ = dA

Proof. Considering to be at iteration k of C-PG, we aim to find an upper bound to the quantity |P; . (x) —Pp 1 (x)|. Let
(6]*) w '11*) ,,) be asaddle point of L, ,, and let (Ca w /lj ,,) be asaddle point of L, ,,. Moreover, since we are considering

the learning process of C-PG, the norm of the Lagrange multipliers is bounded by |||, < \/E 1All, £ 07U T =:
Apax due to the regularization. The first thing we do is to quantify the quantity |P; ,(x) — Pp x(x)I:

|7)T,k()() - PD,k()()l

E L‘:ﬂ%l’}o Li 0O, 2) = L4,(07 . /lj;’w)] +xE L@Eﬁo Ly o0, 4) = Lp (0, lk)‘|

—E l max [:D,w(ek’ A) - L:D,a)(el*)’w, l]*)’w)‘| - X E llmng.é ‘CD,w(Gk’ A,) - ED,w(ek, A’k)‘|
€

U
/IGRZO >0

For the sake of readability, we introduce the following quantities:

A 1= max Ly (0, 4) — max Lp (6, 1),
e ‘2’0 1eR‘Z/O

B = ‘CD,w(el*),w’ 'I*D,w) - ET@(G* Af;,w)’

T,0°

C = ED,w(Gk’ A‘k) - [:T,w(ek, )’k)
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The quantity |P; ,(x) — Pp x(x)| we aim to bound, can be expressed as:
[P (0) = Pp ()| = |1+ ) E[AI+E[Bl + y E[C]].
By simply applying the triangular and Jensen’s inequalities, it holds that:
PeaC0) = P (0| <+ D ENAIT+ELIBI1+ ¢ E[ICI].

Thus, we can now focus on bounding the terms A, B, and C. Starting from A:

|A] = | max L. (0, 4) — max Lp ,(0;,1)
GRZO ’ eRgo ’
< |max (L£:,(0;,4) = Lp (6, 1))

U
/IGRZO

S (1 +Amax)L1To-\ / d N

where in the last step we applied the result from Theorem 4.1. We can now focus on the term B:

IB| = 'zD,w(e;g’w, A )= L (05 ,1;(“)|
< |00 0 3 ,) = Lo 0 23|

< (14 Apg) L1104/ ds,

where we first exploited the properties of saddle points, then we leveraged Theorem 4.1. Finally, we can focus on the
term C:

ICl = |£p.oOk Ax) — L4 (O, 4)| < (1 + Amax) L1704/ d+s

again by applying Theorem 4.1.
Putting all together, and bounding y < 1, we conclude the following:

|P: k() = Pp ()| < 41 + Ay ) Lyso4/ds.
O

Notice that the result from Theorem 4.5 has exactly the same form as the one from Theorem 4.1, except for the fact
that here, since we are dealing exclusively with regularized Lagrangian functions, we directly exploited the fact that
the Lagrange multipliers have a norm bounded by A,,,.

Theorem 4.6 (Sample Complexity for Deterministic Deployment). Suppose to run C-PG for K iterations employing a
(hyper)policy complying with Definitions 4.2 (AB) or 4.3 (PB). Suppose to be under Assumptions 4.1 (PB) or 4.2 (AB),
4.3, 4.4 (AB), and 4.5. For w € [1,2], y < 1/5, sufficiently small € and w, and a choice of constant learning rates

£ = O(wazez/“’) and {g = w{;, whenever K = (9(a)‘36_2€_;+1) and the gradients are estimated, we have that:

ﬂ“&‘(o-’ ll/)

Ppx(x)<e+
ap

+4(1 + Apax) L4014/ ds,

where p.(c,y) is quantified in Theorem 4.2, A, 1= o ' UJT 0 Lip i= Lipmax Lia = Liymae dp 1= dg, and
dy:=d,. N

A. Montenegro et al.: Preprint submitted to Elsevier Page 23 of 59



Learning Deterministic Policies with Policy Gradients in Constrained Markov Decision Processes

Deterministic Deployment with Estimated Gradients

w=1 (GD) we(l,2) w=2 (PL)
Fixed © and ¢ o302 3log(e™!) | w3072 log(e™") | w3672 log(e™")
0=0(e) and e=0O(e) e ®log(e™") e+ *log(e ") e ®log(e™")

Table 2
Summary of the sample complexity results for the deterministic deployment C-PG when considering estimated gradients.

Proof Sketch. Under the considered set of assumptions, we recover the results of Theorems 4.2, 4.3, and 4.5 and of

Lemma 4.4, matching the conditions needed to establish the sample complexity exhibited in Theorem 3.2 for ensuring

that P; x(y) < e+ @, where we employed the coefficients of the inherited weak y-GD (Theorem 4.2).
’ D

In particular, recovering “Part V: Rates Computation” of the proof of Theorem 3.2 with y € [1,2] and inexact
gradients, considering L; = O(1) and L, = O(w™!) (Theorem 4.3), while V; 9 = O(@2672) and V; = O(1)
(Lemma 4.4), and selecting {; = O(wo2e*/¥) and Co = O(w?62e/¥), we have that, with a sample complexity of
order:

Bi(ow)

it is guaranteed that Py x(y) < € + - Now, exploiting the result of Theorem 4.5, we have that the same sample
’ D

complexity ensures that:

ﬂ'oL(o-’ ll/)
Ppx(x) <e+ — F 4(1 + Ay L3041/ ds.
D

O

We highlight that all the remarks made for Theorem 3.2 also apply in this case. Moreover, the sample complexity
achieved here matches that of Theorem 3.2, with the exception of an additional o2 factor. This term arises from the
characterization of the constant V; g = O(w™%672) in Lemma 4.4, due to the specific noise model employed to define
the AB and PB exploration paradigms.

We also note that Theorem 3.1 remains applicable in this setting, as it holds for general potential functions
P; 1 (1), including the deterministic one Pp, (). As discussed in Section 3, and consistently with the analysis without
deterministic deployment, Theorem 3.1 suggests choosing @ = (e). In the current context, Theorem 4.6 further
suggests setting o = O(e) in order to ensure that P x(r) < O(¢) + ¢, where ¢ is a constant.

Therefore, by letting both w and ¢ scale as ()(e), the resulting sample complexity becomes K = O(e*~*/¥ loge™1),
as summarized in Table 2. We emphasize that this result aligns with the known sample complexity bounds for policy
gradient methods under the same noise model in the unconstrained setting (Montenegro et al., 2024a).

Nonetheless, we remark that the theoretical recommendation of setting ¢ = O(e¢) may be impractical in real
applications. In practice, using such a low level of stochasticity may lead to slower convergence, even though it results
in a more accurate deterministic deployment (Montenegro, Mussi, Metelli and Papini, 2025).

Finally, by retrieving the specific quantities of the AB and PB exploration paradigms, we recover the known trade-
off between them (Metelli et al., 2018): AB may suffer from long interaction horizons or high-dimensional action
spaces (large T or d 4), whereas PB may suffer high-dimensional parameter spaces (large dg).

5. Related Work

In this section, we review related work primarily focusing on policy optimization methods for CRL, convergence
guarantees of primal-dual approaches, and the learning of deterministic policies in constrained environments.
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Policy Optimization Approaches for Constrained Reinforcement Learning. Policy Optimization based algo-
rithms for Constrained Reinforcement Learning mostly follow primal-only or primal-dual approaches. Primal-only
algorithms (Dalal, Dvijotham, Vecerik, Hester, Paduraru and Tassa, 2018; Chow, Nachum, Duéfiez-Guzman and
Ghavamzadeh, 2018; Yu, Yang, Kolar and Wang, 2019; Liu, Ding and Liu, 2020; Xu, Liang and Lan, 2021) avoid
considering dual variables by focusing on the design of the objective function and by designing the update rules for
the policy at hand incorporating the constraint satisfaction part.

The main benefit of employing primal-only algorithms lies in the fact that there is no need to consider another
variable to learn, and therefore, no need to tune its learning rate. However, few of the existing methods establish global
convergence to an optimal feasible solution. For instance, Xu et al. (2021) propose CRPO, an algorithm employing
an unconstrained policy maximization update taking into account the reward when all the constraints are satisfied,
while leveraging on-policy minimization updates in the direction of violated constraint functions. Moreover, it exhibits
average global convergence guarantees for the tabular setting. On the other hand, primal-dual algorithms (Chow et al.,
2017; Achiam et al., 2017; Tessler et al., 2019; Stooke et al., 2020; Ding et al., 2020, 2021; Bai et al., 2022; Ying
et al., 2022; Bai et al., 2023; Gladin et al., 2023; Ding et al., 2024) are the most commonly used and investigated.
Indeed, the effectiveness of using the primal-dual approach is justified by Paternain et al. (2019), which states that
this kind of approach has zero duality gap under Slater’s condition when optimizing over the space of all the possible
stochastic policies. Among the reported works, Stooke et al. (2020) propose PID Lagrangian, a method to update the
dual variable, smoothing the oscillations around the threshold value of the costs during the learning. The practical
strength of such a method is that it can be paired with any of the existing policy optimization methods. The other cited
works are treated in detail in the next paragraph.

Lagrangian-based Policy Search Convergence Guarantees. A lot of research effort has been spent on studying
the convergence guarantees of primal-dual policy optimization methods. In this field, the goal is to ensure last-iterate
convergence guarantees with rates that are dimension-free, i.e., independent of the state and action spaces’ dimensions,
and work with multiple constraints. In the rest of this paragraph, we talk about single time-scale algorithms when the
methods at hand prescribe the usage of the same step sizes for both the primal and dual variables’ updates. Vazquez-
Abad, Krishnamurthy, Martin and Baltcheva (2002) and Bhatnagar and Lakshmanan (2012) propose primal-dual policy
gradient-based methods built upon distinct time scales and relying on nested loops. Such methods only show asymptotic
convergence guarantees. Chow et al. (2017) propose two primal-dual methods ensuring asymptotic convergence
guarantees. The peculiarity of those methods lies in the fact that their notion of CMDP encapsulates risk-based
constraints, introducing an additional learning variable. Their algorithms have guarantees of asymptotic convergence
to stationary points. The recent works by Zheng, You and Mallada (2022) and Moskovitz, O’Donoghue, Veeriah,
Flennerhag, Singh and Zahavy (2023) also propose methods ensuring asymptotic global convergence guarantees. These
methods exploit occupancy-measure iterates rather than policy iterates. Ding et al. (2020) propose NPG-PD, which
relies on a natural policy gradient approach and, under Slater’s assumption, ensures dimension-dependent average-
iterate global convergence guarantees in the single-constrained setting with a single time-scale and with exact gradients.
This work has been extended by Ding et al. (2022), striking dimension-free rates, but still just guaranteeing average-
iterate convergence with exact gradients. However, sample-based versions of NPG-PD achieving, under additional
assumptions, the same convergence rates are provided by the authors. Another work ensuring an average-iterate rate is
the one by Liu et al. (2021). The latter exhibits a convergence rate of order O™, considering to act in tabular CMDPs
with softmax policies and having access to exact gradients and to a generative model. Liu et al. (2021) propose also a
sample-based version of their algorithm, keeping the same setting previously described, which ensures a convergence
rate on average of order O(¢~3). Both Ying et al. (2022) and Gladin et al. (2023) propose algorithms involving
regularization. The proposed methods rely on natural policy-based subroutines and show dimension-dependent lasz-
iterate global convergence guarantees, relying on two time-scales. These methods work also with multiple constraints.
Additionally, Ding et al. (2024) propose RPG-PD and OPG-PD, exhibiting last-iterate global convergence guarantees
under Slater’s condition in a single-constraint setting. The former is a regularized version of the algorithm proposed
by Ding et al. (2020), showing last-iterate global convergence at a sublinear rate. The latter leverages on the optimistic
gradient method (Hsieh, Tutzeler, Malick and Mertikopoulos, 2019) to unlock a faster linear convergence rate. These
methods show single time-scale dimension-dependent rates and both leverage on exact gradients. However, for RPG-
PD there exists an inexact version showing, under additional assumptions on the statistical and transfer errors and the
relative condition number (Ding et al., 2024, Assumption 2), the same guarantees of the exact one. Finally, Mondal and
Aggarwal (2024) introduce PDR-ANPG a primal dual-based regularized accelerated natural policy gradient algorithm
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. . . . Exploration Single . . Sample Iteration
Algorithm Dimension-free Setting Type time-scale Gradients Assumptions Complexity Complexity
U>1
Dual Descent = Slater a2 >
(Ying et al., 2022) I'=co AB Inexact Sufficient Exploration O(elog’e™) O (log*e™")
Softmax param.
>
Cutting-Plane Uzl b Slater . 43 3
(Gladin et al., 2023) T=o00 AB Inexact Uniform Ergodicity O (e *log*e™") O (log’e!)
v Softmax param. Oracle
U=1
E_XQCt RPG-PD T=o00 AB v Exact Slater - O (e tloge™
(Ding et al., 2024)
& N Softmax param.
U=1 Slater
Inexact RPG-PD _ Stat. Err. Bounded P 612 1
(Ding et al., 2024) T'=co AB v Inexact Transf. Err. Bounded O (e log*e™) O (e log*e™)
Softmax param.
Cond. Num. < +c0
U=1
(Din Ozi‘P[)Q024) T=00 AB v Exact Slater - O (log*c™")
g ” Softmax param.
U=1 Slater
PDR-ANPG _ NPG Oracle 13y o2 el
(Mondal and Aggarwal, 2024) G TT *© AB Bxact €hias > 0 Ofe™ min{e™™, (&ze) ™/ Hlog" e7)
eneral param. FIM Positive Definite
U2>1
C-PG - Exact Asm. 3.1,
(This work) v T eNU{x} AB and PB [E— 3233, 34 Table 1 Table 1
General param.
Lower Bound U=1 o
(Vaswani et al., 2022) T=o0 Inexact Slater Q(e?)
Table 3

Comparison among primal-dual methods ensuring last-iterate global convergence guarantees.

that utilizes entropy and quadratic regularizers in the Lagrangian function and a natural policy gradient (NPG) oracle
as a subroutine. This method, which is not single time scale, operates in the setting of CMDPs with |S| = +oo,
|A| < +o0, and U = 1. Under the Slater condition, considering a fisher information matrix (FIM) to be positive
definite, and considering a general policy parameterization with a policy-class error ep;,, > 0, PDR-ANPG exhibits
a sample complexity of order O(e™2 min{e™2, (€t:i¥ 3)} log2 e 1). Tt is worth noticing that all the mentioned works
just consider the action-based exploration approach for policy optimization, while the parameter-based one remains
unexplored. For the sake of clarity, Table 3 shows a detailed comparison between our approach and the other presented
methods exhibiting last-iterate global convergence guarantees.

Furthermore, Vaswani, Yang and Szepesvari (2022) have recently proposed a dimension-dependent lower bound
for the sample complexity of Q (6_2), assuming to be under the Slater condition and considering single-constrained
CMDPs with finite state and action spaces.

Learning Deterministic Policies in CMDPs. While policy gradient methods have been extensively studied in the
context of CRL, most existing approaches focus exclusively on stochastic policies, whereas the study of deterministic
policies for CMDPs has received comparatively little attention. Deterministic policies, however, are crucial for real-
world applications where reliability, safety, and predictability are essential. Despite this, very few works have tackled
the problem of learning deterministic policies in CRL settings, particularly in continuous-state and continuous-action
CMDPs. A recent contribution in this direction is presented by Rozada et al. (2025), who introduce the Deterministic
Policy Gradient Primal-Dual (D-PGPD) algorithm, a novel method designed to directly learn deterministic policies in
CMDPs. The proposed approach leverages an entropy-regularized Lagrangian formulation, where the primal update
performs a proximal-point-type ascent step solving a quadratic-regularized maximization sub-problem, while the dual
update performs a gradient descent step solving a quadratic-regularized minimization sub-problem. The theoretical
contribution of this work is the proof that the exact version of D-PGPD achieves asymptotically an e-optimal solution
in O(e~%) iterations, making it one of the first primal-dual methods that directly optimize deterministic policies in CRL.
Moreover, an approximated version of D-PGPD (namely AD-PGPD), incorporating function approximation, achieves
the same convergence rate under the assumption that the approximation error satisfies €,,p0, = O(e*). These rates hold
under the assumption that the model of the environment is known. A key limitation of the proposed approach is that it
considers only a single constraint, restricting its applicability to more complex multi-constrained CMDPs commonly
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found in real-world applications. Additionally, unlike stochastic policy-based CRL approaches, where exploration is
driven by the inherent randomness of the policy, D-PGPD learns a deterministic policy directly, relying entirely on
the environment to provide the required exploration. While this design ensures stable and consistent policy execution,
it also presents a major drawback: the lack of explicit exploration mechanisms significantly limits the applicability of
D-PGPD in practice, as it may struggle in environments where intrinsic randomness is insufficient to ensure adequate
state-action space coverage. To extend D-PGPD to a model-free setting, the authors propose a sample-based version of
AD-PGPD, which leverages rollouts for policy evaluation. However, this approach introduces a significant complexity
increase: the model-free algorithm requires @(e~'®) rollouts to compute an e-optimal policy, making it substantially
less practical for large-scale real-world tasks.

6. Numerical Validation

In this section, we empirically validate the theoretical results established throughout the paper. Further experimental
details are reported in Appendix D.’

Before proceeding, we clarify that C-PGPE and C-PGAE refer to the PB and AB variants of C-PG, respectively. We
denote by DC-PGPE and DC-PGAE their corresponding versions with deterministic deployment, obtained by switching
off the stochasticity (i.e., setting o = 0). Accordingly, the curves shown for DC-PGPE and DC-PGAE correspond to the
performances and costs of the deterministic policies encountered during training by C-PGPE and C-PGAE, respectively.

The section is organized as follows. Section 6.1 presents comparisons between the proposed algorithms and state-
of-the-art baselines, Section 6.2 investigates the effects of deterministic deployment on policies learned via C-PG
methods, and Section 6.3 provides a sensitivity analysis on the impact of the regularization parameter @.

6.1. Comparison Against Baselines

Comparison in DGWW. We compare our proposal C-PGAE against the sample-based versions of NPG-PD (Ding
et al., 2020, Appendix H) and RPG-PD (Ding et al., 2024, Appendix C.9). The environment in which the methods are
tested is the Discrete Grid World with Walls (DGWW, see Appendix D) with a horizon of T = 100. In this experiment,
all the methods aim to learn the parameters of a tabular softmax policy with 196 parameters, maximizing the trajectory
reward while considering a single constraint on the average trajectory cost, for which we set a threshold b = 0.2. All
the methods were run for K = 3000 iterations with a batch size of N = 10 trajectories per iteration, and with constant
learning rates. In particular, for both C-PGAE and NPG-PD, we employed {, = 0.01 and {; = 0.1, while for RPG-PD
we selected ¢, = 0.01 and ¢; = 0.01. For C-PGAE and RPG-PD, we used a regularization constant @ = 104, All the
details about the experimental setting are summarized in Table 5. We would like to stress that, as prescribed by the
respective convergence theorems, we chose a two-timescale learning rate approach for C-PGAE and a single-timescale
one for RPG-PD. Figures 2a and 2c show the performance curves (i.e., the one associated with the objective function
and the one for the costs). As can be noticed, C-PGAE manages to strike the objective of the constrained optimization
problem with less trajectories. Indeed, the sample-based NPG-PD requires to estimate the value and the action-value
functions for all the states and state-action pairs, resulting in analyzing | S|+|S||.4| additional trajectories w.r.t. C-PGAE
for every iteration of the algorithm. The sample-based RPG-PD also requires additional trajectories to be analyzed,
which, in practice, for a correct learning behavior, result to be the same in number as the extra ones analyzed by NPG-
PD. In this environment, DC-PGAE exhibits almost the same behavior of C-PGAE, thus meaning that the encountered
stochastic policies do not meet a significant loss in performances and costs when switching off the stochasticity.

Comparison in LOR. We compare our proposals C-PGAE and C-PGPE against the continuous sample-based version
of NPG-PD (Ding et al., 2022, Algorithm 1) with works with generic policy parameterizations. In the following, we
refer to this version of NPG-PD as NPG-PD2. Moreover, we added a ridge-regularized version of NPG-PD2, which we
call RPG-PD2, to resemble the type of regularization we employed for our proposed methods. For all the regularized
methods (i.e., C-PGAE, C-PGPE, and RPG-PD2) we selected as regularization constant @ = 104, The setting for this
experiment considers a bidimensional LQR environment with a single cost over the provided actions (see Appendix D)
and with a fixed horizon T = 50. Here, the methods aim at maximizing the average reward over trajectories, while
keeping the average cost over trajectories under the threshold b = 0.9. In particular, C-PGAE learns the parameters of
a linear gaussian policy with a variance ai = 1073 and employing a learning rate schedule governed by the Adam
scheduler (Kingma and Ba, 2015) with {3, = 0.001 and {; , = 0.01. C-PGPE learns the parameters of a Gaussian

"The code to reproduce the experiments is available at https://github.com/MontenegroAlessandro/MagicRL/tree/constraints.
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Figure 2: Average return and cost curves in the CostLQR and DGWW environments (5 runs, mean = 95% C.1.).

hyperpolicy, with a variance ag = 1073, which samples the parameters of a deterministic linear policy. It employs a
learning rate schedule also governed by Adam with {,, 5 = 0.001 and {; ; = 0.01. Both C-PGAE and C-PGPE were run
for K = 6000 iterations with a batch of N = 100 trajectories per iteration. NPG-PD2 and RPG-PD?2 are both actor-critic
methods which were run for K = 1000 iterations with a batch size of N = 600 trajectories per iteration. In particular,
among the trajectories of the reported batch size, N; = 500 was used for the inner critic-loop, while N, = 100 for
performance and cost estimations. The inner loop step size was selected as a constant, as prescribed by the original
algorithm, and with a value @ = 1073, Furthermore, since such methods were designed for infinite-horizon discounted
environments, we tested them on the same LQR as for C-PGAE and C-PGPE, but leaving T" = 1000 and y = 0.98 (the
effective horizon is (1 — y)~! = 50). The step sizes for the primal and dual variables updates were governed by Adam
with {y o = 0.003 and ¢, ; = 0.01. As for C-PGAE, both NPG-PD2 and RPG-PD2 aimed at learning the parameters of

a linear Gaussian policy, with variance ai = 1073. All the details about this experiment are summarized in Table 6.
Figures 2b and 2d report the learning curves for the average return and the cost over trajectories. As can be seen,
our methods manage to solve the constrained optimization problem at hand by leveraging on less trajectories. Indeed,
NPG-PD2 and RPG-PD2 suffer the inner critic loop, which adds additional trajectories to be analyzed per iteration
(in this specific case N; = 500). We stress that the actor-critic methods were very sensible to the hyperparameter
selection, especially to the length and the step size of the inner loop. When considering DC-PGPE and DC-PGAE, i.e.,
the deterministic policy curves associated with C-PGPE and C-PGAE respectively, we observe that their overall behavior
remains comparable. However, a notable difference arises in the cost curve under AB exploration, where a significant
reduction in the incurred costs leads the resulting deterministic policies to consistently satisfy the cost constraint.

Comparison in RobotWorld. We evaluate C-PGAE and C-PGPE against the sample-based versions of AD-
PGPD (Rozada et al., 2025) and PGDual (Zhao and You, 2021; Brunke, Greeff, Hall, Yuan, Zhou, Panerati and
Schoellig, 2022) in the RobotWorld environment (see Appendix D), which is a modification of the CostLOR one
with quadratic reward and cost functions and where the agents are allowed to control both velocity and acceleration.
The C-PG algorithms operate with a finite horizon of T = 100 and a discount factor of y = 1, while AD-PGPD and
PGDual use an infinite horizon T = 1000 with y = 0.99. Also in this case, the aim is to maximize the performance
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Figure 3: Average return and cost curves in RobotWorld (5 runs, mean + 95% C.1.).

function while keeping the unique cost function under the threshold 5 = 1000. We highlight that this experiment
is the same presented in (Rozada et al., 2025) to which we added our methods. That being said, both AD-PGPD
and PGDual as prescribed in (Rozada et al., 2025). C-PGPE employs a linear gaussian hyperpolicy with a variance
op = 1075, collecting a batch of N = 100 trajectories per iteration, using a regularization parameter @ = 1074,
and learning rate schedules governed by Adam (Kingma and Ba, 2015) with initial values {p = 5 - 1076 and
$i0 =5 1073, C-PGAE employs a linear gaussian stochastic policy with a variance 6, = 5 - 1072, collecting a
batch of N = 100 trajectories per iteration, using a regularization parameter @ = 107*, and learning rate schedules
governed by Adam (Kingma and Ba, 2015) with initial values {g = 5-107% and £, ; = 107*. Both C-PGPE and C-PGAE
were run for K = 10000 iterations. All the hyperparameters are further presented in Table 7. Figure 3 presents the
learning curves for performance and cost across different algorithms. The results highlight that C-PG-based methods
consistently achieve better constraint satisfaction while maintaining competitive performance. Notably, C-PGAE and
C-PGPE and their deterministic deployment counterparts DC-PGAE and DC-PGPE show faster convergence compared to
AD-PGPD and PGDual, which exhibit significant variance and instability in both performance and cost. Furthermore,
deterministic variants of C-PG demonstrate a lower constraint violation than the stochastic counterpart, especially
when dealing with PB exploration.

6.2. Deterministic Deployment Study

In this experiment, we empirically analyze the deterministic deployment of both C-PGAE and C-PGPE when learning
by employing a fixed stochasticity (¢ > 0) and then deploying a deterministic policy switching off the stochasticity
(o = 0) of the last parameterization encountered while learning. In particular, here we consider the CostSwimmer-v4
and the CostHopper-v4 environments (see Appendix D for details) with T = 100 and y = 1. The employed version
for the environments resemble the original one from the MuJoCo control suite (Todorov, Erez and Tassa, 2012), but
introducing a cost function representing the energy associated with the control action. In this set of experiments,
we study the difference in performance and cost when switching from a stochastic (hyper)policy to a deterministic
policy at the end of the learning. In this case, we averaged the last 100 iterates to evaluate the actual deterministic
deployment. Additionally, we conducted this deployment loss study for diverse values of stochasticity ¢. Both C-PGPE
and C-PGAE were run for K = 3000 iterations with a batch size of N = 100 trajectories collected per iteration. The
learning rates were governed by Adam (Kingma and Ba, 2015), the regularization parameter was set to @ = 1074,
and both the methods employed linear Gaussian (hyper)policies with variances 6> € {0.01,0.05,0.1,0.5, 1}. Further
details on the setting employed for this set of experiments are presented in Tables 8 and 9. In Figures 4 and 5 it is
possible to note that, as the stochasticity parameter o grows, the distance of J, (k) and Jp (0g) from Jp, ;(Ok)
increases, while the distance between J, ((0x) and Jp ((0x) from Jp, (0 ) shows the same straightforward behavior
only in AB exploration—in PB exploration, this is respécted only when the learned policy has meaningful performance
values. Furthermore, the impact of different exploration paradigms on the learning curves can be observed. In C-PGAE,
where noise is injected at each time step, the variance is significantly higher compared to C-PGPE, where noise is
sampled only once at the beginning of each trajectory. This distinction results in more stable learning dynamics
for C-PGPE. However, C-PGPE also exhibits sensitivity to the magnitude of the injected noise, which can negatively
affect its learning capabilities when the noise level is too high. Finally, we highlight that empirically there exists an

A. Montenegro et al.: Preprint submitted to Elsevier Page 29 of 59



Learning Deterministic Policies with Policy Gradients in Constrained Markov Decision Processes

30

60
- —Jnyo =)
sl | —Jao LI S S S N AN A—
O - i,
M sl
28 |
S [ =0 \ 30+
5 3
! =
- 20
10}
2
ol
o5 ‘ ‘ ‘ \ 1ol ‘ ‘ ‘ \
>70.01 0.05 0.1 0.5 1 0.01 0.05 0.1 0.5 1

=Jpo

| | | | |
0.01 0.05 0.1 0.5 1 0.01 0.05 0.1 0.5 1

o a2

(c) Performance Comparison on C-PGPE. (d) Cost Comparison on C-PGPE.

Figure 4: Deterministic Deployment Study on CostSwimmer-v4 (5 runs, mean + 95% C.1.).

“optimal” value for the stochasticity ¢ leading to a parameterization 8 resulting in a deterministic policy maximizing
the performance while staying below the cost threshold.

6.3. Regularization Sensitivity Study

In this last experiment, we study the sensitivity of C-PGAE and C-PGPE w.r.t. the regularization term w. We tested
the algorithms on a bidimensional CostLOR environment (see Appendix D for details). For the environment at hand,
we considered a horizon T = 50. We run both algorithms for K = 10000 iterations, with a batch size of N = 100
trajectories per iteration, and with a varying regularization term such that @ € {0,107%,1072}. We considered a
single constraint on the average trajectory cost, for which we set a threshold 5 = 0.2. For the step size schedules,
we employed Adam (Kingma and Ba, 2015) with initial rates {y = 1073 and ¢ 20 = 10~2. Moreover, in this specific

experiment, C-PGAE employed a linear gaussian policy with variance ai = 1073, On the other hand, C-PGPE employed

a linear Gaussian hyperpolicy with variance ag = 1073 over a linear deterministic policy. The experimental setting
is summarized in Table 10. Figures 6 and 7 and show the Lagrangian curves, the performance ones (i.e., the one
associated with the objective function), and the cost-related ones. From the shown curves it is possible to notice that,
for both C-PGAE and C-PGPE, a higher regularization (@ = 1072) corresponds to a higher bias w.r.t. the constraint
satisfaction. This bias is compliant with what is shown by Theorem 3.1. Indeed, the higher the regularization, the
stricter the constraint threshold should be made. These considerations also hold for both DC-PGPE and DC-PGAE. In
particular, we highlight that, while for PB exploration the stochastic and deterministic curves are almost the same,
for AB exploration the deterministic curve related to the cost is always under the cost threshold. Finally, we report in
Figure 8 the evolution of the values of the Lagrangian multipliers 4 during the learning. As expected from the theory,
for both C-PGAE and C-PGPE a higher regularization leads to smaller values of A. Moreover, we empirically notice that
C-PGAE reaches higher values of A w.r.t. the ones seen by C-PGPE.
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Figure 5: Deterministic Deployment Study on CostHopper-v4 (5 runs, mean + 95% C.1.).

7. Conclusion

In this work, we proposed a general framework for addressing continuous CRL problems via primal-dual policy-
based algorithms, employing an alternating ascent—descent scheme. Our exploration-agnostic algorithm, C-PG,
provides dimension-free, global, last-iterate convergence guarantees under the standard weak gradient domination
assumption. Furthermore, we reinterpreted both action-based and parameter-based exploration paradigms as white-
noise perturbations applied to parametric deterministic policies, either at the action level or at the parameter one.
Under this noise model, we established all the conditions required to ensure last-iterate convergence of C-PG, and
we proved that C-PG converges to an optimal deterministic policy when trained via a stochastic (hyper)policy and
the stochasticity is subsequently switched off at the end of the learning phase. We validated our theoretical findings
by comparing our methods against state-of-the-art baselines and demonstrating their effectiveness, particularly in the
deployment of deterministic policies. Future research should aim to improve sample complexity of C-PG, with the goal
of matching the lower bounds established by Vaswani et al. (2022). Another promising direction is the development
of single time-scale algorithms that retain the same convergence guarantees. Finally, our analysis assumes a fixed
level of stochasticity o, which must be set on the order of O(e) to guarantee convergence to an optimal deterministic
policy under the adopted noise model. However, this assumption may be impractical in real-world scenarios, where
stochasticity is often either learned or gradually annealed during training. This gap between theory and practice has
recently been addressed by Montenegro et al. (2025) in the unconstrained setting; extending this line of work to the
constrained case remains an important direction for future research.
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A. Omitted Proofs

Lemma A.1 (Regularization Bias on Saddle Points - 1). Under Assumption 3.1, for every w > 0, let (v, /IZ‘U) be a
saddle point of L, it holds that:

0 < Lo(0). 2) = Lo(0} 25) < 5 (12513 = 1251) -

Proof. From the fact that (DZ), /lz)) is a saddle point of L, we have for every v € V and 1€ A:

L0, 4;) > L0, 4;) > L0, 1) ®
= Lo = 3 14515 2 Lo@), 45) — 3 4[5 2 Lo@],. 2~ 3 1113 (10)
= Lo, 45) 2 LoF, A%) = Lo(F, 4) + 2 (||,1* I3 - ||,1||2>. (11)

From the fact that (vé, /1(*)‘) is a saddle point of L, we have for every v € V and A€ A:

Lo, 45) 2Lo(00, A5) 2 Lo}, A). (12)

By setting (v, 1) < (D:}, /IZ)) in Equation (12) and (v, 1) « (ug, /l;) in Equation (11), we obtain:

Lo(0F, A5) = Lo(0g, A5) = Lo(v, A%) (13)
2

Al 2> (14)

k). (1s)

> (16)

Lemma A.2 (Regularization Bias on Saddle Points - 2). Under Assumption 3.1, for every @ > 0, it holds that:

= Lo(0f, A5) > Lo(0h, 25) > Lo(0F, A%) + % <||,1j;||§ -

> Lo(0f, A5 + 2 <||zx||2 B
thus:

Lo(v5, Ag) = Lo(0F, %) > Lo(v5, 45) + = <||'1* ”2 - | A

0< L A L A) < =|A;
mlgrilal)\( o0, 4) — ml]I}I/{laX (05 4) || ol

Proof. The first inequality follows from the observation that Ly(v, 4) > L (v, 4) for every @ > 0. For the second
inequality, let us denote as (v}, A7) the saddle point for £, and let A* = {/1*, /1:)} We have:

Loy, Ay) — L,(0,, 4,) = Ivnelg ﬁ‘é‘}\’i Lo(v, 1) - InllIJI inax L,,1) a7
< max max Ly, A) - max[i o0, /1)’ (18)
veY [AeA
= uerl?iléA* |Lo(0, 4) — L, (0, 1) (19)
®
= 2 max { ]} s nas ||2} 0)
_ O,
=3 ‘ A 2, 1)
where we used Lemma A.1 to conclude that (|47 > |42 ||2 O
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Lemma A.3 (Objective bound and Constraint violation). Under Assumption 3.1, for every @ > 0, letting (v}, A:)) be
a saddle point of L, it holds that:

0 < Jo(p) — Jo(0%) < ol 25115, (22)
IA@}) =b)* I, < @ll Al (23)

Proof. Since (03, AS) is a saddle point of L, it holds that DS is feasible and, consequently, EO(DS, /l(’;) = Jo(ug).

Moreover, let @ > 0: since (0%, A7) is a saddle point of £, it holds that A7 = A*(v}) = II, <i(J(vZ}) - b)) =
L) —by*, since L[1A©2) = ), < @' VU Ty, Thus, we have:

£0(0] 45) = Jy(0;) + (45, 3(0) = b) = Jo(w}) + —|A(w]) = I3 24)

From Lemma A.1, we have:

0 < Jo@f) = Jo@") = = @) = FIR < 22 - =1 @) — by*II2. (25)
w 2 2w
By summing iII(J(Da*,) - b)+||§ to all members, we have:
—1J@E) = D)2 < Jo@F) = Jo@5) < ZNAEN2 + — I d©5) - by* 2. (26)
w 2 2w
Now taking the first and last member, we conclude:
@) —b)* 15 < (1 45]15. 27)

. 1 % 2 . . . . . ..
Since > I(J(@%) = b)*||5 > 0 and plugging the latter inequality into the third member of (26) we obtain:

0 < Jo(@}) — Jo(0}) < wl| 4315 (28)
O

Lemma A.4 (Weak y-Gradient Domination on H,(v)). Under Assumption 3.2, if w > 0, for every v € V and A€ A,
it holds that:

IV Ho @)Y > o (Hw(w - min Hw(v’>> ~ Br. (29)

Proof. If @ > 0, the dual variable exist finite since the maximization problem over 4 is concave:

A*(v) = argmax L (0, 1).
AEA

Thus, we have from Lemma A.7 thatV,,H ,(v) = VL (0, 1)| ;= 3+ and by Assumption 3.2 we have the following:

IVo Ho @)y = || VoL@ Dlazrw)|, (30)
> ([,w(u, A*(v)) — mir}l} L0, i*(v))) - B 31
v'e
. ’
2 a <Ha,(v) — Iin max L, ,/1)> - b (32)
= a; (H,(0) - H}) = p. (33)
O
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Lemma A.5. Let w > 0 and v € V. The following statements hold:

o L (v,)is w-smooth, i.e., for every A4, AMe A it holds that:
V1L, 1) =V, L0, <o|i- V|

o L (v,") satisfies the PL condition, i.e., for every A€ A it holds that:
IV, L, D5 > o <rr}ax L, 1) =L, (0, /l)) :
Aen

e L (v,-) satisfies the error bound (EB) condition, i.e., for every A, Ae A it holds that:
VLo DIl 2 4% @) = .
where A*(v) = argmax;cp L,,(v, ).
e L, (v,-) satisfies the quadratic growth (QG) condition, i.e., for every A, A'€ A it holds that:
Hy\(0) = L,,(0.4) > Z[|2°(©) = All,.

where A*(v) = argmax;cp L, (0, A).

Proof. For the first property, it is enough to observe that L, is twice differentiable in 4 and that its Hessian is wl. For
the second property, we observe that £, is quadratic in 4 and, consequently it satisfies the PL condition with parameter
w:

IV,L, (0, /l)||§ > w ( max L, (v, 1) - L, (v, /1)) >w (max L,,1)-L, (v, /l)) .
2'erU Aea
For the third and fourth properties, we refer to Lemma A.1 of Yang et al. (2020). O
Lemma A.6. Let w > 0. For every v € V, it holds that:
H,(0) = Hyy > ZIA0) = &3 . (34)

Proof. Let us consider the following derivation:

H,(0)- H; = H,(v) - L,(0,,4)) (35)
> H,(0) — L, (0, 17) (36)
> Z14*@) = &l 37

having exploited the fact that, from the saddle point property, £,,(v},4") < L,(v, 4, ) and, then, Lemma A.5. O
Lemma A.7. Let o > 0. The following statements hold:
e H is Ly-smooth, i.e., for every v, v’ €V, it holds that:

IV Hy, (") = Vo Hy, (0l < Ly llo” = oll,.

2
where Ly =Ly + —L.

e Forevery v,v' € V we have V,H (v) = VL (0, M 3=2%(v) Where A*(v) = argmax e p L,,(0, 4).

Proof. The first and second statements follow from Lemma A.5 of Nouiehed, Sanjabi, Huang, Lee and Razaviyayn
(2019). O
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Theorem 3.2 (Convergence of Py). Under Assumptions 3.2, 3.3, 3.4, for y < 1/5, sufficiently small € and w, and a
choice of constant learning rates ¢, {;, we have Px(y) < €+ f /oy whenever:®

o K =0O(w 'log(e™)) if y = 2 and the gradients are exact (i.e., Vo=V, =0);

2
o K = O(w_le_;_l) ifw € [1,2) and the gradients are exact (i.e., V, =V, = 0);

4
e K= O(w_3€_;+l) if w € [1,2] and the gradients are estimated (i.e., V,, = O(w2) and V, =00)).

Proof. The proof is subdivided into several parts. We will omit the @ subscript for notational easiness. Let us focus on
a specific iteration k € N.
Part I: bounding the g, term. Let us start with the g, term:

H * * LH 2
wOi1) = H* < Hy,(0)) = H* + (01 — 0, Vo Ho,(0))) + > okt — okl (33)
< Hy(0) = H' = 5o (VoL 0 4. Vo, (00)) (39)
Ly N 2
+ 0 [VoLator 20 (40)

where the first line is due to the fact that the function H, is L z-smooth (Lemma A.7), the last inequality is due to the
update rule of v. Now, we apply the expected value on both sides of the inequality and we use the fact that the gradient
estimation is unbiased and has variance bounded by V;:

E [H, (0w DIFi_1] = H* < Hy,(0) = H* = §5 4 (Vo L0y (04, 4), Vo H, (D)) 41)

Ly ., - 2
+ 5 E ”Vuﬁw(vk, /1,()“2 7] (42)
where ) _; is the filtration associated with all events realized up to interaction k — 1. We recall that:

N 2 N
E [”VDEw(vk,ik)“z |rk_1] = Var [9,£,00 21Tt | + VoL@ 013 3)

and that Var [§v£w(uk, /lk)] <V, by Assumption 3.4. Thus, selecting ¢,,, < 1/Ly, we have that:

E [H, (0 DIF_y] - H* (44)

< H,(0) = H* = §, 1 (VoL (0, ) Vo Hi,(0))) (45)
+ Clz" Vo Lok 205 + LTHgg?va (46)

= H,(0) = H* = §, 1 (VoL (0, Ay) Vi Ho (D)) 47
+ % (Vo Lo (@i A) = Vo Hyy (0|5 + LTHgg,kVD. (48)

Consider that:

Cok 2

o IVoLor A) = Vo Ho(0) + Vo Hoy (00 (49)

= 2—" 1V o L0k 1) = Vo Ho (05 - %k IVoHo @03 (50)
+ G (Vo Lo A), Vo Hy(0) - 1)

8In the context of this statement, the (9(-) notation preserves dependences on ¢ and  only.
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Thus, the following holds:

E [H, (04| F_y] - H (52)
L
Hoy(0) = HY = £, (Vo Lo 1), VoHo00) + 5160, V, (53)
CD %

Vo Lo, Ay) = Vo Ho (0|2 — 2”‘ Vo Ho (0|2 (54)

+ C:u,k <V0£w(vk’ 'lk) VvHa)(Dk» (55)

é‘u D.

= H,(v) — H* = 22X |V, H (0> + 2”‘ VoL A) = Vo Hy (@) (56)
+ THCﬁ,kVu- (57)

Thus, we have obtained:

A :=E[H, (0 )IF_| - H* (58)
% Cu
< H,(v)— H* - —" Vo Hy @13 + 25 |V o Lo (@ 4) = Vo Ho (0|3 (59)
Ly
+ 0 Ve (60)

holding via the selection of {,,, < 1/L . Notice that, from A the following directly follows:

D :=E [H, IF_i]| — H,(®,) (61)

¢ o L
< _L" Vo Hw(uk)”z 2”‘ |VoLo@i, Ay) — vl,Hw(uk)Hi + THgg,le,. (62)

Part II: boundmg the b, term. We are ready to analyze the b, term. Recall that for ridge regularization of the
Lagrangian function presented in the main paper, we have that L, is w-smooth and fulfills the PL condition with
constant w, as shown in Lemma A.5. Since L is a quadratic function of 4 and A*(v,, ;) € A, we have that considering
the non-projected 4, can only increase the distance. Thus, we will ignore projection for the rest of the proof. We
have:

H,(0141) = L,(0ps 15 Aggr) (63)
2
< Hy,(0h41) = L£,Op15 A) = (A1 = Ao VLo Opi1, 4)) + 5 ”’1k+1 Al (64)
= H,(0p11) = L,(0p41- A1) = Eik <§A£w(vk+1’ Ay VLo, (0pyy, }“k)> (65)
® ~ 2
+ 20, ||V,1£w(vk+1, ,lk)||2, (66)

that is possible under Assumption 3.3 (i.e., £, is L,-smooth) and due to the update rules we are considering. Now, by
applying the expectation on both sides, we obtain the following:

E [Hy,(@p41) = LoOpp1s 2 DI Fii | (67)
< E [H, 1) = Loy@pi1> A Fimt] = Sk IV aLo @1 'lk)Hi (68)
w .2 S 2
+ EQ,k E [”Viﬁw(vkﬂ"lk)”z |Fk—l] (69)
E [H,©k41) = Lo@pr1: AIFict] = Sk VAL Op1 /1k)||§ + %Cf,kVA (70)
~ 2
+ 20, [9ito@en b (71)
C/t k
<E [H,®41) = Loy@pp1> AN Fimy ] = == VAL @15 11()”2 + C,{ Vs (72)
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where the last line follows by selecting {; , < 1/w. Since L, enjoys the PL condition w.r.t A with constant w, for every
pair (v, 1) we have:

IViLo@ |5 = @ ( max L,(v,4) — L, (0, ,1)> >w (rpax L, (0, 2) — L, (0, ,1)> ) (73)
AERY AEA

By applying the PL condition:

E [H,(011) = L Ops 1> Ay 1) Fi] (74)
Cak 2 W
< E [Hy@p41) = Loy@pp10 A Fiy ] — - | ViLo@psr> 2|5 + Eg,%,kVA (75)
Cik
<E [H,(0p41) = Lo,(0411, A Fi] - Ta)[E [H oy (0p41) = L0041 A Fr_i] (76)
+ %Cf,k‘/z 77)
é’/l,k w .o
=(1- - E [H,(0p41) = Lo®ps1, A)IFit] + ng,sz’ (78)

where we enforce 1 — nga) >0,ie.,¢ k<2 /w. However, we do not have a proper recursive term, thus consider the
following:

H,(0p11) = L,(0p415 Ag) = Hy(0r) = L0, A) + L, (0, Ag) — L,(0pcy1, Ag) (79
Recurs;\:e Term ‘C,
hS

A bound on D has already been derived, so let us bound the term C:

L, 2
L, (0, Ap) = L,(0py 15 Ap) < — <Uk+1 — 0, VoL, (v, 'lk)> + > loks1 = oill5 8D
< Goa (VoLar ), VLo 1)) + 2262, [ 1], (82)

again because of Assumption 3.3 and the update rule. Now, as usual, we consider the expectation conditioned to the
filtration 7, _; and the properties of the variance, to obtain:

C 1= L4,(0 4) = E [L£4, (04415 2| Fii] (83)
L L
<Coi <1 + 72;,7,() Vo Lo 402 + 5765, Vor (84)

having set {,, , < 1/L,. We are finally able to conclude the bound of the term B:

B :=E [H,®011) = LoOps1s Aes ) Fiei] (85)
¢
< (1 - %w) E [Ho(0ps1) = LoOpats A Fiy] + %CikV/l (86)
¢
= (1 - %a}) (H,(00) = LoD, A1) (87)
Cak
+(1- - (L4 A) — E [Lo (0411, LI F_1]) (88)
¢
+ <1 - %a)) (E [Hy@i DIFi_1| = Hy(0p) + %gfykvl. (89)
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Now we apply the bounds on C and D (the latter is from Eq. 62), obtaining:
E [Hw(l’k+1) —L,(0p41, }"k+1)|7:‘k—1]
Cik
< (1 - Tw> (Hw(vk) - L, (v, '1k))
C,l,k Lz 2 L2
+ <1 - Tw) <;D,k <1 + 750,k> VLo 40]|5 + 7@*3’,(1/0)
Cak Cok 2 Cok 2
+ (1 - —a)> <—% |V, H, ]| + ”7 Vo Lok ) — Vo Hy (0|
LH w
+TC3,kVD> + Eé:ile,

that is the second fundamental term.

(90)

€2y

92)

93)

(94)

Part I1I: bounding the potential function P, (). Before going on, we recall that so far we enforced: {,, , < 1/Ly
(since Ly > Ly) and {;; < 1/, for every t € [K]. What we want to bound here is the potential function

P, 1(x) = ay,1 + xbyyq. Using the final results of Part I and Part II:

Ay + abey =E [Hw(l’k+1) - H*] +xE [Hw(uk+1) — L,(0g41, 'lk+1)]

&
<E [H,(v) — H] - 7" E [IIVon(vk)Ili]
& L
+ 2 IV Lo 4 = Vo Hu 03] + 7 Coibo

¢
+x (1 - %w) E [H,(04) = L, (04, A1)

& L L
b (1220 (o (14 Z60e ) € [IVoaton a0 ] + 24200

7% Co,
v (1- %) ( - [V, Howoll]

ok 2], Ly
+ 2 [V £ 00 20 = Vo Hy 0] + 2282V,

o, Sa, H
B 2k <1 iR (1 B %w» E [“V” ‘”(D")”ﬂ
& ¢ H
+ ‘ék <1 X (1 B %w» E [”VDECU(Dk’ A=V, w(”k)“ﬂ

L i,
o (14 2éue) 1 (1- 0 ) [I190aton 401

¢z Sk @
, <LH +y <1 - 70)) Ly +L2)> VD+XEC§,kV)~'

(95)

(96)
o7)

(98)

99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)
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Now we can re-arrange the terms by noticing that:
Vo Lo @ 20| = | Vo Lo @i Ax) = Vo Hy(0) + Vo Hy (0|13
= |VoL o @A) = Vo Ho (0|5
+ (1Yo Ho @03 +2(Vo Lo (04 A1) = Vo Hy (01, Vi Hoy(01)
< 2|V Ly, (01 1) = Vo Ho @03 + 2| Vo Ho (00 3
where the last inequality holds by Young’s inequality. Then we can write what follows:

g1 + Xbiy

¢
Sak+x<l—%w>bk

(2t (14 ) (1- %20)
Lo, Ea
5 (e (1-50) et
(1 B o1 50) 5 (1 520))
E [[Vo L0 1) = Vo Hy 03]

&2, Cak @
SR

(108)
(109)
(110)
(111)

(112)

(113)

(114)

(115)

(116)

(117)

(118)

Let us now proceed to bound ||VU£w(vk,/1k)—Vun(vk)H;. By Lemma A.7, we have that V,H,(v) =

VL, (v, A*(v)) for every A*(v) € arg max-_, L (o, 4), thus we can write:

VoL@ A) = Vo Ho @7 = |V Lo @i 20 = Vo Lo @ @)
< L3[40 = A5

since Assumption 3.3 holds.

(119)
(120)

For a fixed value of v, by Lemma A.5 it follows that £ (v, -) satisfies the quadratic growth condition (since it

satisfies the PL condition), for which the following holds:

14700 = Aell3 < 2 (H,00 = £4(00 20)

and thus we have:
) 4L
|VoLo@i, 4) = Vo, Hy(0))]]; < 7 (Hw(vk) — L, (v, /lk)) .
By applying the total expectation, it trivially follows:

1 4L3 413
E (VoL (00 20 = Vo Hy@05| £ — E [Hy00) = Lo (00 2] = —by.

(121)

(122)

(123)
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Thus, we have:

ak+1 + )(bk+1 (124)
Sak+)(<l—g7ka)> by (125)
+ <2§D,k (1 + %Cu,k> (1 - C’;—ka)> (126)

So, Cak
-5 (1 + (1 - —a)>>> [V, Ho @3] (127)
412
+ (2(1,,,c <1 + %cu,k> <1 _ %a)) C’;" <1 +y <1 - %w))) fbk (128)

2

Cok ¢
+T (LH+;(<1 —%w> (LH+L2)) Vv+;(%éjile. (129)

Part IV: apply the y-gradient domination. Now we need to bound the term ||VHw(vk)||§. We consider
Assumption 3.2 and we get: ||V, H,(®)|[Y > a; (H,(v,) — H*) — f,. By defining H* := H* + §, /a;, we also
have:

IV Hyy(0)]|” > @) max {0, H,(v) - ﬁ*} (130)

=
2

2 .2
IVoH, ()3 = &’ max {o, H,(v) - H* } v

If we apply the total expectation on both sides of the inequality, we get:

E IV, ] > a? E lmaX{O, Hw(u)—ﬁ*}%] (131)
%[E [max{O H,(v) - H*}]% (132)
> a? max {0, | H,,(0) - "] }‘% : (133)

which is achieved by a double application of Jensen’s inequality, since z%/¥ is convex for y € [1,2] and z > 0, and
the maximum is convex. Let us start from Equation (124):

A1 + X by (134)
Sak+x<l—%a)> by (135)
L ¢ %o, a
+<2§D,k <1+72Cu,k>1<1—%w>—7k<1+}(<1—%w>>> (136)
_lc
E [“VHw(Dk)Hg] (137)
L ¢ Co, ¢ 4L3
+ <2Cv,k <1 + 7261,,,(> <1 - %w) + Tk <1 +y <1 - %w))) 7171{ (138)
+i Lyt a(1- 20 Ly +Ly) | Vo+ 2282V, (139)
) HTX ) H 2 v )(2 LkVA
R
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We first enforce the negativity of —C. To this end:

————
<3/2
<§’vk<3;(<1—é"1—’kw>—%<l+x<l—ﬁa)>>>
gg"T”‘ 5;((1—%"60)—1 <2k5,-1<0
———
<1

Thus, it is enough to enforce 5y — 1 <0 = y < 1/5. We now plug in the gradient domination inequalities:

Qg1 + Xbjy

¢ 2 2
Sak+x<l—%a}> b — Ca! max{o; [E[Hw(v)—H*]}"’ +V

L ¢ - ¢ 413
(1 50) (1 -0) o (10 (- 54)

Now we introduce the symbol @, :=E [Hw(vk) - PNI*] =ay, — /oy, to get:

Ay + )(bk+1

<ag Ca max {0 ak}w +V

(-5 o 1+ B0 (-5
ot (1 (1-50))) )
For what follows, we call B the term that is multiplying b, :
B:=y <1 - %w) + <2§D,k <1 + %Cu,k> <1 - %w)
(-5 2

Let refer to a; + yb,, as 13t( x) with y € (0, 1). For the sake of clarity, we re-write our main inequality as:

~ 2
P(x) =4y + xbyyy < a; + Bb —Cmax {0; @ v + V.

Then, from Lemma B.1, having set @ « @, and b < yb;, we have:

- 2 2 N 2
Py (1) = Gogy + xbysy < @ + Bby + Clxb)v —2' v Cmax {0, G+ xb ) v + V.

(140)

(141)

(142)

(143)

(144)

(145)

(146)
(147)

(148)

(149)

(150)

(151)

(152)

(153)
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By choosing y so that yb, < 1,i.e., y <1/ max,¢g by, we have:

- 2 2 N 2
Prot(2) = @ppr + abiss < @+ Bby +C(ybv —2' v Cmax {0, @ + yb, }v +V (154)
2 2
55k+(B+;(C)bk—2“GCmax{o, A+ xb v +V (155)
- _2 ~ 2z
= P(B+40)-2' WCmax{O, Pt(;()}”’ +V. (156)

To unfold the recursion, we need to ensure that B + yC < y, which leads to a condition relating the two learning
rates:

B+ yC (157)
¢ L s
=x(1-20)+|oc,, (1+2¢,, )7 (1- 2 (158)
2 * 27w 2
<an <
¢ ¢ 412
Lok 1+1<1_ﬂw> | (159)
2 2 w
————
<1
L, $ak Cok Cak 2
+ x| =280 <1 + 751,,,() X <1 - Tw) +% Tty (1-F o) ||o) (160)
~ v - ——
<0 <1
Cak 2L§ 1+y 2
S){—){Tw+é’u’k 7(14‘7}()4‘ 3 (12“/ S}( (161)
CUZZCM
= (i < e , (162)

(1 + poa? +4L2(1 +7y)
where we exploited {,,, < 1/L, and {; ; <2/w. Thus, we have:

2

~ ~ _2 ~ =
Beoy(0) < P(z) — 2" C max {0, Pk(;()}"’ LV (163)

Collecting all conditions on the learning rates, we have:

2
: 1 1 "8k
< -, : , 164
o < min . I, 7 (164)
(1 + pwa) +4L§(1 +7x)
Gusmin{ L 241 (165)
’ w w w
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As a further simplification, let us observe that:

L q ¢ ¢ v
C= _zgv,k<1 + 72§D,k>1<1 - %w) + DTk <1 +;(<1 - %w» a (166)
—_—
<3/2
2
¢ ¢ 2 Gy
2%<1+5<1—%w>1>a1‘"2 ””;1. (167)
2
é‘l),k C/l,k w .2
V:T Ly+yx I—Tw (Ly + L) VD"'){E(:A,kVi (168)
gl%,k L% w .o ~
< - (I+2)L, +(1+ ;(); V, + ;{ECMV,I = V. (169)
2
~ _1 v
Denoting with C =: 2!y C”’k—al, we are going to study the recurrence:

[S]

P < B - Cmax {0, B }¥ + 7. (170)

Part V: Rates Computation ~
Part V(a): Exact gradients We consider the case V' = 0. Let us start with y = 2. From Lemma C.3, we have:

~ ~K ~
P <(1-C) R <e (171)
lOg M - ﬁo(g) 2]0g m
= K<——< C'log = < (172)
10g—~ € 1—l E
1-C 2 vféjp’,al
The inequality on K holds under the conditions:
1+2
~ 2 2w
C<— 7 = (o < FORE (173)
wPy(x)v wa! 0()();_1
2
o x¢
oo Smind ——, -, Aok > (174)
2 (14 poa’ +4L2(1+7y)
2
. 219
= min < ! =, 5 Ak > (175)
Ly+ 2 (1+ poa? +4L2(1+7y)
1
< -, 176
Ok < p (176)
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where the first one derives from the hypothesis of Lemma C.3 and the other two from the conditions on the learning
rates derived in the previous parts. We set:

k=0,
1+2
. 2 v 1 wy
ok = Min 7 ) R 7 = O(w).
a! P (;()w Ly+ 2 (14 poa) +4L2(1+7y)
Thus, the sample complexity becomes K = O (w_l log %)
Consider now y € [1,2). We have from Lemma C.3:
v
~ 2 ~ 2—y
Pe(x) < <<——1>CK> <e 177)
v
_2 2 -2
— K<Y Gt = Ld vt (178)
2 -y 1 2

1
Q-2 ¥, al
holding under the same conditions as before. With the same choices of learning rates, we obtain the sample complexity
2
K=0 <a) € WH) as sample complexity.

Part V(b): Estimated gradients We consider V > 0. In this case, from Lemma C.5, we have:

~. ¥

~ ~ ~ K 2

PK(}()§<1_C1_%V%> Po(x)+<z> . (179)
C

We enforce both terms to be smaller or equal to €/2. With the first one, we can evaluate the sample complexity:

- 585 By < & 1
- o(x) < 3 (180)
1 ZEJ(X)
— K< —171_%%% (181)
log 2Py (x)
- ¢ (182)

ks
ol

v
-1 (ukal

22 12 el
<"" <(1+2;{)L2+(1+;()—>V + x> CMV,1> 2 v—=_
Regarding the second one, we have:

W
éﬁ 2 7
v . ((1 +27)Ly +(1 +;{)—> Vot 128,V
¢ .
> < 5 Ed 5 <

1 v
1—; gv,kal

(183)

[\SNNLY

2

By enforcing the relation between the two learning rates, we set {,, , = O(w*¢ 1.%)- By enforcing the previous inequality,
recalling that L, < O(w™!) and V, < O(w™2), we obtain ¢ 2= O(we?/V), from which $p = O(w?e2/V). Substituting
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these values into the sample complexity upper bound, we get (highlighting the terms possibly depending on w):

log £
K<0 < 7 (184)
(Ly + @YV, $2 + 0l -v/2g)
log é
= O (@ + o W@ T akae D PR aB ey e (15
log %
<o| = |. (186)
having bounded the sum at the denominator with the second addendum. O

Theorem 4.6 (Sample Complexity for Deterministic Deployment). Suppose to run C-PG for K iterations employing a
(hyper)policy complying with Definitions 4.2 (AB) or 4.3 (PB). Suppose to be under Assumptions 4.1 (PB) or 4.2 (AB),
4.3, 4.4 (AB), and 4.5. For w € [1,2], y < 1/5, sufficiently small ¢ and w, and a choice of constant learning rates

4
3 _» ——+l1 . .
g = O(wc?e*'V) and Lo = w;, whenever K = O(w 3672¢" v ) and the gradients are estimated, we have that:

ﬂ?(o-’ I//)

ap

Ppx(x) < e+ + 41+ Apax) L0y ) ds,

where (o, y) is quantified in Theorem 4.2, Ay, 1= o U Lip i= Lipmax Lia = Liymae dp 1= dg, and
d, :=dy. B

Proof. Under the considered set of assumptions, we recover the results of Theorems 4.2, 4.3, and 4.5 and of Lemma 4.4,
matching the conditions needed to establish the sample complexity exhibited in Theorem 3.2 for ensuring that

Pig(x) e+ @, where we employed the coefficients of the inherited weak y-GD (Theorem 4.2).
’ D

In particular, recovering “Part V: Rates Computation” of the proof of Theorem 3.2 with y € [1,2] and inexact
gradients, to compute the sample complexity needed to ensure last-iterate global convergence of P; g (y), we have to
ensure the following conditions:

2P.
log .,:)()()

(). K<

ﬂ’
v 2)\2
2 |4
D

2 2 1-L ¢pa
(79(<1+21>Lz+(1+;()7')1/+,e+x%’cﬁn) 2TV =R

Z; L% ® 2 5
2 a2 L4402 Viotr 282V,
(ii).

IA
B

2
7
21_1117 CeﬂztD
where L; = O(1) and L, = O(w™") are quantified in Theorem 4.3, while Vig = O(w267%) and V, = 0Q) are
quantified in Lemma 4.4.
Now, considering (ii), by enforcing the relation between the two learning rates specified in Theorem 3.2, we can set
Co = O(w*¢ 1)- Exploiting the characterization of L; and L, (Theorem 4.3) and the one of V; ¢ and V; (Lemma 4.4),

A. Montenegro et al.: Preprint submitted to Elsevier Page 47 of 59



Learning Deterministic Policies with Policy Gradients in Constrained Markov Decision Processes
we have the following:

ol

{2 L2
- <(1 +2)Ly + (1 + x)j) Vio+ 258V,

v
2
A
*C; >
v
o a)Cia_2+a)Cf 2
w?¢;

=0 (Ciw_la_z)% .

4
Thus, enforcing © (Cla)_la_z) 2 < £, wehave that §; = O(wo?e?/¥), thus implying {g = O(w3c2e2/v).
If we now consider the term (i), by exploiting the form of L;, L,, Vi o> and V; and the choice of {; and ¢y, we have
the following:

2P,
IOg T,eo()()

&% o
S (A+2L + 0+ )

2| 1= &oo,
> VT’Q + X%§§V1> 2w 2D
logl
=0
1—y /2 2
(a)CZ _2) v/ ( 2§A)W/
1
_o log;
a)1+w/2§§ V2 gy-2
1
_o log;

w302e—1+t4/w ’

where in the last line, we exploited the fact that {; = (9(wo-2€2/ ).

Biow)
a
sample complexity ensures that:

This iteration complexity, which naturally translates into a sample complexity given that we can employ a constant
batch size N, ensures that Py x(y) < € +
’ D

. By leveraging the result of Theorem 4.5, we have that the same
Bi(o,w)
PD,K(/Y) <e+ o +4(1 +Amax)L1TU\/dT'
D

B. Technical Lemmas

O
LemmaB.1. Leta € R, b > 0, and y € [1,2]. It holds that:
2 2 2 2
max{0,a}v >2 v max{0,a+ b}v — bv. (187)
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Proof. Let us consider the following derivation:

2
> av if
max{0,a)y =49 >0 (188)

0 otherwise

\

-2 22
2<2 v(ia+ by —bv ifa>0 (189)
0 otherwise

~

-2 22
2 v(a+byv —bv ifa>0
=10 if —b<a<0 (190)

0 otherwise

12 2 2
2 V(@+byv —bv ifa>0

2 2 2
232"V (a+b)v —bv if —b<a<0 (191)
—bv otherwise
( -2 2 2
2 +b)v —b ifa+b>0
_ 2u/(a )4 v ifa (192)
—bv otherwise
*1_2 2 2
=2 v max{0,a+b}v — bv, (193)

(194)

2 2 2 2

where the first inequality follows from (x+ y)v' < 2w (xv' + yW) for x, y > 0, from Holder’s inequality; the second
_2

inequality from observing that 2 v (a + b)v' — bv' < (2 v — l)bw <0Ofor-b<a<O. O]

C. Recurrences

In this section, we provide auxiliary results about convergence rate of a certain class of recurrences that will be
employed for the convergence analysis of the proposed algorithms. Specifically, we study the recurrence:

Fra Srk—amax{O,rk}¢+b (195)

fora > 0,b >0, and ¢ € [1,2]. To this end, we consider the helper sequence:

Pis1 = P —amax{0, pit®+b

The line of the proof follows that of Montenegro et al. (2024a). Let us start showing that for sufficiently small a, the
sequence p; upper bounds ry,.

Lemma C.1. [fa < 7 ;_] for every k > 0, then, r;, < py for every k > 0.
Pk
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Proof. By induction on k. For k = 0, the statement holds since p, = r. Suppose the statement holds for every j < k,
we prove that it holds for k + 1:

pre1 = P — amax{0, p}? +b (197)
> r, —amax{0,r,}? + b (198)
> Fevts (199)

where the first inequality holds by the inductive hypothesis and by observing that the function f(x) = x —a max{0, x}¢

is non-decreasing in x when a < %. Indeed, if x < 0, then f(x) = x, which is non-decreasing; if x > 0, we have
Py

1
f(x) = x — ax?, that can be proved to be non-decreasing in the interval [O, (agb)_p] simply by studying the sign of

the derivative. Thus, we enforce the following requirement to ensure that p; falls in the non-decreasing region:

L
P S(agp) 1 = a<

i (200)
¢pf_1

So does r; by the inductive hypothesis. O

Thus, from now on, we study the properties of the sequence p, . Let us note that, if p, is convergent, then it converges
to the fixed-point p computed as follows:

1
5 =7—amax{0,5}% + b => 5:(3)"’, 201)

having retained the positive solution of the equation only, since the negative one never attains the maximum max {0, p}.
Let us now study the monotonicity properties of the sequence p;.

Lemma C.2. The following statements hold:

1

o Ifrg>panda< then for every k > 0 it holds that: p < p, | < py.

.
o Ifrg<panda< #, then for every k > 0 it holds that: p > py 1 > py.
Proof. The proof is analogous to that of (Montenegro et al., 2024a, Lemma F.3). O

From now on, we focus on the case in which ry > p, since, as we shall see later, the opposite case is irrelevant for
the convergence guarantees. We now consider two cases: b = 0 and b > 0.

C.1. Analysis when b =0
From the policy optimization perspective, this case corresponds to the one in which the gradients are exact (no
variance). Recall that here p = 0. We have the following convergence result.

Lemma C.3. Ifa < ——, rg > 0, and b = 0 it holds that:
r
0

(1= a)*ry if$=1

Pra1 <9 Y : (202)
mm{ro,((ab—l)a(kﬂ)) ¢—'} if$e(,2]

Proof. Since ry > 0 = p, from Lemma C.2, we know that p, > 0 and, thus, max{0, p, } = p,. For ¢ = 1, we have:

Prsr =P —apr = (1= a)p, = (1 —a)*' py = (1 - ). (203)

A. Montenegro et al.: Preprint submitted to Elsevier Page 50 of 59



Learning Deterministic Policies with Policy Gradients in Constrained Markov Decision Processes

For ¢ € (1,2], we have:

Prst = P — ap. (204)
1 1
We proceed by induction. For k = 0, the statement hold since py = r and r < (¢pa) v-1 < ((¢ — 1)a) ¥~ from the
condition on the learning rate. Suppose the thesis holds for j < k, we prove it for k + 1. p;,; < ry, by monotonicity,
and, from the inductive hypothesis:

__L __¢
Prs1 = P — apl < (pak)” FT1 — a(¢ak)” #] (205)
= (pak) T — (alk + 1)) T — a(pak) P +(palk + 1)) 5T (206)

()

We now prove that (x) is non-positive:

(#) = (b — D)ak) T — (§ — Dak + D) 7T — a(( — Dak) 51 (207)
P
= (= Dy Tk (k e ()™ ) I~ Dy T (208)
<3
Sr=aibe =N 1
<a k @-D <ﬂ—ﬁ> <0, (209)
having observed that:
kK \aa Y= 1
ig;;(k—(k+1)(k—+1> >=k5r+nm<k—(k+1)(k—ﬂ> )=ﬁ' (210)
O

C.2. Analysis for b > 0
From the policy optimization perspective, this corresponds to the case in which the gradients are estimated, i.e.,
the variance is positive. In this case, we proceed considering the helper sequence:

Mo = Po

. : @11)
ﬂk_'_l:(l—aﬁd) )ﬂk+b lkaO

We show that the sequence #;, upper bounds p, when p, = ry > p.

Lemma C4. Ifrqg>panda < #, then, for every k > 0, it holds that n;, > py.
r
0

Proof. The proof is analogous to that of (Montenegro et al., 2024a, Lemma F.4). O

Thus, we can provide the convergence guarantee.

1
pro !

Lemma C.5. [fa <

ro =0, and b > 0 it holds that:

1l k+1 b 1
nk+1s<1—b‘$a$> +(2)" (212)
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Proof. By unrolling the recursion:

Mooy = (1 . az¢‘1)nk +b 213)
k .
k+1 J
=(1—aﬁ¢‘1) r0+b2<1—aﬁ¢‘l> 214)
=0
_po1\FH I —p1\)
5(1—ap ) r0+bz<1—ap ) 215)
=0
1 11 k+1 b
= (1-070ab) (216)
ap
Lo\ K+l 1
_ <1 _bl—zaa> +(2)7 @17
a
0

D. Experimental Details

D.1. Employed Policies and Hyperpolicies
Linear Gaussian Policy. A linear parametric gaussian policy zy : S X A — A(A) with variance 62 samples the
actions as a, ~ N'(0's,, 6> d4)> Where s, is the observed state at time 7 and 6 is the parameter vector.

Tabular Softmax Policy. A tabular softmax policy g : S X A — A(A) with a constant temperature 7 is such that:

co(%)
Her(®)

where 6, ; is the parameter associated with the i-th state and the j-th action. Notice that the total number of parameters
for this kmd of policy is |S||A|.

bl

mo(a;ls;) =

Linear Deterministic Policy. A linear parametric deterministic policy ug : S — A samples the actions as
a, = 0"s,, where s, is the observed state at time ¢ and 6 is the parameter vector.

Gaussian Hyperpolicy. A parametric gaussian hyperpolicy v, € A(®) with variance c?

0 for the underlying generic parametric policy 7y as 6, ~ N'(p,c>1, do)» Where p is the parameter vector for the
hyperpolicy.

samples the parameters

D.2. Environments

Discrete Grid World with Walls. Discrete Grid World with Walls (DGWW) is a simple discrete environment we
employed to compare C-PGAE against the sample-based versions of NPG-PD (Ding et al., 2020, Appendix H) and
RPG-PD (Ding et al., 2024, Appendix C.9). DGWW is a grid-like bidimensional environment in which an agent can
assume only integer coordinate positions and in which an agent can play four actions stating whether to go up, right,
left, or down. The goal is to reach the center of the grid performing the minimum amount of steps, begin the initial
state uniformly sampled among the four vertices of the grid. The agent is rewarded negatively and proportionally to its
distance from the center, where the reward is 0. Around the goal state there is a “U-shaped” obstacle with an opening on
the top side. In particular, when the agent lands in a state in which the wall is present, it receives a cost of 1, otherwise
the cost signal is always equal to 0. In our experiments, we employed a DGWW environment of such a kind, with
|S| =49, i.e., with each dimension with length equal to 7.

Linear Quadratic Regulator with Costs. The Linear Quadratic Regulator (LQR, Anderson and Moore, 2007) is
a continuous environment we employed in the regularization sensitivity study of C-PGAE and C-PGPE, and in the
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comparison among the same algorithms against the sample-based version of NPG-PD2 (Ding et al., 2022, Algorithm
1) and its ridge-regularized version RPG-PD2 (not provided by the authors, but designed by us). LQR is a dynamical
system governed by the following state evolution:

5;41 = As, + Ba,,

where A € R%*4s and B € R9s*44,
In the standard version of the environment, the reward is computed at each step as:

. T
r,=—s, Rs; —a, Qa,,

where R € R95%4s and O € R4%d4,
We modified this version of the LQR environment introducing costs. In particular, in our CostLOR, the state
evolution is treated as in the original case, while the reward at step ¢ is computed as:

ry= —stT Rs,,
where R € R%*4s Moreover, we added a cost signal ¢ which is computed as follows at every time step ¢:
T
¢, =a, Qa,,

where O € R9a%d4,
In our experiments, we consider a CostLOR environment whose main characteristics are reported in Table 4.
Additionally, we considered a uniform initial state distribution in [—3, 3] and the following matrices:

A=B=009 1 0 ’ 0= 09 0 ’ R= 0.1 0 .
0 0.1 0 09

0 1
MuJoCo with Costs. For our experiments on risk minimization, we utilized environments from the MuJoCo control
suite (Todorov et al., 2012), which offers a variety of continuous control environments. To tailor these environments to
our specific requirements, we introduced a cost function that represents the energy associated with the control actions.
In standard MuJoCo environments, a portion of the reward is typically calculated as the cost of the control action, which
is proportional to the deviation of the chosen action from predefined action bounds. In our MuJoCo modification, at
each time step, we make the environment return a cost computed as:

”a, — min {max {a,, dpip } » Apax } |2 ,
where a;, and a,,,, are, respectively, the bounds for the minimum and maximum value for each component of
the action vector. Then, the action min {max {a,, amin} ,amax} is passed to the environment. In our experiment, we

consider Swimmer-v4 and Hopper-v4 MuJoCo environments, whose main features are summarized in Table 4.

RobotWorld. For the comparison among C-PG, AD-PGPD (Rozada et al., 2025), and PGDual (Zhao and You,
2021; Brunke et al., 2022), we employed the Robot World environment (Rozada et al., 2025). This environment is
a modification of the CostLOR one in which both reward and cost functions are given by the following quadratic
functions:

r(s.@) = (Gy3 Isl) + (R, lal) = 3l
c(s,a) = <G2;s2> + <R2;a2>,

where for every x € R” we define |x| := (|x{],...,|x,])" and x* := (x%,

our experiments, we employed the following values for G, G,, R, and R;,:

s xﬁ)T. In the setting we considered for

G, =—(1,1,0.001,0.001), G, =-(0.001,0.001,1,1), and R; = R, =-—(0.01,0.01).

Furthermore, differently from the usual LQR environment, in RobotWorld the agent is allowed to control both
velocity and acceleration of the agent.

D.3. Experimental Details
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Environment || State Dim. d; | Action Dim. d, | Action Range [a,,.d,.] | State Range [s,;., Smax]
CostLQR 2 2 (—00, +00) (—o0,+0)

Swimmer-v4 8 2 [-1,1] (—00, +00)
Hopper-v4 11 3 [-1,1] (=00, +00)

RobotWorld 4 2 (=0, +00) (=00, +00)

Table 4

Main features of CostLQR, Swimmer-v4, Hopper-v4, and RobotWorld.

Table 5

Details for the Comparison in DGWW Experiment

Environment DGWW

Horizon T =100

Policy Tabular Softmax
Constraint Threshold b=02
Iterations K = 3000

Batch Size N =10

Learning Rates C-PGAE
Learning Rates NPG-PD
Learning Rates RPG-PD

£, =001 and ¢, = 0.1
(o =0.01 and ¢, = 0.1
¢, =0.01 and ¢, = 0.01

Regularization C-PGAE

Regularization RPG-PD

w=10"*

w=10""*

Details for the comparison of C-PGAE against NPG-PD and RPG-PD in DGWW (Section 6.1).
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Details for the Comparison in CostLQR Experiment

Environment Bidimensional CostLQR
Horizon T =50

(Hyper)Policy Linear Gaussian with ¢> = 1073
Constraint Threshold b=09

Iterations (C-PGPE and C-PGAE) K = 6000

Iterations (NPG-PD2 and RPG-PD2) K = 1000
Batch Size (C-PGPE and C-PGAE) N =100

Batch Size (NPG-PD2 and RPG-PD2) | N =600

Learning Rate (Adam) C-PGPE $,0=10"and ¢, =107?
Learning Rates (Adam) C-PGAE $oo =107 and &, , = 1072
Learning Rates (Adam) NPG-PD2 90 =23-10"and ¢, ;= 1072
Learning Rates (Adam) RPG-PD2 $o0=3-10" and &, = 1072
Regularization C-PGPE w=10"*

Regularization C-PGAE w=10"*

Regularization RPG-PD2 =107

Table 6
Details for the comparison of C-PGPE and C-PGAE against NPG-PD2 and RPG-PD2 in a bidimensional CostLQR
(Section 6.1).

A. Montenegro et al.: Preprint submitted to Elsevier Page 55 of 59



Learning Deterministic Policies with Policy Gradients in Constrained Markov Decision Processes

Table 7

Details for the Comparison in RobotWorld Experiment

Environment

Horizon

RobotWorld
T =100

Hyperpolicy (C-PGPE)
Policy (C-PGAE)
Policy (AD-PGPD and PGDual)

Linear Gaussian with ¢% = 10¢
Linear Gaussian with 6> =5 - 1072

Linear Deterministic

Constraint Threshold b = 1000
Iterations (C-PGPE and C-PGAE) K =10
Iterations (AD-PGPD and PGDual) | K =4-10*
Batch Size (C-PGPE and C-PGAE) N =100
Batch Size (AD-PGPD and PGDual) | N =400

Learning Rates (Adam) C-PGPE
Learning Rates (Adam) C-PGAE
Learning Rates (Adam) AD-PGPD
Learning Rates (Adam) PGDual

Cpo=5-10and §;p=5-1073
Coo=5-10and ¢, =10~
Coo =107 and £, = 10

$oo=10"*and ¢, =107

Regularization (C-PGPE and C-PGAE)

Regularization AD-PGPD

w=10""*

®w=2-107"

Details for the comparison of C-PGPE and C-PGAE against AD-PGPD and PGDual in the RobotWorld Environment

(Section 6.1).

Details for the Deterministic Deployment in CostSwimmer-v4

Table 8

Environment

Horizon

CostSwimmer-v4

T =100

(Hyper)policy (C-PGPE and C-PGAE)

Linear Gaussian with % € {107%2,5-1072,107!,5- 107", 1}

Constraint Threshold b=50
Iterations (C-PGPE and C-PGAE) K=3-10°
Batch Size (C-PGPE and C-PGAE) N =100

Learning Rates (Adam) C-PGPE

Learning Rates (Adam) C-PGAE

$oo = 107 and &, , = 1072

o0 =107 and &, , = 1072

Regularization (C-PGPE and C-PGAE)

o =10"*

Details for the comparison of C-PGPE and C-PGAE in CostSwimmer-v4 (Section 6.2).
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Details for the Deterministic Deployment in CostHopper-v4

Environment

Horizon

T =100

CostHopper-v4

(Hyper)policy (C-PGPE and C-PGAE)

Linear Gaussian with ¢2 € {1072,5-1072,107',5- 1071, 1}

Constraint Threshold b =50
Iterations (C-PGPE and C-PGAE) K=3-10°
Batch Size (C-PGPE and C-PGAE) N =100

Learning Rates (Adam) C-PGPE

Learning Rates (Adam) C-PGAE

$o0= 102 and &, , = 107!
Coo=10"%and &;, = 107"

Regularization (C-PGPE and C-PGAE)

w=10"*

Details for the comparison of C-PGPE and C-PGAE in CostHopper-v4 (Section 6.2).

Table 10

Details for the Regularization Sensitivity Study in CostLQR

Environment

Horizon

Bidimensional CostLQR
T =50

(Hyper)Policy

Linear Gaussian with ¢? = 1073

Constraint Threshold b=02
Iterations K =10*
Batch Size N =100

Learning Rate (Adam) C-PGPE

Learning Rates (Adam) C-PGAE

$,0=10"and {;, =102
o0 =107 and &, , = 1072

Regularization

w € {0,107,102} 10~*

Details for the regularization sensitivity study of C-PGPE and C-PGAE in a bidimensional CostLQR (Section 6.3).
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