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MOTIVATION

Linear Bandits (LBs, Abbasi-Yadkori et al., 2011):
expected reward linear in an unknown d-dimen-
sional parameter vector θ˚:

Eryt|xt;θ
˚s “ f˚pxtq “ xxt,θ

˚y

Generalized Linear Bandits (GLBs, Filippi et al.,
2010): apply a known inverse link function µ:

Eryt|xt;θ
˚s “ µpf˚pxtqq “ µpxxt,θ

˚yq

✓ Different noise models (exponential family)
✗ Finite-dimensional d ă 8 only

Kernelized Bandits (KBs, Chowdhury and Go-
palan, 2017): unknown function f˚ in reproducing
kernel Hilbert space (RKHS) with known kernel k:

Eryt|xt;θ
˚s “ f˚pxtq, f˚pxq “ xf˚, kpx, ¨qy

✗ Subgaussian noise model only
✓ Infinite-dimensional d “ 8

SETTING

Generalized Kernelized Bandits (GKBs, ours):
unknown function f˚ in RKHS with known kernel
k + apply a known inverse link function µ:

Eryt|xt;θ
˚s “ µpf˚pxtqq, f˚pxq “ xf˚, kpx, ¨qy

GKB :“ GLB + KB

LBGLB KB

GKB µpf˚pxtqq

xxt,θ
˚yµpxxt,θ

˚yq f˚pxtq

d ă 8

9µ P Rě0

d ă 8

9µ “ 1
d “ 8

9µ “ 1

d “ 8 9µ P Rě0

PRELIMINARIES

CANONICAL EXPONENTIAL FAMILY

ppy|x; fq “ exp

ˆ

yfpxq ´ mpfpxqq

gpτq
` hpy, τq

˙

• m is 3 times differentiable and convex
• Inverse link function : µ “ m1

Ery|x; f s “ µpfpxqq, Varry|x; f s “
9µpfpxqq

gpτq

RKHS AND INFORMATION GAIN

• Kernel k induces a countable-dimensional
feature mapping ϕ s.t. fpxq “ xα, ϕpxqy

• Weighted kernel and feature :

rϕpx; fq “
a

gpτq´1 9µpfpxqqϕpxq

rkpx,x1; fq “ gpτq´1
a

9µpfpxqqkpx,x1q
a

9µpfpx1qq

• Weighted info gain :
1

2
log detpλ´1

rKtpλ; fqq

rKtpλ; fq “ λI `
`

rkpxi,xj ; fq
˘

i,jPJt´1K

• Weighted covariance operator :

rVtpλ; fq “

t´1
ÿ

s“1

rϕpxs; fqrϕpxs; fqJ ` λI

detpλ´1
rVtpλ; fqq “ detpλ´1

rKtpλ; fqq

ASSUMPTIONS

ASSUMPTIONS ON RKHS

f˚ belongs to RKHS H with known kernel k:
• Asm 3.1 (Bounded norm): }f˚} ď B
• Asm 3.2 (Bounded kernel): sup

xPX
kpx,xq ď K

ASSUMPTIONS ON THE REWARD

Reward yt sampled as yt „ pp¨|x; fq:
• Asm 3.3 (Bounded noise): |ϵt| :“ |yt ´ µpf˚pxqq| ď R
• Asm 3.4 (Self-concordance, Russac et al., 2021):

|:µpfpxqq| ď Rs 9µpfpxqq

SELF-NORMALIZED BERNSTEIN-LIKE DIMENSION-FREE CONCENTRATION INEQUALITY

We need a concentration bound:
• Bernstein-like : handle effectively the

heteroskedasticity of the noise ϵt
• Dimension-free : no dependence on di-

mensionality of features ϕ (can be infi-
nite)

• Empirical : dependence on the weighted
covariance operator rVtpλ; f

˚q (is random)

Self-normalized
Concentrations

Properties
Condition Dim-free Empirical Heterosc. Technique

Dani et al. (2008) Hoeffding ✗ ✗ ✗ Freedman
Abbasi-Yadkori et al. (2011) Hoeffding ✓ ✓ ✗ Pseudo-Max
Chowdhury and Gopalan (2017) Hoeffding ✓ ✓ ✗ Pseudo-Max
Faury et al. (2020) Bernstein ✗ ✓ ✓ Pseudo-Max
Zhou et al. (2021) Bernstein ✗ ✗ ✗ Freedman
Ziemann (2025) Bernstein ✗ ✓ ✗ PAC-Bayes
Our work Bernstein ✓ ✓ ✓ Freedman

@tě 1 : }St}rV ´1
t pλq

ď pBtpδ; fq :“

ˆ

b

73 log detpλ´1
rVtpλqq `

?
3

˙

c

log
π2pρ` 1q2

3δ
`

3RK
?
λ

log
π2pρ` 1q2

3δ
w.p. 1´ δ

where: St :“
t´1
ÿ

s“1

ϵsϕpxsq, rVtpλq :“
t´1
ÿ

s“1

σ2
sϕpxsqϕpxsqJ ` λI, ρ “ max

"

0,

R

log

ˆ

8R2K2pt ´ 1q3

λ
log

ˆ

1 `
K2R2

λ

˙˙V*

ALGORITHM: GKB-UCB

ALGORITHM

For every round t P JT K:
1. Maximum Likelihood Estimate :

pft P argmin
fPH

Ltpfq :“
t´1
ÿ

s“1

´ysfpxsq ` mpfpxsqq

gpτq
`

λ

2
}f}2

2. Optimistic Decision Selection : p rft,xtq P argmax
fPCtpδq,xPX

µpfpxqq

where: gtpfq :“
t´1
ÿ

s“1

µpfpxsqq

gpτq
ϕpxsq `λα

Ctpδq “

!

f PH :
›

›gtpfq ´ gtp pftq
›

›

rV ´1
t pλ;fq

ď
?
λB ` gpτq´1

pBtpδ; fq

)

REGRET ANALYSIS

If λ ě ΩpK2q, w.p. 1 ´ δ: RpGKB-UCB, T q :“
ÿ

tPJT K

`

µpf˚px˚qq ´ µpf˚pxtqq
˘

ď

rO

˜

p1`RsBKq

˜

?
λB `

c

rγT pHq log
1

δ
q `RK log

1

δ

¸

a

rγT pf˚q

c

T

κ˚

¸

Maximal weighted information gains :

rγtpfq :“ max
x1,...,xt´1PX

1

2
log detpλ´1

rKtpλ; fqq

rγtpHq :“ sup
fPH

rγtpfq

Complexity index :

κ˚ :“
1

9µpf˚px˚qq
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