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Abstract

Combinatorial bandits with ranking feedback model a sequential decision-making
problem in which the learner observes a fop-m ranking of the set of k£ arms played
in each round. The setting has been examined under the lens of top-k regret
minimization, which accounts for the cost of pulling arms that are not among the
best k. Existing works rely on the assumption that latent rankings are generated
by a Plackett-Luce (PL) distribution and consider the special case of full-ranking
feedback (m = k). They provide instance-dependent regret upper bounds which
match the asymptotic logarithmic scaling in the learning horizon 7T, but suffer
from a burn-in term which becomes €2(7") for some choices of the PL parameters,
preventing the derivation of sublinear worst-case bounds. In this work, we study
the setting under the general top-m feedback (m < k) and provide a worst-case
regret lower bound of order Q(v/T'). Then, by introducing a novel algorithmic
strategy, we derive an instance-dependent regret upper bound which does not
suffer from the exploding burn-in term and a corresponding worst-case bound of
order @(ﬁ ), proving for the first time that it is possible to achieve sublinear
worst-case regret w.r.t. the PL. parameters. Moreover, we translate our algorithmic
ideas to multinomial logit bandits, where the learner receives winner feedback
(m = 1) and there is a non-zero probability of observing “no-choice”. The existing
regret bounds suffer from an exploding burn-in term, inversely proportional to the
no-choice probability, that we avoid through our novel approach.

1 Introduction

The latest breakthrough in the application of reinforcement learning from human feedback for the
training of large language models produced a growing interest—both practical and theoretical—in
the field of learning from human feedback. Human feedback is relative in nature. When provided
with a set of options, it is difficult for a human to assign a numerical value to each option that reflects
its intrinsic value. At the same time, a human can easily assess their quality by stating which option
is preferred to which other. This motivates the growing body of literature in the area of learning from
preferences, which encompasses fields like learning-to-rank (Liu, 2009), dueling bandits (Yue et al.,
2009), or preference-based reinforcement learning (Wirth et al., 2017). This work studies a rather
fundamental sequential decision-making problem in this context: a learner provides a set (assortment)
of k different options among n that are available and observes a partial ranking over the provided
options as feedback. The ranking is partial in the sense that the learner observes the first m options of
the ranking only (i.e., fop-m feedback, Saha and Gopalan, 2019a). The goal is to identify the set of
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Table 1: Existing and new bounds for CMABs with ranking feedback and MNL bandits. The “Feed-
back” column takes values “Full-Ranking” (i.e., m = k), “Winner w/ No Choice” (i.e., m = 1 with
the fictitious item representing no-choice), “Top-m” (i.e., the general case m < k). The “Objective”
column takes values “Top-k” (i.e., top-k objective) or “Weighted” (i.e., weighted objective).
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k best options. This setting takes the name of Combinatorial Multi-Armed Bandits (CMABs) with
ranking feedback.'

The problem has been extensively studied considering specific distributions of the latent ranking
of the assortment, feedback models, i.e., the portion of the ranking observed by the learner, and
performance indices. Regarding the distribution of the latent ranking, the ubiquitous assumption in
the literature—which we also adopt in this work—is that the latent ranking is distributed according
to a Plackett-Luce (PL) distribution (Luce, 1959; Plackett, 1975) which associates a parameter
0; € (0,1] with each option i € [n], with @ = (0;);c[,j.> The parameter is proportional to the
probability that the associated option appears in the top positions of the latent ranking. The studied
feedback models instead include full-ranking feedback (e.g., Saha and Gopalan, 2019b), where the
learner directly observes the latent ranking among items, and winner feedback, where instead only the
best option of the assortment is observed, modeling the choice of one of the options in the assortment
by a user. In particular, the literature on Multinomial Logit (MNL) bandits (Agrawal et al., 2019; Saha
and Gaillard, 2025) considers winner feedback with “no-choice”, i.e., there is a non-zero probability
that neither of the options is chosen from the assortment. Under the PL distribution assumption,
this can be modeled through the addition of a fictitious option ¢ = 0, associated with a parameter
6o € (0,1]. Observe that both feedback models can be regarded as special cases of the top-m
feedback, where m = k for full-ranking feedback, and m = 1 for winner feedback. Finally, different
performance indices are used in the literature to define the best assortment. Some works (e.g. Saha
and Gopalan, 2019b) associate with each assortment S C [n], |S| = k, a reward which corresponds

to the average of the PL parameters: g((,k)(S) = 1/k)_;cq 0 (see also top-k objective, Saha and
Gaillard, 2025). Other works in the MNL bandits literature (Agrawal et al., 2019; Saha and Gaillard,
2025) consider instead a generalized notion of reward, where each option is associated with a revenue
value (see weighted objective, Saha and Gaillard, 2025). Both definitions of reward naturally induce
a notion of regret. In particular, the notion of reward used in (Saha and Gopalan, 2019b) induces the
so-called rop-k regret, which is the one we study in this paper. Despite the existence of several works
in this area, some fundamental questions still remain open. In particular, in Table 1, we summarize
the regret upper bounds presented in the literature relevant to the setting under study. For the sake of
clarity, we assume 0, > - -- > 6, i.e., that the labels reflect the true ordering of the PL parameters,
and define A, == 0, — 6, forall u,v € [n], Al = 1/k(3 ey Ou — 2Zueu—t1,0] Ou)- Saha
and Gopalan (2019b) provide an instance-dependent bound on the top-k regret which is composed of
two additive terms. The first term has logarithmic dependence on 7" and scales with the sum of the
reciprocals of the gaps > c[k+1,n] ﬁ as in stochastic Multi-Armed Bandits (MABs, Lattimore

and Szepesvari, 2020). By following standard techniques of the MAB literature (e.g., Theorem
7.2, Lattimore and Szepesvari, 2020), it is possible to translate this term into a sublinear worst-case

'We use the terms ranking and relative feedback interchangeably to refer to the same feedback mechanism.
2For a,b € N>, we denote [a,b] := {a, ..., b} and [a] := [1,a]. When b < a, [a,b] = {}.
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bound.” The issue with this result arises from the additional burn-in term: A] . > > A
uelk]velk+1,n] “"

The numerator A/, accounts for the maximum instantaneous regret that the learner can incur in

max

a round, while the terms 1/ Ai)v account for the sample complexity of telling apart arms » and v,
u € [k], v € [k +1,n], dominated by 1/A} , . ;. Such a burn-in term does not allow us to derive
meaningful worst-case upper bounds, as it is possible to construct instances where A/ is fixed
while Ay, ;41 — 0, resulting in a linear regret bound. To better understand the problem, observe that,
in a stochastic MAB, the burn-in term is upper bounded by an O(n) term (Lattimore and Szepesviri,
2020, Theorem 7.1). The other works (Agrawal et al., 2019; Saha and Gaillard, 2025) consider
instead the MNL bandit setting. In this case, the bounds scale with 6, ! and become vacuous for
6o — 0. The connections with this setting are discussed in greater detail in Section 5. In both cases,
it is not possible to derive sublinear worst-case regret bounds w.r.t. the PL parameters, motivating the
following research question.

Research Question: Is it possible to derive worst-case upper bounds on the top-k regret of
combinatorial bandits with ranking feedback which are sublinear in 7" under any choice of the PL
parameters 8 and general top-m feedback (m < k)?

Original Contribution. The contribution of this work is summarized as follows:

* In Section 3, we study the statistical complexity of the setting, deriving a worst-case lower bound on
the top-k regret of order Q(+/T') for m < k/2 (Theorem 1), suggesting that a worst-case sublinear
regret bound could be achievable.

* In Section 4, we introduce the TOP-k-UIF algorithm and derive both an instance-dependent and
a worst-case upper bound on its regret under general top-m feedback (Theorem 2), which are
summarized in Table 1, where the first avoids the exploding burn-in term of (Saha and Gopalan,
2019b) and the latter has order @(\/T), proving for the first time that it is possible to achieve
sublinear regret under any choice of the PL parameters and providing an affirmative answer
to the research question. Furthermore, the TOP-k-UIF algorithm (Algorithm 1) relies on a
uniform sampling scheme which requires ad hoc concentration results for the number of observed
comparisons for each arm—pivot pair (see Lemma 7) and proof strategies for the regret upper
bound (see Lemma 13) which are of independent interest.*

* In Section 5, we show how the ideas of the TOP-k-UIF algorithm can be seamlessly translated
to MNL bandits, introducing the MNL-ToOP-k-UIF algorithm (Algorithm 3) and showing that,
also in this setting, it is possible to achieve a sublinear regret bound of order @(ﬁ ) (Theorem 3),
which holds for any value of the no-choice parameter 6.

The rest of the manuscript is organized as follows: in Section 2, we formally introduce the setting; in
Section 6, we provide numerical simulations supporting the validity of our theoretical results. Related
works are discussed in Appendix A. The analyses of the regret lower and upper bounds are deferred
to Appendices B and D, respectively.

2 Setting

A CMAB with ranking feedback (Saha and Gopalan, 2019b) is defined as a tuple v = (n, 0, k, m)
where n € N>, is the number of arms, 8 € (0, +00)” is the vector of PL parameters, k € [2,n]
is the cardinality of the set pulled in each round by the learner, and m € [k] refers to the top-m
feedback. Furthermore, as in (Saha and Gopalan, 2019b), we require the existence of a set of top-k

arms 557 C [n] (|SY”*| = k) such that:
0; > 0, forevery i € Sék)*,j € [n]\ Sék)*, 60

with the meaning that the top-k arms Sék)* are strictly better than the others according to the PL
parameters. In each round, ¢ € N>, the learner:

3To be precise, the sublinear worst-case bound requires the derivation of a refined bound of the form
1k, e[k+1,n] min{1/Ag,, log T, T A, }, which should be achievable through an adjustment of the analy-
sis.

“For example, they can be used to prove a tight regret bound for a version of the SUCCESSIVE ELIMINATION
algorithm (Even-Dar et al., 2006) with uniform sampling of alive arms instead of round-robin.



1. Pulls a set S; C [n] with fixed cardinality |S;| = k.
2. Observes a top-m ranking of the pulled arms. In particular, given a bijective function R; : S; —

[k] which ranks the arms from 1 to k, the observation consists of R,Em) 2S¢ = [min{k, m + 1}]
defined as R,Em) (1) = min{Rt(' m + 1} forall i € S;.
3. Gains expected top-k reward g (St) =1/k> ics, i

The latent ranking R; of the pulled arms is generated according to the PL distribution. Given a finite
non-empty set S and a tuple (6;);cs € (0, +00)!5l, a PL distribution over the set S with parameters

(0;)ics is defined as PL((0;)ics) € A(Bij(S, [|S]])) such that:
Is|=1

PropL((0)ics) = 7] = H ‘5‘7
u=1 Z r 1(v)

Thus, R; ~ PL((6;)ies,) for every round ¢ € N>;. Since the PL distribution is scale invariant, in
what follows, analogously to what is done in (Saha and Gopalan, 2019b), we assume w.l.0.g. that

max;c[,] #; = 1. We denote by &y, (&™) the set of CMABs with ranking feedback for fixed n, k €
N>2,m € N> withm < k < n and PL parameters 6 satisfying Equation (1) and max;cp,j ¢; = 1.
Finally, we use rj; € Bij([n]) for a bijection which orders the PL parameters of the corresponding

(k,m),
instance v = (n,0,k,m) € &, 1 = 97_;71(1) >0 > 97«271(”) > 0.

0,1
) for every r € Bij(S, [|S]])-

Learning Problem. The goal of the agent is to learn the set of top-k arms S((,k)*. Observe that

Sék)* = argmaxgcn] gék) (S). We now formally introduce a policy describing the behavior of
|S|=k

the agent and a corresponding performance index aligned with the learning objective. For every
round ¢ € N>, we define the history prior to the agent’s action as H;_1 := ((Us, S;s R V2L ).
Here, U, serves as a source of independent internal randomness for the policy at round t(e.g.,Us ~
Unif([0, 1])).® A randomized policy  assigns a conditional probability distribution to each possible
history to determine the set of arms to pull: S; ~ 7(- | H;—1), where S; € {S C [n] s.t. |[S| = k}.
Given a learning horizon T' € N>, the performance of a policy 7 on an instance v € Er(Lk’m) is
evaluated according to its expected top-k regret (Saha and Gopalan, 2019b):

T
S () - gffwst))] ,

t=1

EReg(k)( ) =Er,

where we use E; ,,[-] and P -] to denote the expectation and the corresponding probability measure,
respectively, which govern the stochastic process induced by the interaction between the randomized
policy 7 and the instance v.

3 Top-k Regret Lower Bound

In this section, we study the statistical complexity of the learning problem by providing a worst-case
lower bound on the expected top-k regret under top-m feedback with m < k/2, which is presented
below (Theorem 1). The formal derivation is deferred to Appendix B.

Theorem 1 (Worst-Case Lower Bound to the Top-k Regret). For every n,k € N>o, m € N> with
m < k/2 < n/2and n/k € N>1, randomized policy 7 and learning horizon T € N>1 satisfying

T > LR G polds:

n—=k
km

)

1\ 32
sup EReg(k)( ) >y (1 - )

VES,(Lk ,m) n

where Cy € R is an absolute constant.

>We denote by Bij(A, B) the set of bijective functions which map set A onto set B. We write Bij(A) when
A = B. We denote by A(X, F) the set of probability measures defined over the measurable space (X, F). We
write A(X') when the o-algebra F is clear from the context.

We denote by Unif(X) € A(X) the uniform distribution with support X’ which is either a finite set or a
bounded subset of R.



Proof Sketch. The first ingredient for the lower bound requires the derivation of a decomposition
of the Kullback-Leibler divergence (KL, Kullback and Leibler, 1951) of the histories induced by

two instances v, v’ € &(Lk’m) for the same randomized policy m. We provide this in Lemma 4. In
particular, by exploiting the properties of the PL distribution, we obtain a decomposition which is
analogous to the one of (Lattimore and Szepesvari, 2020, Lemma 15.1), used for stochastic MABs,
but holds under top-m feedback in a combinatorial setting when the PL parameters belong to [1/2, 1].
The proof then follows by standard lower-bound techniques from the MAB literature. In particular,
we define a base instance ©(*-¢) whose top-k set is strictly separated by € > 0 and alternative instances
v(%) which promote k& — 1 arms in addition to a common best arm. We apply Pinsker’s inequality, let
€ — 0, and finally optimize the value of A. O

Observe that the lower bound is sublinear in the learning horizon 7', suggesting that it is possible—as
we prove in Section 4—to design algorithmic strategies that enjoy sublinear regret on every instance

Ve Sfbk’m). It is interesting to notice that, as expected, the complexity of the learning problem scales
inversely with the informativeness of the feedback m. Furthermore, the lower bound depends on the
difference n — k, instead of the usual scaling with plain n for stochastic MABs. This is due to the
definition of the top-k objective. Indeed, the goal of the learner is to identify the set of & best arms.
When k = n, the only subset of [n] of cardinality & is [»] itself, trivializing the learning problem.

4 The ToP-k-UIF Algorithm

In this section, we introduce the TOP-k-UIF algorithm (Top-£ Uniform Interleaved Filter, Algo-
rithm 1) for CMABs with ranking feedback and provide both an instance-dependent and a worst-case
upper bound on its expected top-k regret (Theorem 2). The additional routines which are invoked in
Algorithm 1 are presented and described in Appendix C.

Algorithmic Rationale. The algorithm is inspired by the INTERLEAVED FILTER 1 (IF1) algo-
rithm (Yue et al., 2009) originally designed for dueling bandits. The algorithmic design revolves
around the following idea: in order to exploit ranking feedback, we rely on a pivotal arm (P; in
the algorithm) to compare all the others. In the dueling bandits setting, there is a natural way of
implementing this approach: the learner observes duels between the pivotal arm and any other arm and
keeps track of the empirical frequency with which each arm beats the pivot. Then, arms are compared
according to such frequency. We generalize the idea to the combinatorial setting with top-m feedback
by means of rank-breaking (Khetan and Oh, 2016). Given a sequence of top-m rankings, the rank-
breaking estimator is computed by tracking the following two quantities: the number of times an arm

i € S and the pivotal arm P; have different top-m ranks (i.e., R,Em) (1) # Rgm) (P:)), and the number
of times arm ¢ € S; precedes the pivotal arm in the top-m ranking (i.e., R,ﬁ"” (1) < Rgm) (B)). In
particular, for an arm ¢ and a pivot p, the rank-breaking estimator is informally the ratio:
#{observed i-vs.-p comparisons won by i }

#{observed i-vs.-p comparisons } '

/}/Sp) =

The rationale is that a partial ranking is broken into a list of pairwise comparisons ¢ < j whenever
Rgm)(i) < Rgm)(j), which then is processed exactly as in the dueling bandits case, that is, by
computing the frequency of pairwise comparisons in which arm ¢ beats the pivot P;. The RB-UPDATE
routine updates the estimates (Lines 9-13) exactly in this way. Under the PL distribution, such an
estimator concentrates around a surprisingly well-behaved quantity (Lemma 5):

Py ._ _ 0
Y bi+6p,

Observe that, for every P; € [n], inPt) is increasing in 6;, allowing the comparison of arms.

Now, as in the IF1 algorithm, we need to face the following challenges:

1. Identification of suboptimal arms j & Sék)*. The IF1 algorithm eliminates all arms which are
worse than the pivot with statistical confidence. Adapting this approach to the combinatorial
setting requires care. The TOP-k-UIF algorithm keeps track of the following disjoint sets: U
and Ay, with Uy U Ay C [n]. U, is the set of unknown arms, i.e., the set of arms for which we



Algorithm 1 Top-k-UIF (Top-k Uniform Interleaved Filter).

1:
2:

3:
4:
5:
6.
7
8

34:
35:

Input: T € N>1, n € N>o, k € [2,n], m € [k], Bsn,1 : [0, +00] — [0,+0], § € (0,1]
Initialize P1 ~ Unif([n]), A1 < {}, U1 < [n],

Nl.(p) + 0if i # p, 400 otherwise,

ﬂEP) + 1/2forevery i,p € [n]

for ¢t € [T] do

Aty < Ap, U < Us, Pr1 +— P

Let Py + A: U {Pt}

Sample Sexp,¢ ~ Unif({S C U \ {P:} s.t. |S| =k — |Pe|})
Pull St «— P U Sexp,t

Observe R{™ : S, — [min{k,m + 1}]

/I 1. Update Statistics & Confidence Bounds

gﬂgp))iezjtJlept,}D(Ni(p))iestJ)E’Pt « RB-UPDATE(P;, S, (1" )iese.pere, (N)ies pere, RE™)
ori c Uy, p € Py do
UCBEP) P ﬂEP) +ﬂ6,n,T(N¢<p))
LCBEP) — [I‘EP) _ ﬁé,n,T(N;p))
end for
/I 2. Update Unknown Arms
(Ai)icu,, (Bi)icu, < COUNT-BA(Py,Us, (UCBY )icus, pep, , (LCBY )icu, pep,)
for i € U, do
if B; > k — | A¢| then > Reject arm
U1 + U\ {i}
elseif A; > | A, UlU,| — k then > Accept arm
Avr = A1 U {i}, Urpr < Uppr \ {i}
end if
end for
/1 3. Pivot Update
if A; # {} then > Stop pivot update
for i € U, do
it LCB{" > 1/2 then > Accept 6; > Op,
Ap1 — Ae1 Ui}, Uspr = Upgr \ {3}
end if
end for
else
p’ « NEW-PIVOT(P;, Uy, (LCBEPt))iGMt)
if p’ #1 then
Pt+1 < pl
end if
end if
if |At+1| = k then Z/lt+1 < {}
end for

2.

cannot say with statistical confidence if they are optimal or not. 4; is the set of accepted arms,
i.e., the set of arms for which we can say with statistical confidence that they are optimal. The
first issue in translating the elimination approach from the dueling to the combinatorial setting
is that, in the latter, the fact that an arm is statistically better than another is not sufficient to
eliminate the inferior arm. Indeed, there are k arms in the optimal set. The issue is solved by
the COUNT-BA routine (Line 14). The routine defines ¢ < j whenever an estimate relative to
some pivotal arm p € P,—where the set of pivotal arms P, includes both the pivot P; and the
accepted arms A;—certifies that i is better than j, and then computes the transitive closure <.
For each unknown arm i € U;, B; counts the unknown arms which precede 7 under <T, while A;
counts those which follow ¢. The number of optimal arms which are still in the unknown set is
k — | A¢|. If there are B; > k — |A;| arms that are statistically better than i, then 7 is eliminated
from U, (Line 17) as it cannot be optimal.

Exploration vs exploitation. The IF1 algorithm handles the exploration by playing the pivotal
arm in each round and the unknown arms in a round-robin fashion. TOP-k-UIF takes a slightly
different route to adapt the approach to the combinatorial setting: in each round it pulls the
pivot P; and the accepted arms A;. It fills the remaining exploration slots in S, by sampling
uniformly (Line 6) a subset from the unknown arms without the pivot (U; \ {P;}). As the number



of exploration slots varies throughout the execution of the algorithm, uniform sampling is an
elegant way of distributing evenly the pulls among unknown arms. Every time we accept an
unknown arm ¢ € U; we sacrifice an exploration slot. TOP-k-UIF handles this trade-off by
accepting items only when there is statistical confidence that they are optimal. In particular, we
accept an arm ¢ € U; when the number of unknown arms A; which are worse than 4 with statistical
confidence (computed by COUNT-BA) is greater than or equal to the number of suboptimal arms
in the unknown set |U;| — (k — |A¢]) = |[U: U A¢| — k (Line 19, remember that k& — |A;| is the
number of optimal arms in the unknown set). The acceptance rule, together with the rejection rule
described in the previous point (Point 1), allows us to upper bound the number of times we play a
suboptimal arm j and the number of times we do not play an optimal arm ¢, allowing us to recover
the customary 1/A dependence in the instance-dependent bound (Theorem 2).

3. Update of the pivotal arm. The choice of the pivot is a very delicate matter for two distinct
reasons. The first—and most intuitive—is the fact that, on the one hand, playing a suboptimal arm
as the pivot has a cost in terms of regret, encouraging updates towards better pivotal arms. On
the other hand, every time we change the pivot, the rank-breaking estimates w.r.t. the old pivotal
arms stop being updated, making them of no use. This is equivalent to restarting the algorithm.
The second—and more subtle—matter is due to the type of feedback: top-m rankings. Indeed, in
a top-m ranking, we observe a comparison between a pulled arm i € S; and the pivot P; if and
only if at least one of the two is among the top-m arms of the latent ranking. If the pivot F; is
very bad (i.e., if 0p, =~ 0), we observe very few comparisons with other bad items (i.e., j € U;
s.t. 8; ~ 0), making it harder to eliminate them. We handle the problem as follows. As in IF1,
when an unknown arm is superior to the current pivot with statistical confidence, it becomes the
new pivot (see Line 29 and the NEW-PIVOT routine). Furthermore, the NEW-PIVOT routine is
designed to guarantee that, in the first round T4 in which an arm is accepted (A, +1 # {}),
the next pivot Pr, 41 is one of the accepted arms, unless the current pivot has already been
accepted. This fact is formally proven in Lemma 8. Once we have an accepted arm, we stop
updating the pivot and thus resetting the algorithm, preventing the regret incurred after each restart.
Furthermore, we use all the accepted arms as pivotal arms (P; = A; U { P, }, Line 5). This allows
us to solve the problem associated with the scarcity of observations. Indeed, the last pivotal arm
could have fp, ~ 0, leading to few observations with other very suboptimal arms. The algorithm
handles this scenario by the additional acceptance routine at Line 25. The idea is that, when
0p, = 0 and P, € A;, we still observe many comparisons with the unknown arms which are
good (6; ~ 1), which after a few rounds will be regarded as superior to the pivot with statistical
confidence, and thus be accepted, becoming pivotal themselves.

Top-%k Regret Upper Bound. The ideas in the previous paragraph collectively allow us to derive the
following instance-dependent and worst-case upper bounds on the expected top-k regret, which we
present in Theorem 2 below. The formal derivation of the results is deferred to Appendix D.
Theorem 2 (Upper Bounds to the Top-k Regret). For every n,k € N>o, m € N>y withm < k <mn,
instance v € &(lk’m) and learning horizon T € N>, by setting the algorithm parameters to
Bsnr(N) = /In(2nT/5)/N for N € N> (with s, 7(0) = 400 and B, 1(+0) = 0) and
0 = 1/T, we obtain the following instance-dependent upper bound to the expected top-k regret
suffered by Top-k-UIF:

L,
EReg{op i, (1) < Co == (nk+ 3" 1/Ak.) (D),
u€k+1,n]

where Cy € Ry is an absolute constant, L, is an upper bound to the number of pivots chosen
by the Top-k-UIF algorithm over the learning horizon (formally defined in Appendix D) and
Ay = 97,;71(,6) - 97";71(“) forallu € [k + 1,n]. If k = n, the regret is identically zero. If k < n,

2
for a sufficiently large learning horizon satisfying T' > %L glkm) In(2nT), the worst-case

expected top-k regret is bounded by:

n—k
sup EReg(T]f))P_k_Uley(T) < Cg\/LS%k.m p- Tn(T),

VEEV,(Lk’m)

where C3 € R~ is an absolute constant, L£<k,m) = SUp,, o (km) L, <n (see Appendix D).



For k < n, the gap-dependent term in the instance-dependent bound is at most:

o(LV”"“ ! 1og<T>),

m  Ag g1

since Ag 11 < Ay, forall w € [k + 1, n], highlighting that the complexity of the instance depends
on the hardness of differentiating the k-th arm from the (k+1)-th. L, and L £km) control the expected

number of pivotal arms chosen by the TOP-k-UIF algorithm over the learning horizon and are less
than or equal to n. Furthermore, as expected, the regret scales inversely with the informativeness

of the feedback m € [k]. In the worst case, we obtain the upper bound O (, /Lguc,m) ",—;fT),

which matches the lower bound (Theorem 1) in the dependence on the learning horizon T and the
informativeness of the feedback m in the regime m < k/2, providing—for the first time—a sublinear

regret bound which holds for every possible choice of the PL parameters for an instance v € 5,2’“*’”).

5 Connection with Multinomial Logit Bandits

In this section, we discuss the connection between CMABs with ranking feedback and MNL ban-
dits (Agrawal et al., 2019) under the top-k objective (Saha and Gaillard, 2025), showing how the
algorithmic ideas of TOP-k-UIF translate seamlessly to this setting and allow us to solve an open prob-
lem in the literature. An MNL bandit with top-k objective is similar to a CMAB with ranking feedback,
with m = 1. Indeed, the learner provides a subset Sy C [n] of arms, with |S;| = k, and receives win-
ner feedback (i.e., a top-1 ranking), with the addition that, with non-zero probability, no item is chosen
from the set. This is modeled by adding a fictitious item ¢ = 0, with corresponding PL parameter
o € (0, 1]. Formally, the learner observes a top-1 ranking R,El) where the latent ranking is sampled
from a PL distribution that involves the fictitious item: R; ~ PL((6;);cs,uf0})- We denote by
Vmnl = (n, 0,00, k) an MNL bandit with top-k objective, where (n, 0, k,1) € gF™ and 0, € (0,1].
Let ng&n be the set of MNL bandits with top-% objective. Randomized policies 7 and the expected
top-k regret are defined exactly as in the CMAB with ranking feedback setting (see Section 2). Saha
and Gaillard (2025) summarize the existing results in the literature, showing how all the regret bounds

either rely on the assumption 6y = max;c[, ¢; = 1 or scale as ) ( v/ 0y 1nT) , becoming vacuous

when 6y — 0. They provide an upper bound O (1 /min{6y LonynT + n?k%6y 2) , improving the

regret rate when 7' >> 67!, but still suffering from an additional exploding burn-in term.” Indeed,
the algorithm proposed in (Saha and Gaillard, 2025) relies on an optimistic approach where upper
confidence bounds on the PL parameters 6; are defined as: 0! := minje(oyupng WL VL% . Where
’Y?,Cjb,t is an optimistic estimate of 7, ; == 0,/6;. Letting 6, — 0 implies ; o — +oc for all i € [n],
making the optimistic estimates vacuous as they tend to infinity.

The problem arises from the fact that Saha and Gaillard (2025) implement a dynamic pivoting
approach by solely modifying the way optimistic estimates are computed. In particular, for each
arm i, they choose the arm j € {0} U [n] which provides the tightest upper confidence bound.
Unfortunately, the estimate still relies on the comparisons against the no-choice item, and the scarcity
of comparisons issue described in Section 4 still arises when 6 = 0. Solving the problem requires
a shift of paradigm. Indeed, the pivoting approach in TOP-k-UIF relies on a direct modification
of the set of pulled arms S; by always playing the pivotal arm in each round. This requires care in
the algorithmic design, as it can lead to a severe cost in terms of regret, but allows us to prevent
the exploding burn-in term when 6y — 0. In Appendix C, we present the MNL-TopP-k-UIF
algorithm (Algorithm 3) which adapts Top-k-UIF to MNL bandits with top-k objective. The
algorithm is almost identical, except that the pivot is initialized to P; = 0, an additional exploration
slot is filled whenever P, = 0, and an accepted real arm replaces item O as pivot if the first acceptance

"The burn-in term appears in the proof of (Saha and Gaillard, 2025, Theorem 5), despite being omitted from

the statement of the theorem. In particular, this dependence arises from the inequality 7i;,; > Cm?62 ..,

which, following the notation used in this work, is translated to: 7;;,; > C’k295 2z where z = 2InT.
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does not otherwise trigger a pivot update. A derivation which is almost identical to the regret upper
bounds for the TOP-k-UIF algorithm allows us to obtain the following result.®

Theorem 3 (Upper Bounds to the Top-k Regret for MNL Bandits). For every n,k € N>o, with

5;7(11271 and learning horizon T' € N>, by setting the algorithm parameters

10 Bsn,r(N) = /In(2nT/0) /N for N € N>1 (with Bs,,1(0) = 400 and Bs 1 (+00) == 0) and
0 = 1/T, we obtain the following instance-dependent upper bound to the expected top-k regret
suffered by MNL-ToP-k-UIF:

k
ERegl(\mZIL-Top-k-UIF,y,,,,,, (T) < C4Ly,, (nk + Z 1/Ak,u) In(T),
u€[k+1,n]

k < n, instance v, €

where Cy € Ry is an absolute constant, L, is defined analogously to L, in the statement
of Theorem 2 (see Appendix D) and Ay, = 97,;71(@ — 97,;71@) forall w € [k + 1,n]. If
k = n, the regret is identically zero. If k < n, for a sufficiently large learning horizon satisfying

T> (:Zf); Lo In(2nT), the worst-case expected top-k regret is bounded by:

mnl,m

k
sup  EReg\iy tor-s-utran,(T) < Csy /Lo (n— k)T In(T),

k mnl,n
Vi €ER)

mnl,n

where Cs € R is an absolute constant, L£<k)

mnl,m

=Sup, o) L, <n+1(seeAppendix D).

mnl,m

Observe that this is the first result which is sublinear in 7" (i.e., (;)(\/T)) even for §y — 0, proving
that the dependence on 6, ! in the existing bounds is not due to the intrinsic statistical complexity of
the setting, but is rather an artifact of the algorithmic approaches used to tackle the problem.

6 Numerical Validation

In this section, we numerically validate the performance of ToP-k-UIF and MNL-ToP-k-UIF in
synthetic simulation environments. Figures 1, 2, and 3 report the averaged cumulative regret with
Standard Error of the Mean (SEM) error bands over 30 independent runs.

Tor-k-UIF vs RECMAXMINUCB (Saha and Gopalan, 2019b). We validate Top-k-UIF against
RECMAXMINUCB (Saha and Gopalan, 2019b) in a synthetic instance of a CMAB with ranking
feedback. To ensure the fairness of the comparison with the baseline, we set K = m. Let n = 10,
k=m=3,T=10%and 6; = 6, = 1, f3 = 0.65, and §; = 0.55 for i > 3. We run N = 30 trials
and average the cumulative regrets suffered by the two algorithms, which are reported in Figure 1.
Topr-k-UIF successfully identifies the correct set of actions before 10° rounds in all of the NV trials,
and suffers a significantly smaller regret than the baseline.

Sensitivity of TOP-£-UIF to m. We fix a synthetic instance of a CMAB with ranking feedback
and only vary m € {1,2,3,6}. We test the subsequent performance variation of TOP-k-UIF. In

8The fictitious pivot P; = 0 ¢ [n] does not belong to the played set S; C [n]; the adaptation accounting for
this difference is given in Appendix D.



particular, let n = 16, k = 6 and 7' = 10%. We run N = 30 trials for every value of m. In Figure
2, we report the average cumulative regrets at the end of the learning horizon, over the N trials. As
expected, the regret is noticeably larger as m gets smaller.

MNL-TopP-£-UIF vs AOA-RBp;-Adaptive (Saha and Gaillard, 2025). We validate MNL-
Topr-k-UIF against AOA-RB p;, and AOA-RB p;,-ADAPTIVE from (Saha and Gaillard, 2025) in a
synthetic instance of an MNL bandit with top-k objective. Let n = 30, k = 5, m = 1 and T' = 10°,
We vary 6y € {1073,1072,1071,1}, and we run N = 30 trials for every value of 6. In Figure 3, we
report the average cumulative regrets over the IV trials. MNL-TOP-k-UIF consistently outperforms
both baselines, demonstrating performance consistency across the values of y. Indeed, it is the
only algorithm whose performance does not degrade as 6y — 0, confirming empirically that the
dependence of the baselines on 6 is not an analytical artifact.

7 Open Challenges

This paper studied the problem of combinatorial bandits with ranking feedback under general top-m
feedback, providing, for the first time, sublinear worst-case regret bounds w.r.t. the PL parameters.
In particular, in Theorem 1, we derived a worst-case lower bound on the expected top-k regret of

order €2 ( ’,meT) for m < k/2, while in Theorem 2 we presented a regret upper bound of order

&) (, [ L gkm) ”T_’“T>, which matches the lower bound w.r.t. T" and m in this regime. The number
of pivots over the learning horizon (L ,m)) can be naturally upper bounded by n: L x,m < n,

introducing an additional /7 factor in the upper bound. In the original dueling bandits paper, this
term is upper bounded by an O(logn) factor (Yue et al., 2009, Theorem 1). We wonder if it is
possible to do the same in our setting due to the algorithmic similarity, allowing us to match the
dependence w.r.t. n — k in the lower bound. We conjecture that such a result, if possible, would require
significantly different proof techniques. Analogously, when we rescale the instantaneous reward

by a factor 1/k as in gék) (see Section 2), the lower bounds for combinatorial bandits with bandit

and semi-bandit feedback under constrained action space are (2 ( (n— k;)T) and Q (, / "kkT),

respectively (see Audibert et al., 2014, Table 1). Because of the analogy between these settings and
CMABs with winner feedback (m = 1) and full-ranking feedback (m = k), respectively, we wonder
whether the lower-bound analysis can be extended to the full range m < k and, in particular, whether
a full-ranking lower bound can be proved without the 1/1/k factor suggested by extrapolating the
dependence displayed in Theorem 1. By answering both questions positively, the setting would be
closed up to logarithmic dependencies.
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A Related Works

Dueling Bandits. The K -armed dueling bandits problem has been introduced by Yue et al. (2009),
modeling an online learning setting where, in each round, the agent suggests two options and observes
preference feedback. Under the assumptions of strong stochastic transitivity and stochastic triangle
inequality, the INTERLEAVED FILTER (Yue et al., 2009) algorithm attains a near-optimal regret
bound. Yue and Joachims (2011) develop the BEAT-THE-MEAN algorithm which works under a
relaxed version of the stochastic transitivity assumption (namely, relaxed stochastic transitivity).
Broadening the scope of preference structures, Urvoy et al. (2013) propose the SAVAGE algorithm
within a generic voting bandit framework, notably dropping strict transitivity requirements to focus
on identifying the Copeland winner. Zoghi et al. (2014) adapt the renowned UCB algorithm for
stochastic MABs to the dueling setting, developing the RUCB algorithm. Finally, establishing the
fundamental limits of the problem, Komiyama et al. (2015) derive an asymptotic regret lower bound
and introduce the RMED (Relative Minimum Empirical Divergence) algorithm, proving it to be
asymptotically optimal.

Rank Breaking. Khetan and Oh (2016) study the problem of estimating the parameters of the
PL model from incomplete rankings provided by different individuals, through a rank-breaking
estimator. The idea of rank breaking consists of the disaggregation of incomplete rankings into
a collection of pairwise comparisons which are processed independently. They provide a high-
probability bound on the estimation error of the rank-breaking estimator which depends on the
topology of the collected data, when represented in a comparison graph built by aggregating the
pairwise comparisons. Azari Soufiani et al. (2014) consider a dataset of Missing Not At Random
(MNAR) pairwise comparisons generated from the rank-breaking of incomplete rankings obtained
by censoring some of the comparisons among the alternatives according to their position in the latent
ranking. The goal is to show that, even if the pairwise comparisons are correlated, since some are
obtained from the same incomplete ranking, it is still possible to process them as independent and
maintain consistency under some assumptions on the MNAR censoring mechanisms. This allows us
to reduce the computational load of the estimation, as working with pairwise comparisons requires
lighter methods.

Online Learning from Ranking Feedback. There are several works which consider the problem
of learning the best items in a set from the observation of rankings (potentially partial) over a subset
(assortment) proposed by the learner. Some works are focused on the pure exploration setting. In
particular, Saha and Gopalan (2019a) study an active (e, §)-PAC ranking problem in which a learner,
from the observation of top-m Plackett-Luce rankings over the assortment, needs to minimize the
sample complexity of learning an approximate ranking of the items. To this end, they design the
BEAT-THE-PIVOT algorithm which first learns a good item that is then used as a pivot to compare
all the others by means of rank-breaking. Saha and Gopalan (2020) consider a similar (e, §)-PAC
best-item learning problem where latent rankings are generated by a Random Utility Model (RUM)
which generalizes PL rankings. They identify a property of the noise distribution that induces
the RUM which allows them to characterize the sample complexity of the problem. In the regret
minimization setting instead, Saha and Gopalan (2019b) study the problem in which a learner is
required to identify the best item by observing top-m PL rankings over a variable-size assortment.
The notion of regret used in such a setting accounts for the cost of providing a suboptimal item in an
assortment. In the same paper, they also study the setting in which the learner is constrained to play a
subset of fixed cardinality and wants to learn the best assortment, i.e., the one associated with the
highest PL parameters, under the same cardinality constraint.

Multinomial Logit Bandits. Multinomial logit bandits (Agrawal et al., 2019) model the problem
in which a learner provides an assortment of items and observes the following kind of feedback:
either one of the items is bought or none is bought (‘“no-choice”). Most of the works associate a
revenue with each item, defining a notion of reward associated with an assortment which corresponds
to the average revenue. The goal is to minimize the regret due to providing suboptimal assortments.
Most of the works assume a Plackett-Luce model which describes with which probability an item in
the assortment is bought. Agrawal et al. (2019) propose the MNL-UCB algorithm which relies on
optimistic estimates of the PL parameters by repeatedly querying the same assortment. The regret
bounds in (Agrawal et al., 2019) grow with the reciprocal of the probability of observing that no
item is bought, becoming vacuous if such probability is allowed to go to 0. Saha and Gaillard (2025)
present the AOA-RBpp -ADAPTIVE algorithm, which improves the dependence on the no-choice
probability by moving it into a burn-in term which does not scale with the learning horizon.
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B Analysis for the Top-~ Regret Lower Bound

We begin our analysis by deriving an analogue of Lattimore and Szepesvari (2020, Lemma 15.1)
for the combinatorial setting with top-m feedback. Specifically, we establish an upper bound on the
divergence between the distributions over the history Hr induced by playing a fixed randomized

policy 7 on two distinct instances v, v’ € &™) whose PL parameters lie in [1/2, 1].
To formally state this, we introduce the following measure-theoretic notation. Let x and ¢ be two

probability measures on a measurable space (X, F). We write < ¢ to indicate that y is absolutely
continuous with respect to ¢. Under this condition, we denote the Radon-Nikodym derivative of 1

with respect to ¢ by g—g, and define their Kullback-Leibler (KL) divergence as:

D) = [ 1o (flg) .

Furthermore, when pi, ¢ € A(X, F), for a random variable X, we denote the KL divergence between
its distributions (pushforward measures) under y and ¢ as:

Dirue (X) =Dk (po X g0 X1).

In our setting, we apply this to evaluate the divergence of the history H7 under the measures P ,,
and P, .

Lemma 4 (Divergence Decomposition). For every n,k € N>o, m € N>y withm < k/2 < n/2,

instances v,V € EF™ \where v = (n,0,k,m), v = (n,0,k,m), and 0;,0; € [1/2,1] for every
i € [n], randomized policy , and learning horizon T € N>q, it holds:

m
Dxvp, , e, (Hr) < 324 Z (0; — 07)°Exr, [Ns(T)]
i€[n]

where N;(T') = Zthl I[i € S| for every i € [n].

Proof. By the chain rule, since the randomized policy is the same under both probability measures
P, ., and P, ., we have:

T
Dicte, 15, 0 (Hr) = 3 B | DRLoL(0) e 1 P05 (BE™)]
t=1

To upper bound the KL divergence between the top-m ranking distributions we follow an approach
analogous to (Saha and Gopalan, 2019b). Let I, ; == R; *(u) and St(u) = {I14y..., 1y} for

u € [m], with SIEO) := {}. Observe that, because of the chain rule of the KL divergence and the
properties of the PL. model, we can write the divergence of two top-m rankings as:

(m)
DKLPL((6:):e5,) | PL((8))ics,) (B )

PR, ~PL((6:)ics,) [Iu,t

- )
= 2 _ERr~pL((0)ics,) |I .
u=1 PR, ~PL((6)):cs,) [Iu,t ES 1)}

By (Popescu et al., 2016, Theorem 1.4), we can upper bound the term inside the summation as:
(m)
DKLPL((0.)ie5,) I PL((0])ics,) (B )

m @/ 2

<Y E A ) 0~

>~ R:~PL((0:)ics,) @2 9’ - )
= SASE Y iesse

where ©g =), ¢ 0; and © == .o 0;. We rewrite the inner term by completing the square w.r.t.

, €S Vi
0;:
S} _ 2 Y _
Sp\S* Y 0" | — _S\s” Yo
2 7 = 92 PRV I
S \S(u_l) ) w1y Ui S \S(u—l) £\ S;
t\P¢ 1€S¢\ S, t\Py
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’ (61 - 9;)2
+ 2(9&\55"“ - Gst\sﬁ““) + Z o -1
€S\ ‘
2
Osnsen (0.~ 092 Ospsen = O, 500)
G 0 o2
St\st(u—l) iest\st(u,l) ) St\st(u—l)
k 1
<8————— 9, — 0))* < 32— 0, —0")?, 2
S8 Tmie 2 (G0 <320) (0:-0) @
iESt\S(uil) 1€St

where Step (2) follows from the fact that 6;, 6} € [1/2,1] and m < k/2. Thus, since the bound is
uniform for any u € [m], we have:

m
Dxvre, |, ,, (Hr) < 32EE7T7V

Yy em]

t=11€S5;

- % . ZZ@ — 0))21[i € 5]
i€[n] t=1
m
32— D (05— 0)°Er, [Ni(T)]
i€n]

O

We now have all the required tools to derive the worst-case lower bound to the top-k regret. The
construction is similar to (Audibert et al., 2014, Appendix B).

Theorem 1 (Worst-Case Lower Bound to the Top-k Regret). For every n,k € N>o, m € N>y with
m < k/2 < n/Q and n/k € N>1, randomized policy T and learning horizon T € N> satisfying

T > LR i holds:

EN*? [n—k
sup EReg( (T) > Cy (1 - ) n T,
Ueg(k ,m) n km

where C1 € R~ is an absolute constant.
Proof of Theorem 1. If n = k, the result follows from the non-negativity of the expected regret

because the right-hand side of the lower bound is zero. Suppose, thus, that n > k. Fix A € (0,1/2]
and € € (0,A). Foreach S C [2,n] with |S| =k — 1, let:

1 ifj=1
0\ = {1/2+A ifjeS foreveryj € [n],
1/2 otherwise

and let () := (n, 85) k,m). Define the base instance v(*¢) := (n, 809k, m) by:

1 ifj =1
950,6) =d1/2+4¢€ ifje[2,k] foreveryj € [n].
1/2 otherwise

Both v®) and v(%-¢) belong to &(Lk’m): their parameters are normalized, belong to [1/2, 1], and have
a strict top-k separation. In particular, the optimal set for (%) is {1} U S.

Let N,(T) = Zthl I[i € S¢] and N5(T') := > ;g Ni(T). The exact instantaneous regret on (9
gives:

T
ERegﬂ ) (1) = %EW(S) [Z ( I ¢ S+ A Ti ¢ )] )]

t=1 €S
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A
> AT — EEﬂ.7D(S) [Nl (T) + NS(T)] ) (€)

where the inequality follows from A < 1/2. Apply Lemma 14 to the random variable (Ny(T) +
Ns(T))/(kT) € [0, 1], with the alternative and base laws as y and ¢, respectively. Together with
Lemma 4, Equation (3) yields:
A
EReg)") s (T) 2 AT = 2°E 0.0 [Ny(T) + Ns(T)]

7,0 (S)

— 4TA\/7Z (A%E, 0.0[Ns(T)] + €(k — 1)T). “)

Choose pairwise-disjoint sets St,..., S,/ C [2,n] of cardinality k& — 1, which exist because
(n/k)(k—1)=n—n/k <n—1,andlet:
S*e argmin  E_ 0.[Ns(T)].
SE{S1,esSnyn}
Their disjointness implies:
n/k
E, 00N (T)] <> E, 0.0[Ns,(T)]

u=1

< kT — Emy(o,s) [Nl (T)]

n
k

Consequently, using N1 (T) < T
AT~ 2B, 00 [N(T) + No-(T)] > AT (1 - ,1) (1 - k) |
' n

k2T
Eﬂ,u(oye)[NS* (T)] T

Since the supremum over Eflk’m) is at least the regret on v *), Equation (4) gives, for every € €
(0,A):

sup EReggr’fl),(T) > AT (1 — ;) (1 - k)

Vegv(Lk,m) n

2
- 4TA\/TZ (A2kT +e2(k— 1)T>.

n
Letting ¢ — 0, we obtain:
1 T
sup  ERegl)(T) > AT (1 - ) (1 - k) - 4TA2\W.
veglem ’ k n n

The right-hand side is maximized at A* = (1 — 1/k)(1 — k/n)/(8\/mkT/n). The horizon
assumption implies /mkT /n > (n — k)/(4n) and, therefore, A* < (k — 1)/(2k) < 1/2. Thus:
6

E=1\*( _K\Y? [n—k
k n km

S F v n=kn
~ 64 n km

which proves the statement with C; = 1/64. O

. 1
sup  EReg()(T) > —
veglm ’ 1

v

C Details of ToP-£-UIF Pseudocode

This appendix provides additional details on the pseudocode of the ToP-k-UIF algorithm (Algo-
rithm 1), together with the pseudocode of all the invoked subroutines. Furthermore, we describe the
adaptation of TOP-k-UIF to MNL bandits under the top-k objective, obtaining the MNL-ToP-k-UIF
algorithm (Algorithm 3).
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Algorithm 2 Subroutines for Top-k-UIF.

return (ﬂip )iES,p€P7 (Ni(p))ies,pep
: end function

1: function RB-UPDATE(P, S, (ﬂgp))ies,pep, (Ni(p))iesypep, R(m))
2 forie S;pePdo

3 if R(™) (p) # R(™) (i) then

4 Nz(p) — Ni(p) + 1

5 P o M0 R

6 end if ' '

7 end for

8

9

10: function COUNT-BA(P, U, (UCB");cs per, (LCBP)icys pep)
11: Leti < j iffLCBl(»p) > UCng) for some p € P

12: Let <7 be the transitive closure of <
13: fori € U do

14: A+ {jeU\{i} st i<t j}
15: B« [{jeUu\{i} st j <t i}
16: end for

17: return (A;)icu, (Bi)icu
18: end function
19: function NEW-PIvoT(p, U, (LCB{);c10)

200 P« {i eUst LCBY > 1/2}
21:  if P’ # {} then

22: Sample p’ ~ Unif(arg max;cp, LCB)
23: else

24: p L

25: end if

26: return p’

27: end function

Remark. Under arbitrary realizations of the underlying rankings R, which violate the confidence
bounds, the TOP-k-UIF and MNL-ToP-k-UIF algorithms could otherwise accept more than k items
or reject more than n — k, making Sep ¢ ill-defined (see Line 6). Formally, on every history, both
algorithms accept an arm only if |4, 1| < k, reject one only if | A1 Uly41| > k, and play Az in
every remaining round once |A;1| = k. For clarity, we omit these guards and the terminal behavior
from the displayed pseudocode, as they do not alter the algorithms on the good event in which all
confidence bounds hold.

C.1 Subroutines

In this section we describe the subroutines in Algorithm 2.

The RB-UPDATE subroutine updates the rank-breaking estimates for all the pulled arms as explained
in Section 4. In particular, it takes as input the set of pivotal arms P and the set of pulled arms S,
together with the rank-breaking estimates and the number of observed comparisons w.r.t. each pivot
p € P. The last input is the top-m ranking R(™). Every time R("™) (p) # R(™) (i) for a pivotal arm
p € P and a pulled arm ¢ € S, we update the corresponding rank-breaking estimate depending on
whether R(™) (p) < R(™)(4) or vice versa.

The COUNT-BA subroutine takes as input a set of pivotal arms P, a set of unknown arms U/, together

with the lower and upper confidence bounds for the rank-breaking estimates of each unknown arm
1 € U w.r.t. each pivot arm p € P. Whenever there is at least one pivotal arm p € P that allows us to

conclude that item ¢ € U is superior to item j € U with statistical confidence (LCBEP ) > UCB;p )),

the routine records the directed relation ¢ < j. It then computes its transitive closure <™ and returns
the number A; of unknown arms reachable from 7 and the number B; of unknown arms from which
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Algorithm 3 MNL-ToP-k-UIF (Multinomial Top-k Uniform Interleaved Filter).

1: Input: T € Nzl, n e Nzg, ke [[2,’/1]], ﬁé,n,T : [O, +OO] — [O, —|—OO], d € (O, 1]
2: Initialize Py < 0, A < {}, U1 < [n],

NP« 0if i # p, +o0 otherwise, 1"’ + 1/2 for every i, p € [0,n]

3: fort € [T] do
4: A1 Ap, U1 < Uy, Py <+ B
5: LetP; +— A, U {Pt}
6: Sample Sexp+ ~ Unif({S C Uy \ {P;} s.t. |S| =k — [P + 1[0 € P]})
7 Pull S; «+ (Pt @] Sexp,t) \ {0}
8 Observe Rgl) : S U{0} — [min{k,2}]
/I'1. Update Statistics & Confidence Bounds
9: (ﬂz(-p))ies,u{o},pept» (Ni(p))z'estu{o},pep,,
4 RB-UPDATE(P;, Sy U {0}, (" )ics,uqopper,: (N{)ies,ufoy per, BE)
10: for i € Uy, p € P; do
11 UCBY) « 0P 4 85, (NP
12: LCBY) « ") — g (NP
13: end for
/1 2. Update Unknown Arms
14: (Adicw,, (Biicu, + COUNT-BA(P,, Uy, (UCBY )ity per,, (LCB )icy, pep,)
15: for : € U; do
16: if B; > k — | A;| then > Reject arm
17: Z/[t+1 “— Z/{t—i-l \ {Z}
18: elseif A; > | A; UU;| — k then > Accept arm
19: At+1 — At+1 U {Z}
20: Ut+1 — Z/{t+1 \ {Z
21: end if
22: end for
/1 3. Pivot Update
23: if A; # {} then > Stop pivot update after first accepted arm
24: for i € U, do
25: if LCBEPt) > 1/2then > Accept arms which are better than the (accepted) pivot
26: App1 — A1 U {Z}
27: Ut+1 — Z/{t+1 \ {'L
28: end if
29: end for
30: else
31: p' < NEW-PIVOT( Py, Uy, (LCBEPt))ieut)
32: if p’ # 1 then
33: Pt+1 — p/
34: else if P, = 0 and A, # {} then
35: Sample P11 ~ Unif(Asyq) > Make an accepted arm the pivot
36: end if
37: end if
38: if |-/4t+1| = k then
39: Z/{t+1 <
40: end if
41: end for

1 is reachable. Constructing the directed graph and running a depth-first search from every node
requires O(n?) time per round.

The NEW-PIVOT subroutine returns an element different from | whenever there is at least one
unknown arm ¢ € U which is better than the pivot p with statistical confidence. This happens

whenever LCBZ(.p ) >1 /2. If such a condition is satisfied, the routine returns one of the unknown
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items with the highest LCBEP ) w.rt. the pivotal arm p, guaranteeing that, if some item is accepted,
the new pivot belongs to the set of the accepted arms.

C.2 Adapting Tor-k-UIF to MNL Bandits with Top-% Objective

In this section we provide the pseudocode of MNL-ToP-k-UIF, which adapts the TopP-k-UIF
algorithm to the MNL bandit setting with top-k objective.

We initialize the pivotal arm to 0: P, = 0. The algorithm is almost identical to TopP-k-UIF; we
only need to ensure that, when P, = 0, instead of playing the pivot, we fill an additional exploration
slot through Sep ;. Furthermore, whenever we run the rank-breaking update, we consider all the
comparisons against the no-choice fictitious item by passing S; U {0} to the RB-UPDATE routine. If
the first acceptance occurs while the fictitious item is still the pivot and NEW-PIVOT returns |, we
set the next pivot to an accepted arm. This fallback is necessary because, unlike an ordinary pivot,
item 0 does not belong to U/; and hence cannot itself be accepted.

D Analysis for the Top-% Regret Upper Bound

In this appendix, we provide the proofs of the results stated in Section 4.

By convention, given a variable X defined in the pseudocode of Algorithm 1, we add the subscript ¢

(X,) to refer to its value at the beginning of round t (e.g., /11(‘?7 Ni(f;),

n,k € N>o,m € N>;, m < k < n, and a learning horizon T € N>;.

etc.). In what follows, we fix

D.1 Concentrations

We begin with some concentration results. Let us start by defining quantities of interest for the

concentration of the estimator ﬂﬁp ) and the number of observed comparisons Nl-(p ). For every

ve&F™ S [n],|S| =k, and distinct i, p € S, we define:

o [ = Propi(0).es) [ROV () # RO (p)].

o 1 = Prpioses) [ROV(E) < RO (p) | ROV () # ROV (p)].
Due to the nature of the PL distribution, the following results hold.

Lemma 5. For everyv € &™), § C [n], |S|=Fk i,pe S, i+#p:

L fifd = 5:(6:+6,).

2. ugp) = 9{3_71‘97) = N£|ps) Furthermore, for any j € S\ {p}:

0
I = w1 = 10 = 651,

3

1
i =172 > 216: - 6,

Proof.

1. If m = k, then the complete ranking distinguishes i and p, so fi(‘ps) =12>(6; +6,)/4. Suppose,
thus, that m < k — 1. Let I, = R~!(u) for u € [k] be the u-th element in R ~ PL((6;);cs)-
Let () = {i & {I,...,I,}} foreveryi € S, u € [0,k]. Finally, let ©5 = }_,_¢0;.
Then fi(lg) =1 —=ProPL((0:)ics) {c}ﬁ’) N C,(Z)] Observe that C&i) N Cff) = Cr(é;x{u,v} for every
u, v € [0, k]. Furthermore:

PRPL((6:)ics) [Cflp) ned e n Cq(fld =1—PropL(@))

i iES)

=1—PropPL((6:)ics) |:Iu € {p,i} | C£@1 N 01(21}

e ucl e nel,]
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0p+0; )
ERrpPL((0:)ies) {mﬁci@lﬂaﬁj

PropL((0:)ics) [Cfﬂ)l N Cfle}

(5)
0, +6;
<1- O 0 for every u € [m], (6)
where Step (5) follows from the tower rule, conditioning on Iy, ..., I,,_1, and Step (6) follows

from the fact that §; < 1for j € S and |S| = k. Then:

18 =1 = Proprocs) {Cfff) n cf;’,)]

=1- H PrPL((8:)ics) {ngp) ned e nel

u=1

>1- (1—9”291')
>1—exp (—%(9,,4—91-))7

where the last line follows from the standard inequality (1 — )™ < e~™® for = € [0, 1], with
x = %. Finally, the result follows from the fact that 1 — exp(—x) > z/4 for z € [0, 2].

2. Yellott (1977) shows that, if X; ~ Gumbel(In#6;, 1) for every i € S, where Gumbel(u, 1) €
A(R) denotes the Gumbel distribution with CDF F(x) = exp(—exp(—(xz — u))), and the
bijection R : S — [k] satisfies:

Xp-10) > -2 Xp-1(),
then R ~ PL((6;)ics) (under arbitrary tie-breaking, as ties occur with probability 0). Let

Y; = e Xi fori € S. Then Y; ~ Exp(#;), where Exp(\) € A(R) denotes the exponential
distribution with CDF F'(z) = 1 — exp(—Az), and:

Yr-11) < < Y1)
Let M;, = min{Y;,Y,} and Z; , be the m-th smallest variable among (Y});cs\ i p} if m <
k—2,and Z; , = +o0 otherwise. The event R("™ (i) # R("™ (p) is precisely {M; , < Z; ,}. By

the exponential-race property, M; ,, ~ Exp(6; + 6,,) and the indicator I[Y; < Y] is independent
of M; ,, with probability 6;/(6; + 6,). Moreover, Z; ,, is independent of (Y;,Y},). Consequently:

0+ 0,

u§f§ =PY; < Y, | M;p < Zim]

The additional inequalities in the statement are direct consequences of the expression of ugp ),

O

Before delving into the actual concentration results, we need to define a notion of extended history
for the TOP-k-UIF algorithm which induces the required natural filtrations. For any s,t € N>( with
s<t<T,let10

H g = ((PwAuauquu,Ri(Jn))z:la(Pt+17~’4t+1aut+1)) ifs=0
(S R, (P AUy S BY) 1 (Pt v Ungr)) i s >0

Observe that H .y = (H ., Hyy1.¢) forevery 0 < s < u < t < T. Furthermore, for all 4, p € [n],
1#p t €T, let:

OF) =1|pePuieS,R™(i)#R™®),

°Given two tuples a, b, we denote by (a, b) their concatenation.

'"Note that this specific formulation is fully compatible with the general history H;_; introduced in Section 2,
as the algorithm-specific state variables (P, A¢, U;) can be formally expressed as functions of the generic
internal randomness.
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WY =1[pePries, R 6) < R ).

‘We use the convention M(i) := 1/2. Observe that, whenever N (p ) > 0:

. 1
N(P) 20(1’) and Mgi’? — N(p) Z f S ,

it s=1
forevery i,p € [n],i # p,t € [T + 1]. Finally, for any T € N>1, 6 € (0, 1], define:
+00 ifN=0
Bsmr(N) = ¢ /4 (L) if0< N < +oo .
0 if N =400

This function computes the confidence bonus given the number of observations. We now have the

required notation for the concentration of ,&(p )

Lemma 6 (Concentration of /i; p)) Forevery v € Enk ™) , T €N>q,6€(0,1]:

Proricures || = 1| > Bona(N) for somei,p € [l € [T +1]] <o

Proof. Fix t € [T + 1] and i,p € [n]. Because of the initialization of (") and N*) and the
definition of S35 ,, 7, the claim holds when i = p or Ni(ft’) = 0. Assume i # p and Ni(fz) > 1. Then:

o |TwE Yol ;
it} = | = S0 Ty oW @

S OB WE — )
- Zt L o®) ’ ®)
s=1“i,s

where Step (7) follows from Lemma 5, while Step (8) follows from W(p ) = O(p W(p ) Thus:

08— 1P| > By (N it

Z O (Wi — wifs, )| > B (N} )N ©)

u=0>

Consider the filtration F{?) := (.7-'1-(”2 )L_, where:

7o) Jo(Hou, Susa, o)) ifu<T
o o(Ho,r) ifu=T

The process:

u
M=ol wi -y, we o,

i,8
s=1

is IFEP )_adapted. Moreover, for every u € [7]:
Etop-k-utr V[M(p) \ ]:1(1;, | = M(I;) 1+ O(p) (ETOP k-UIF y[Wi(z;) | -7:1(1;) = Efg )
= Mi(i)fl + OEPJ(Oz(pu) - 1)#@ =M

i| Sy t,u—1s

where the second equality follows from Lemma 5 and the definition of W(p ). Hence, (M (e ))u pisa
martingale.

Let Ti(z) := 0 and, for every ¢q € [T7], recursively define:

Ti(,p) .—mm{ue[[l(z) 1+ Lt—1] st O(p)—l}
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with min{} := ¢ — 1. The variables (7; (p )) 4—o are nondecreasing bounded stopping times. By
the Optional Sampling theorem (Klenke, 2020 Theorem 10.12), (M (p )<p) )2, is a martingale w.r.t.
Ti,q

(]-'p(p)) "o For every g € [N], Lemma 5 and W(p v € {0,1} give:

Mi(i)“ _M(p)m e{- /~L 01_ (p)}c[ (p),l—,ugp)]‘

’ i,q »q—

Here the value 0 applies when the g-th observed comparison does not occur before ¢. Therefore, for
every N € [T], Azuma’s inequality (Theorem 15) yields:
Prop-k-UIF,v |M-(p)(p) | > ﬁé,n,T(N)N] < 2exp (_QNﬁg,n,T(N))
UTi N
2
—o( 0 ) < 0
2nT ) — (nT)?

On the event {Ni(f;) = N}, we have M (p )( ) =M L(IZ) 1> and Step (9) is contained in the event

bounded above. The proof follows by a union bound over at most n? ordered pairs and at most 7"
choices of (¢, N). O

In order to state the concentration result for Ni(p ), we first need to define the predictable process
around which the number of observed comparisons concentrates. For every i, p € [n], i # p, t € [T7],
let:

0% = Erop--uir [Ogﬁ) \Fo:tfl] :
Observe that, because of the tower rule and the properties of conditional expectation:
0 = Proniunrs [p € Prui € S0 R (0) # B (5) | Hogo|
=1[p € Pt] Erop-r-vir,v [ [i € St]Prop-k-UtF,w [Rt (i) # Rt '(p) | Ho—1, St} | Fozt_l}
=1I[p € P|Etop-k-UlF,v {H[l € St]fi(ﬁq)t | FO:FI} : (19)

Let NZ b= Et ! O for every t € [T + 1]. We are ready to state and prove the concentration
result for NZ-( ),

Lemma 7 (Concentration of NP). For every v € "™ T € Ns1, 6 € (0,1], A > 0:

(p) 173 | 2 2n
Ny = Vit +/\ln( 6) for some i,p € [n], i # p,
Prop-k-UtF,v or . andt € [T +1] S0
N < =S NS - 2 (2

Proof. For \ € R, let:

MP")(X) = exp (fjuo 0P (e — 1))) ,

s=1

for every u € [0, T"]. Then, for every u € [T]:
Etop-k-UtF,v [MZ-(Z)(/\) | Fo:u—l}
_ M(p) ( )]E [ )\0(17) O(P) A 1 Vi
hu—1 Top-k-UTF,v |€XP( i,u(e ) | Ho:u—1
= ML (exp (<00~ 1)) (14 08)(* - 1))

< M) (N, (11)
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where the equality uses that, conditionally on H .1, O(f’) ~ Be(O(p)) T and Step (11) follows
from 1+ 2 < e®. Thus (M; (p )(/\))u —o 18 a supermartingale w.r.t. the natural filtration induced by
the histories (o(H ., ))X_,. Furthermore, M%) (M\) = 1. Now, by the maximal inequality (Lattimore
and Szepesvari, 2020, Theorem 3.9):

Prop-k.UIF.» [Mi(i)(A) > ¢ for some u € [0,T7,4,p € [n],i # p}

< Z Prop-k-UIF,v [Mi(i)()\) > e for some u € [[O,T]]}

i,p€[n]
i#p

ETop-k-UIF,u [Mi(f))(/\)] n2
< < —
€
i,pe[n]
iF#p
Let € = (2n/d)?. Thus, if A > 0:

b
3 > Prop-k-UIF,v {M( )()\) > (2n/6)? for some u € [0,T],4,p € [n],i # p}
= Prop-k-UlF.v {AN}? (e — )N > 21n(2n/8) for some t € [T + 1],i,p € [n],i # p}

for every € > 0.
€

= Prop-k-UIF.» {Ni(”;) > ¢ N(p) + X In(2n/§) for some t € [T + 1],4,p € [n],7 # p]

Analogously:

g > Prop-k-UIF,u [Mi(f)(—)\) > (2n/8)? for some u € [0,T],i,p € [n],i # p

—e

2
= Prop-k-UIF.» N(p)< N(p) In(2n/8) forsome t € [T+ 1],i,p € [n],i # p| .
s i, )\

This concludes the proof. O

The concentration results stated in this section induce the following good events:

gconfT = {|M(p) MZ(-p)| < 657”7T(Ni(,];)) for every i,p € [n],t € [T + 1ﬂ},

5\ 1—e? - 2. (2n A—1_p 2. (20
Goae = {ANfﬁ) — Aln( ; ) < NP < S TN 4 T (=

forevery i,p € [n],i # p,t € [[T—kl]]}7
forevery T' € N>q, 9 € (0,1], A > 0.

D.2 Correctness

In this section, we prove that, under the good event g§§3f7T, ToP-k-UIF accepts only arms ¢ € Sék)*

and rejects only arms ¢ & Sék)*. In particular, the following result holds.

Lemma 8. For everyv € E8"™, T € N>, andt € [T + 1]:
1. P, € Ay UlU;. Moreover, if Ay # {}, then P, € As.

Furthermore, under the good event gwnf o
— A = U 0SS U U A — k= U\ SS7)

""We denote by Be(u1) € A({0, 1}) the Bernoulli distribution with mean y € [0, 1].
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3. A €S C A LU,

Proof. Remember that, by convention, any variable X, defined in the pseudocode is evaluated at the
beginning of round ¢.

We first prove Lemma 8.1 by induction. It holds at ¢ = 1 because P; € U;. Suppose first that
Ai # {}. Then P, € A; by the induction hypothesis, and the algorithm neither changes the pivot nor
removes accepted arms, so Py € At+1.

Suppose instead that A; = {}. Then P; = {P;}, and the direct relation used by COUNT-BA is
transitive: if ¢ < j and j < h, then

LCBY}Y, > ucBl), > LeBY), > ucBy) .

Thus its transitive closure equals the direct relation. After the call to NEw-PIVOT, if the routine
returns a candidate, its maximality gives LCB ELP;J)FI < LCB(P‘) 41 forevery h € Uy. If it returns L,

then P,y = P, LCBY" | = UCBY, fl 1+1 = 1/2, and every h € Uy has LCB )| < 1/2. In
either case, no arm precedes P; 1, so P, is not rejected. If no arm is accepted in round t it follows
that P,11 € U;11. Otherwise, let 7 be an accepted arm. We have LCB(P‘ L > LCBE 115 SO Py

reaches every arm reached by ¢ and satisfies the same acceptance threshold Hence P;1q € Asq1.
This proves Lemma 8.1.

We next prove Lemma 8.3 by induction. It holds at ¢ = 1 because .A; = {} and U; = [n]. Suppose
it holds at the beginning of round ¢. Since A; and U, are disjoint, the induction hypothesis gives:

_|At‘:|utﬁst(9k)*|’ | A Uut|_k:|ut\5ék)*|.

Under gc((fjf o every direct relation ¢ < j found in round ¢ by COUNT-BA implies 0; > 6;; the same
is therefore true for every pair in its transitive closure. Consequently:

Bi,t+1 < |{] € Uy s.t. 9]' > 91}|, Ai)tJrl < |{] € Uy s.t. Qj < 91}|

(k)*|

An optimal unknown arm has at most |I; N S 1 higher-parameter unknown arms, so the

rejection rule cannot reject it. Likewise, a suboptimal unknown arm has at most | \ Sék)*| -1
lower-parameter unknown arms, so the first acceptance rule cannot accept it. Finally, when A; # {},
Lemma 8.1 and the induction hypothesis give P, € A; C Sék)*. Thus LCB(Pt Y1 > 1/2 implies
6; > 0p, under gc((fzf’T, so the second acceptance rule also accepts only optimal arms. This proves
Lemma 8.3 atround ¢ + 1.

Lemma 8.2 now follows from Lemma 8.3, the disjointness of .4; and U;, and \Sék)*| =k. O

To conclude the analysis of the algorithm’s correctness, we provide a final technical lemma to
guarantee that once the target number of k£ arms has been accepted, no unknown arms remain. This
property bounds the maximum size of the active sets and is a direct, critical consequence of the
structural guarantees established in Lemma 8.

Lemma 9. For every v € gihm 1 ¢ N>1, and t € [T + 1], under the good event anfT, if

|A¢| =k, then Uy = {}. As a consequence, when | A¢| = k, we have Ay = S((,k)* = A, UU,.

Proof. Line 34 of Algorithm 1 sets ¢; = {} whenever the preceding round produces |A;| = k.
Lemma 8 then gives A; C Sék)* C A; UU,, and the conclusion follows. O

Forany t € [T + 1], letU] = U; \ {P;} and A} == A \ { P }.

(k,m)

Corollary 10. For every ve& ", T € Ny, and t € [T, under the good event gffjﬁT, the

existence of j € Uy \ SG implies the existence of i € U] N S((,k)*.
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Proof. We analyze the cases A; = {} and A; # {} separately.

If Ay = {}, Lemma 8 gives |U; N Sék)*| = k. Because k > 2, even if P; is optimal, the set
U} = U, \ {P,} contains at least k — 1 > 1 optimal arms.

If A; # {}, the assumed suboptimal unknown arm implies I/; # {}. By the contrapositive of
| < k, so Lemma 8 yields |U4; N Sék)*\ =k — | A¢| > 1. Moreover, Lemma 8.1 gives
P, € Ay, and hence U] N S((,k)* =U N Sék)* #{}. O

D.3 Upper Bound to the Top-k Pseudo-Regret for a Fixed Pivot

For any s,t € N>1, s < t, we define the fop-k pseudo-regret suffered by a randomized policy 7 on

) k,
an instance v € 5™ as

PReg'") (s, t) ZIPReg(k)

and set PReg,(T]fZ,(s, t) := 0 when s > t. Here:

IPReg!’)(t) = g ~ 3" g8(S)m(S | Hy-n)
SCn]
|S|=k

is the fop-k instantaneous pseudo-regret. Observe that, because of the tower rule:
BReg")(T) = By, [PReg")(1,7)]

Let Tp := 0. Recursively, whenever 7} < T', define:
1—‘1 = mln{t S [[Tﬂ s.t. t Z 1—1[71 +1 and (t =Tor Pt+1 # PT171+1)}'

These times split the horizon into epochs with fixed pivot PO = Pr,_ 1= =P forTj_;1+1<t<
T;. Let L(T) := min{l € N> s.t. T; = T'}. The goal of this section is to upper bound the top-k
pseudo-regret suffered by TOP-k-UIF during an epoch I € [L(T)], inside the learning horizon:

PReg"(Flf))P—k—UIF,y (T1—1 + 1, min{T}, T}),

under both the good events Qconf rand G (5.3)

pulls - Let us start with an upper bound to the instantaneous

pseudo-regret under G, C((mf -

Lemma 11 (Upper Bound to the Top-k Instantaneous Pseudo-Regret). For every v € &, (k.m)

T € N>1, 6 € (0,1], t € [T], under the good event gwﬂ.

1
IPRegloy jury () < Y T STt S (0i-6)],

- t . ) . *
ieu;nss jeu\ S JEUNSY
0;>0p, 0;<0p,

where the right-hand side is understood to be zero if U] = {}.

Proof. If U, = {}, Lemmas 8 and 9 imply that the played set is Sék)*, so the result is immediate.
Suppose U] # {}.

If P, € Sék)*, every arm in P; is optimal, and the number of uniformly sampled arms is |/ N S((,k)*|.
Lemma 16 therefore gives the exact identity:

(k) _ 1
IPRegTop-k-UIF,u(t) A Z Z (0: — 0;).
ieUiNSS” jeu\sg*

Splitting the inner sum according to whether §; > 6p, and using 6; — 0; < 0; — 0p, in the first part
yields the claimed bound.
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Suppose instead that P; ¢ S5”*. Lemma 8.1 implies A; = {}, so P, = { P}, U/ N S§* = 55V,
and k — 1 arms are sampled uniformly from {]. Direct expansion gives:

k k) *
kI TPRegyo, 4 o, () = (U ST +1) S 60— lon, — (k1) Y 6.
ies~ jeup\ss

Multiplying the claimed upper bound by k|U{/|,

k .
" IPReg(TO)P_k_UIF,V(t), gives:

(k=1 > (0;=0p)+ > (05, -0)>0

JeUNSS” JeUNSS”
0;20p, 0;<0p,
This proves the result in the second case as well. O

We proceed with the analysis by upper bounding the gaps ¢; — 0p, and ; — 0; in the instantaneous
regret upper bound provided by Lemma 11 with the confidence radii, exploiting how unknown arms
and the pivot are updated by ToP-k-UIF. To this end, we define the following burn-in term:

64 nk 2n
tkmeA) . 77 Py =
" 1l—e*m "\s )
and the following predictable process:
k—P .
t ~ . t /
~ _Gu ifs<t - ifU ,
Qe = {Ozu_sq fsspr  w=0 Ul A e,
0 ifu] = {}

which we exploit in the result below for the upper bounds to hold. Observe that ¢; is the probability
of pulling an arm in I/ as remarked in the proof of Lemma 11.

Lemma 12 (Upper Bound on Gaps via Confidence Radii). Ler v € &(lk’m T € N>y, ¢t € [T],
0 € (0,1], A > 0. If there exist Ty € [T] and p € [[n]] sttt — Ty +1 > t(k m,8,A) andp € P,
Jor all u € [Tyap, t]), then, under both good events Q rand G (3,1),

conf, pulls *

1. If6, > 1/2, forany i € U/ N S((,k)*,j eu\ S(k)*;

32\ [k
92‘ — 9]‘ < 64\/7 6(5 n,T QTAM,[ it

2. If, additionally, p = P, for all w € [Tyan, t], then, for any i € U] N Sék)* such that 0; > 0,, and
either 0; > 1/2 or 0, > 1/2:

32\
0; — 0, < 8\/7\/756 0.7 (QTyt)-

Proof. For every u € [Tyan,t], Corollary 10 gives U, N Sék)* # {} in Lemma 12.1, since j €

U\ Sék)* C U, \ Sék)*. In Lemma 12.2, the same conclusion follows because ¢ remains unknown
and i # p = P,. Lemma 8 therefore gives k — |P,,| > 1. Since |U],| < n, it follows that ¢, > 1/n.
Then:

- 1
Oyt = Z Gu > = (t = Tyan + 1) > ~{moN (12)
U=Ttart "
64 k 2n -
= T—e"m In (5> > 2> 2q,, (13)

where Step (13) follows since §; is a probability. The above inequality implies:

QT‘S[aﬂ -1 — Q’I‘slan H2 QTstan -
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Then, for any a € U]_;:

t—1 t—1 t—1
~ ~ ~ m R
w =002 Y7 00 = 2 (0a+6,) Y Provsuws [0 €Sy | Hount]  (14)
u=1 u:Tstan w=Tart
> 9 0,) = 0 > W+ 0,)0 4 15
- 4k + UZT q + )QTstant 1 8]{3( + P)QTstamt ( )

where Step (14) follows from Equation (10) and Lemma 5. Furthermore, by combining Equations (12)
and (15):

2 n l1—e?*m1 l—e?m ~ 1 1—e"
1 — t(k mvts))‘) < - L < (p) 16
by n( 5 ) 328 kn ST ket S qg ey a e (10

1. Letj € U]\ Sék) . Because of how the algorithm updates unknown arms, the fact that ¢ €
(K)* implies the existence of f € Uy_; \ Sék)* such that:

U n S
LCB{) < UCBY), (17)

otherwise we would have A; ; > |U_1 \ Sék)*\ = |At—1 UlUs—1| — k by Lemma 8, implying
i € A;. Analogously, there must exist g € U;_1 N Sy (k) such that:

UCBY) > LCBY). (18)
Thus:
00, % ) < stucsl? —Len) 19
= 8(UCBY} — LB, + UCBY) — LcBY) + LCBY) — UCBY))
< 8(2B5,0,0(N") + 285,07 (NF)) + UCBY) — LCBY)) (20)
< 16(B5.07(NE)) + Bsn (N )+56nT(N(p)+ﬁMT( 57))
+8< o - n) 1)

< 16(Bs.n 7 (NLD) + Bomn(NJT) + Bsnn(N7)) + Bonn (NJ7)),  (22)
where Step (19) follows from Lemma 5, Step (20) follows from Equatlons (17) and (18), Step (21)
follows from the good event gc(fjf,T, and Step (22) follows from 6, < 6, since f ¢ S((,k)* and
g€ S((,k)*. If a = p, then N, éﬂ) = 400 and the corresponding confidence bonus is zero. For every

a € {i,j, f, 9} \ {p}. Equations (16) and (15), together with 6,, > 1/2, imply under g;uﬁj that:

1—e ¢ 2 2n 1—e ¢ l—e?*m
N(P) N(P) 1 > (p) >
a,t > Y a,t )\ n 6 - 2\ a,t — 32\ k QTsmr( A

Hence, by the monotonicity of 5, 7:

320 [k -
0; —0; < 64\/: \/;ﬂé,n,T(QTmm:t)'

2. In this case, we must have:

LCBY) < 1/2.
Otherwise, if A;_1 # {}, we would have i € A; (contradicting i € U), while, if A;—1 = {}, the
NEW-PIVOT routine would return an arm different from p in round ¢t — 1 (contradicting P; = p).
Then, under the good event Qconf o, Lemma 5 gives:

0; — 6, < A" —1/2) < 885, 7(N2).
Analogously to the argument for Lemma 12.1, since either §, > 1 /2 or §; > 1/2, we have under

Gl that:

1—e™
N(P) >
bt 32Xk
The result follows again by the monotonicity of 35, 7.

QTm it
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O

Now, we combine Lemmas 11 and 12 to obtain both an instance-dependent and a worst-case upper
bound on the top-k pseudo-regret suffered during an epoch. To this end, for every i € [n], define the
auxiliary last-active time:

Ty, =max{t € [T] s.t. i € Uy} € [T].

Lemma 13 (Upper Bound to the Top-k Pseudo-Regret for a Fixed Pivot). For every v € glem),

T €N>q,6 € (0,1, A\ >0, andl € [L(T)], under both good events Qc(jrzf,T and ngj;,);):

PRegep . -uir., (Ti-1 + 1, min{T;, T}) < 260

220 \ 2nT\ 1 1
1 = -
+1—e)‘n< ) )m Z 0*_1(k)_9j’

jEln\SG* e

and:
PReg(T]Z)p-k-UIF,V(nfl +1,min{7}, T}) < 2>
32\ n—=k 2nT
9 .
2 \/1 i \/m\/(mm{TlvT} ~Ti-y)In (5>
Proof.

Case 1: Opuy > 1/2. Then, by Lemmas 11 and 12:
PReg{op ik, (Ti-1 + 1, min{T3, T}) < [tFm90] 1

min{7;,T}
+I[min{T}, T} > Tp—y + 0] 3
t=Ti_ 1+t ™0
26 32\ N
Z Z Bsn,1(QTi_y +1:¢) (23)
_p—A ) 1—1
FEUNSS ™ ieu NS VEmitg| V1 —e
< ks 4 2Mmin{T, T} > Ty + ¢{Em ) 3N
- Vkm T
jeln]\S§*
min{7;,T} , (k)*
uns . .
Z Mﬂévn;T(QTz_1+lzt)H[] S Z/{t]

/
t:T171+|—t’(ﬂk7””‘76,>\)“ ‘Ut|
_ pemb) | 2lmin{7), T} > Ty + o™ Y] [ 323
— 'n
km

VEm 1—eX

FENI\SY”

min{T;,T}

3 k— A —T[PO € S8
[ZA

66’”’T(QTL—1+1:t)H[j c ut} (24)
=Ty [ ]

hmsy . 2Mmin{T, T} > Ty + 6°™Y] [32)
<t, + Y Z
vVEkm 1-e

JENI\S”

min{7;,T}

2k — [P, ) |
Z (|Z/{/||t)56,n,T(QTll+1;t)H[] € Uy 25)
=Ty 1[50 t

27 32\
k,m,0,A : ) k,m,0,A
S S T Y i Ty, T) 2 T £ 60

FEMINS”
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min{Tl ,Tl,[‘j 7’T}

> QtBsn1(Qri_, +1:4)

t=T;_1+1
28 32\ 2nT
< ¢(k;m,6,2) 1
- + VEm V11— e~ . )

S Tmin{Ty Ti, T} > Tyoy + 1 0)]
FENI\S”

QT171+1:min{ﬂ,Tu,j7T} (26)
In(2nT/0) .

where Step (23) follows by applying the upper bound to the gaps developed in Lemma 12 to
both the sums in Lemma 11, using Lemma 12.2 for the left sum and Lemma 12.1 for the

right sum, and Step (24) follows by the expression for [/ NS ((,k)*\ derived at the beginning
of the proof of Lemma 11. For Step (25), the presence of j € U; and Lemma 9 give |A:| < k.
If Ay = {}, then A} = {} and |P;| = 1, so:

k— Ay —1[PO e S$] < k < 2(k — 1) = 2(k — |P4)).
If A; # {}, Lemma 8 gives P, € A; C Sék)*, whence P; = A; and:
k= |4 = T[PO € 8§ =k — | A/ < 2(k - [Pi]).

Finally, Step (26) follows from (Orabona, 2019, Lemma 4.13).

We first derive the instance-dependent bound. For every j ¢ S((,k)* whose indicator in
Equation (26) is one, we have j € Unin(1y 1 ,;,7}> and Corollary 10 provides an arm

ij € Z/lr’nin{ThTu LT} N Sék)*. If 0 > 0pwy, Lemma 12.2 bounds 0;, — 0pq);if 0; < Opa),
then j € Up ;. o, 1,7y and Lemma 12.1 bounds 6;; — ;. In both cases:

32X k ~
GT;fl(k) —-0; < 64\/ T\ Eﬂé,n,T(QTl,ﬁl:min{Tl,Tu,j,T})-

QT1,1+1:min{Tl,Tu,j,T} 32X k 1
<64 —\/ = .
In(2nT/0) 1—e m 97,;71(@ —0;

Substitution into Equation (26) gives:

Therefore:

PReg(le))p-k-UlF,y(Tlfl + 1, min{7}, T'}) < tgzk’m’é’)\)
219 2nT\ 1 1
1 — _
e ( 5 ) m Z -0,

et e

For the worst-case bound, we return to Equation (26) and apply the Cauchy-Schwarz
inequality to the sum over the suboptimal arms. Since |[n] \ S((,k)*| =n — k, we have:

QT[, +1:min{T}, Ty, ;, T}
Imin{Ty, Ty ;, T} > Ti—1 + t;’“’m@”]\/ ! LS
je[[w%sgc)* In(2nT/0)

< m Z QTl,l—H:min{Tl,Tu,j,T} ) (27)

i ()

To bound the sum of the predictable processes inside the square root, we unpack the definition

of Qs.¢, swap the sums, and use |If; \ S((,k)*| < |U}]. This inequality is immediate when
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Case 2:

P, is optimal; when P; is suboptimal, Lemma 8 gives A; = {} and U; contains all k£ > 2
optimal arms, so it also holds. Thus:

min{T;,T}
~ ~ k)*
Z QT +1imin{Ty, Ty ;, T} = Z Gl \ Sy
jEl\Sg"” =ttt
min{7T;,T}
< Y k=kmin{T,T} - T1). (@28
t=T, 1+1
Substituting Equation (28) back into Equation (27), and then plugging the result into
Equation (26), the v/k cancels out cleanly and the logarithmic term simplifies, yielding the
final gap-independent worst-case bound:

PReg(T]f))p-k-UIF,u(ﬂfl + 1, min{7},T}) < t;k’m’&?/\)

32X n—=~k . 2nT
+ 28\/1 = @)\\/ — \/(mln{Tl,T} —T;—1)In <5>

Opw) < 1/2. Letif := rj (1) denote the best overall arm, which by definition has O = 1.
We split the epoch into two phases at

Tbest = max{ﬂ—la min{ﬂa Tu,i{ ) T}}

Thus, the first phase is empty if Thest = 771, While otherwise T is its final round and 7}
remains in the unknown set throughout that phase.

If Thest + 1 < min{7}, T}, then 47 has been accepted and belongs to A; C P; for every
round ¢ in the second phase. Since the pivot has not changed within the epoch, Lemma 8

also gives PV € A, C Sék)*. Therefore, every suboptimal arm j satisfies §; < 6p«), and
the first inner sum in Lemma 11 is empty. Because 9@ =1 > 1/2, Lemma 12.1, with
p = 4} and Tyarn = Thest + 1, bounds every remaining gap 6; — 6; after the corresponding

burn-in. Applying Steps (23)—~(26) on [Theq + 1, min{7j, T'}], with Qx4 1.; in place of
Q1_ 1 +1:¢, yields:

PReg(T]ZL-k-UIF,u(TbeSt + 1, min{7},T}) < tiFmoA)

219 onT\ 1 1
1 —_ - -
+16)‘n< ) >m Z 6 . 79]4’

*—1
sgsgor e )

k : m
PReg"(FO)P—k-UIF,u(TbeSt + 1, min{T}, T}) <m0

32\ n—k 2nT
8 .
+2 \/1 — e \/ m \/(mln{Tlv T} - Tbest) In (5> .

If Thest + 1 > min{7}, T}, this phase is empty. We now bound the first phase, where
te [[Tlfl + 1aTbestHo

For t < Thes, because 0pay < 1/2 and 6;; = 1, we have 2(6;: — 0p)) > 1. Furthermore,
since all PL parameters are bounded in (0, 1], any gap ; — 60; or 6; — 6 p«) appearing in the
instantaneous regret bound of Lemma 11 is strictly bounded by 1. We can thus uniformly
upper bound every gap in Lemma 11 by 2(6;: — 0pa) ).

Because i € U] N Sék)* is still alive during this phase, we can apply Lemma 12.2 directly

to i% and the pivot P(), provided the burn-in phase is satisfied (which we track via the
indicator function). Multiplying the result by 2, we obtain:

32\ k ~
2(0i; — Opw) < 164/ T Eﬁé,n,T(QTl,1+1:t)~

Substituting this uniform bound into Lemma 11 and applying Steps (23)—(26) with upper
endpoint T gives:

m 26 32\ 2nT
PReg"(l"]f))P—k—UlF,u(ﬂ—l + 1, Thest) < t;k’ A N In ( 3 )
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, QT, +1:min{Thest, Tus, 5 }
H[min{TbeS“ Tu,j} > 1’271 + tslk,ln,é,)\)]\/ -1 esty LU, j ) (29)
je[[n%?ék)* In(2nT/90)

For the worst-case bound, Cauchy—Schwarz and Equation (28), with Tes in place of
min{T;, T}, give:

min [ T @T +1:min{Thest, T, }
Timind{ T, REES t(k,m,é,)\) 1—1+1: bests LU, j
jg;)* [ 1 { best L{,j} > 11+ n ] I ( - / )

)

; \/k(n — k) (Then — Ti1).

In(2nT/0)
Substitution into Equation (29) yields:
PRegTOP gutpn (Ti-1 + 1, Thew) < ¢(km,8,A)

32 n— 2nT
6
+2\/1_€_>\\/ \/Tbest Tl11n< 5 )

For the instance-dependent bound, the indicator guarantees the burn-in condition. Since
Bs.n1(Q) = /In(2nT/6)/Q for Q > 0, the displayed gap inequality gives:

QTL 1+ 1:min{ Thes, Tur, 7} 32\
In(2nT/d) V l—e*Vm 9 - OP(L)

Since 1 < 2(0;: — 0pwy) and 0 < 97”;71(,6) —0; <1, we have:

1 2
<2< .

Substitution into Equation (29) gives:
k m
PReg(To)p-k-UIF,y(Tl—l + 1, Thewt) < t5™0N

215\ 2nT\ 1 1
1 — -
Tz e ( 5 ) m Z —0;

JjE [[n]]\Sék)* 07”271 (k)

In the case 6 pa) > 1/2, the entire epoch contributes one burn-in term and one regret term. In the
case Opuy < 1/2, each of the two phases contributes at most one burn-in term and one regret term;
the first-phase constants satisfy 2'° < 219 and 26 < 28, Summing the two phases therefore gives the
factor 2 in both bounds stated in the lemma. O

D.4 Proof of Theorem 2

The goal of this section is to use the results developed in the rest of the appendix in order to prove
Theorem 2. For each T, the expectation below is taken for TOP-k-UIF run with horizon 7" and

0=1/T,and anf o denotes the corresponding event. We define the following instance-dependent
and worst-case upper bounds to the number of pivots under the good event:

L, = sup Erop.r-utr,v [Hgm L(T)} ,
TeNZl conf, T
Lowkm = sup L,.
" (k,m)
veé,

Together with Lemma 13, these expressions allow us to derive regret upper bounds over the entire

horizon [T7]. Under the good event gc(mf 7, because of the NEW-PIVOT routine (see Algorithm 2),
we have Opy < -+ < Opr(r), implying that the pivots are all distinct. Thus, we can write:

L(T) = Z I[P, =i for some t € [T7]].
i€n]
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At this point, we clearly have:

L, < nforevery v € 5,(}“”) and thus L_x.m) < n. (30)

1

We are ready to prove Theorem 2.

Theorem 2 (Upper Bounds to the Top-k Regret). For every n,k € N>o, m € Ny withm <k <n,
instance v € &(lk’m) and learning horizon T € Ns,, by setting the algorithm parameters to
Bsnr(N) = /In(2nT/8)/N for N € N>q (with 5, 7(0) = 400 and S5 r(+00) = 0) and
0 = 1/T, we obtain the following instance-dependent upper bound to the expected top-k regret
suffered by Top-k-UIF:

(k) L,
ERegrapp-uir, (1) < 025 (nk‘ + Z 1/Ak,u) In(T),
uwe[k+1,n]
where Cy € Ry is an absolute constant, L, is an upper bound to the number of pivots chosen

by the Top-k-UIF algorithm over the learning horizon (formally defined in Appendix D) and
Ay = Gr;q(k) — HT;—I(H) forallu € [k + 1,n]. If k = n, the regret is identically zero. If k < n,
for a sufficiently large learning horizon satisfying T > %LSWM In(2nT), the worst-case

expected top-k regret is bounded by:

n—k
sup EReg(T]f))P_k_UIFVV(T) < Cs \/L&(Lk-.m) Tn(T),

VG&(Lk,m) m

where C3 € Ry is an absolute constant, L£<k,m) = SUp,, g (kom) L, <n (see Appendix D).

Proof of Theorem 2. Let us set A = 1. The instance-dependent bound on the expected regret follows
directly from the first result in Lemma 13 and the definition of L, through algebraic manipulation.
Because 6 = 1/T, a union bound shows that the expected regret incurred when either gé(fgf’T or

ggjlﬁ’ fails is at most 2. For the worst-case upper bound, we apply Cauchy-Schwarz and Jensen

inequalities to the upper bound in the second result of Lemma 13, in order to reduce to a telescoping
sum:
L(T)

Etop-k-UtF,» HQQQ,TOG“’” Z Vmin{T;, T} — Ti_,
=1

pulls

S

L(T)
< Eror-utr [Igo) gon | L(T) (min{T;, T} — Ti—1) (31)
conf, T

pulls
l

Il
_

= VTErtop-k-UtF.v [\/ﬂg@ Tng(M)L(T)}

pulls

< VT |Erop-p-vtp, [H o) (6,)\)L(T):| < W, (32)
gconl’, T r\|gpulls n

where Step (31) follows by applying the Cauchy-Schwarz inequality to the vector

(v/min{T}, T} — Tl_l)le(lT), and Step (32) follows from Jensen’s inequality (E[v/X] < /E[X]).
As above, the statement follows by algebraic manipulation. O

D.5 Adaptation to MNL Bandits

This subsection proves Theorem 3 by adapting the comparison-probability, concentration, and epoch-
regret arguments to the fictitious no-choice item 0.

Theorem 3 (Upper Bounds to the Top-k Regret for MNL Bandits). For every n,k € N>o, with

k < n, instance vy, € 5,512 » and learning horizon T' € Nx,, by setting the algorithm parameters

10 B0 (N) = \/In(2nT/5)/N for N € N>1 (with 35, 7(0) := 400 and S5 1(+00) == 0) and
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d = 1/T, we obtain the following instance-dependent upper bound to the expected top-k regret
suffered by MNL-ToP-k-UIF:

k
ERegl(\mZIL-Top-k-UIF,y,n,,, (T) < C4Ly,, (nk + Z 1/Ak,u) In(T),
u€[k+1,n]

where Cy € Rsq is an absolute constant, L, is defined analogously to L, in the statement
of Theorem 2 (see Appendix D) and Ay, = er;‘l(k) - 9T2_1(u) forallw € [k + 1,n]. If
k = n, the regret is identically zero. If k < n, for a sufficiently large learning horizon satisfying

T> ("k) Lo In(2nT), the worst-case expected top-k regret is bounded by:

mnl,n

(k)
sup  ERegyNi-top-k-utF, u,,,,,l \/L £ (n— k)T In(T),
anlegmnl)n mnit,n
where Cs € R~ is an absolute constant, L5<k> ‘= sup, et k) L,,., <n+1(see Appendix D).

mnl,m

Proof of Theorem 3. The observed winner is distributed according to a PL model on S; U {0}, which
contains k + 1 items. For distinct ¢, p € S; U {0}, winner feedback gives:

(p) _
fi\gtu{o} = PRrPL((00)nes,ui0)) [ (1)( ) # R(l)( )
— 0 +0p > 0; + 0,
Ynes,ufoyOn — k+1
/‘Efs)*tu{()} = PRPL((00)nes,ui0)) [R(U( ) < RO (p) | RV(@G) £ RV (p )}
_ b
S0 +0,

Consequently, Lemma 5 continues to hold with m/k replaced by 1/(k + 1); its two inequalities

concerning ufp ) are unchanged.

The concentration proofs also extend to pivots in [0, n]. There are at most n(n + 1) relevant ordered
pairs (¢,p), with ¢ € [n] and p € [0,n]. For a fixed pair and a fixed positive observation count,
the tail probability in the proof of Lemma 6 is §2/(2n2T?). A union bound over the relevant pairs
and at most 7" observation counts is therefore at most 62(n + 1)/(2nT’) < §. Similarly, each tail in
the proof of Lemma 7 is at most 6% (n + 1) / (4n) < §/2. Hence the same confidence radius S, 7

defines MNL analogues of g o and QI(,

cont, each with failure probability at most 4.

ulls »

Under the MNL confidence event, every relation ¢ < j returned by COUNT-BA implies 6; > 6;, also
when the comparison pivot is 0. Thus the acceptance and rejection argument in Lemma 8 applies
to the arms in [n]. It remains to verify the pivot invariant. Before the first acceptance there is only
one pivotal item, so the direct relation used by COUNT-BA is transitive. If an arm is accepted and

NEW-PIVOT returns p’, the maximality of LCB( ) implies that p’ reaches every arm reached by the
accepted arm, has no predecessor, and is 1tself accepted. If NEW-PIvVOT returns | and P; € [n],
the same argument with LCBSD}?) = 1/2 shows that P, is accepted. If instead P, = 0, the fallback
in Algorithm 3 chooses an accepted arm in [n]. If no arm is accepted, the maximal-LCB candidate
returned by NEW-PIVOT has no predecessor and therefore belongs to ;1. When the routine returns
L, the same holds for P; if P, € [n], whereas P;;; = 0 if P, = 0. Induction from P, = 0
consequently gives:

Ay = {} 1mphes P, =0or P, € Uy, Ay 75 {} 1mphes P, e A C Sék)*
Moreover, if A; # {} and LCBZ(»Pt) > 1/2, then the MNL confidence event gives 6; > 0p,; since

P, e A C S((,k)*, the arm 7 accepted by this rule also belongs to S((,k)*.

Define:
_ U’ if U/ 5
co =k~ Pl +I0€P],  q= {gt/ ! ;fut’ ’ H '
! =
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Every arm in U, is pulled with conditional probability g;. When P; € [n], this is exactly the
exploration probability used in the proof of Theorem 2. When P, = 0, the pivot invariant gives
A = {}, ¢t = k, and S; is a uniformly sampled k-subset of U;. In this case:

(k) _ 1
IPRegMNL-TOP-k--UIF,ym“l (t) = M Z Z (0; — 0;).
ieUnNSY* jeu\ s

Splitting the inner sum according to 6; > 6y or ; < 8 yields the analogue of Lemma 11, since in
the former case 0; — 0; < 0; — 0q.

In the initial epoch with P, = 0, any first acceptance triggers either a pivot p’ € [n] returned by
NEW-PIVOT or the fallback in Algorithm 3, which also sets P, 1 € [n]. That epoch therefore ends
in the acceptance round, so its post-acceptance phase is empty. Every subsequent epoch satisfies
P, € [n], and the low-pivot phase split in the proof of Lemma 13 applies unchanged.

The remainder of the proof of Lemma 12 applies with m /k replaced by 1/(k+ 1), with the predictable
process defined from the probabilities ¢;, and with burn-in:

—(ky0A) 64 2n

Thus every occurrence of 1/k/m in its conclusions is replaced by v/k + 1. Repeating the proof of
Lemma 13 gives, for absolute constants Cg, C7 € R+ :

2nT
PRegl(\/][CIZIL-TOP-k-UIF,umnl (Ti-1 +1,T3) < Cen(k +1)In (5>

k+1 2nT 1
+06+ n(”)z

O/ asme Oyt — 0
2nT
PRegl(\/I[CIzIL—TOP-k»UIF,um“l (Ti-1+1,T7) < Cyn(k+1)In ( 5 )
k+1 2nT
+ C5 i(n—k) T, —Ti_14/In ).
k )
The predictable-count sum used in Equation (28) satisfies:
~ T
S Qnrrmminay = Y. Gl \ Sy < KT - Timy),
jg’ESék)* t=T;_1+1

because q;|U; \ S((,k)*| < ¢ < k. This inequality and Cauchy—Schwarz give the factor
V/(k+1)(n — k)(T} — T,—1)/k in the second displayed bound.

For each T, let gg;glf o denote the MNL analogue of the estimator-confidence event Qconf o for the

run with 6 = 1/T, and define:

L L(T)} , Lew = sup L

Vot = SUP  EMNL-Top-k-UIF, vy [ngﬂnl
mnl n
Ve €ELF

T€N>1 conf, T

Vmnl*

m nl n

Whenever NEW-PIVOT changes the pivot, the confidence event implies that its PL parameter strictly
increases. Item O occurs only in the initial epoch and is never selected again. The fallback from item
0 can occur only at the first acceptance, after which the pivot is fixed. Hence every ¢ € [n] occurs as
a pivot at most once and:

L <n+41, L(k) <n-+1.

xnnl ,n
Finally, (k+1)/k < 3/2and n(k+1) < 3nk/2 because k > 2. Setting § = 1/7', summing the two
displayed estimates over the epochs, applying Cauchy—Schwarz to (1/7; — Tl,l)le(lT), and adding
at most 2 for the failure of the two confidence events gives the instance-dependent bound and a
worst-case bound containing:

Cngm nkn(2nT) +C7\/L£(k) n — k)T In(2nT).

mnl,n

Vmnl

mnl,n
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Under the condition in Theorem 3:

Lg(k) nk ln(QnT) < Lg(k) (n - k)Tln(QnT),

mnl,n mnl,n

so the first term is absorbed into the second after changing the absolute constant. If k = n, every
played assortment contains all arms in [n] and the regret is identically zero. O

E Auxiliary Results

In this appendix, we report the auxiliary results required for the proofs presented throughout this
manuscript.

E.1 Information Theory

Lemma 14 (Pinsker’s Inequality for Bounded Variables). Let i and ¢ be two probability measures
on a measurable space (X, F), and let X : X — [0, 1] be a random variable. Then, it holds that:

E.[X] — E4[X] < %DKL(d)”N)'

Proof. Let || — ¢||Tv = sup e |(A) — ¢(A)| denote the total variation distance between the
measures  and ¢. By the variational definition of the total variation distance for a random variable
X bounded in [0, 1], and the symmetry of the total variation distance, we have:

Eu[X] - Bg[X] < sup (Eu[X]—Ey[X]) = [ln = ¢llrv = lI¢ - pllrv.

Applying Pinsker’s inequality (see e.g. Lattimore and Szepesvari, 2020, Chapter 14), which bounds

the total variation distance by the Kullback-Leibler divergence as [|¢ — u||rv < /4 Dki(¢| 1),
yields the stated result. O

E.2 Concentration Inequalities

Theorem 15 (Azuma’s Inequality). Let (X;),-5 be a martingale w.rt. the filtration (F;),55. Assume
there are predictable processes (A;) % and (By)[ % w.rt. (F){SS, and constants ()55 C
(0, +00) s.t.

Ay < Xy — X4 < Brand By — Ay < ¢t a.s. foreveryt € N> .
Then, for everyn € N>1 and € > 0:
2¢?

t=1"t

E.3 General Probability

Lemma 16. Let U be a finite set, ¢ € [|U|]. Then, for every i € U:

. C
P unit({s'Ct 5. |"|=c}) [t € S] = ik

Proof. Observe that:

-1
{S' CuUsticS |9 =c} =" U{i}st. & CU\{i},|S"|=c—1} = (IUI )

c—1
Then:
\u|—1)
. c—1 c
Ps~umif({s'Ctu st |57|=c}) [t € S] = NE )
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