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Abstract

We consider the problem of learning a utility-based ranking of k items from noisy
feedback signals generated by a Random Utility Model (RUM) under the minimal
assumption of log-concavity. We analyze two feedback types: Full-Ranking (FR),
where the complete ordering of the sampled utilities is observed, and Winner-Only
(WO), where the item with the maximum sampled utility is observed. Within the
Probably Approximately Correct framework, we define the notion of e-accuracy to
measure the distance between the estimated and true rankings based on latent utility
gaps. We present two algorithms named VURs (Variance-aware Utility Rankers)
that recover the utility ranking without requiring exact knowledge of the noise
distribution. Exploiting a common design principle, the proposed algorithms rely
solely on structural regularity: in the FR setting, this amounts to enforcing an upper
bound V' on the noise variance, while the WO setting leverages the monotonicity
of the reversed hazard rate ratio. By establishing matching information-theoretic
lower bounds, we prove that the sample complexity of VURSs is order-optimal, up
to logarithmic factors, scaling as V/e2 for FR feedback and V/(Ppine?) for WO
feedback. Our analysis identifies the minimum winning probability P, as the
fundamental informational bottleneck of winner-only signals and highlights this as
the intrinsic difference in “learning cost” between FR and WO feedback in general
log-concave RUMs.

1 Introduction

In many machine learning paradigms, a set of items is characterized by latent scalar values, inducing
a strict ranking. In recommender systems, for example, products or media are evaluated based on
underlying utility values representing user preferences [1]. A structurally identical challenge arises
in Reinforcement Learning from Human Feedback (RLHF) [2]. Here, an agent generates a set
of responses (e.g., actions or trajectories), each associated with a latent reward. Because humans
struggle to assign consistent scalar rewards, feedback can be elicited as preferences or orderings
over observed trajectories. Consequently, the true utility or reward values remain inaccessible. In
these situations, be it a recommender system or an RLHF agent, an interesting question may be
to recover the exact scalar values. Alternatively, one can focus on the observable signal and try to
recover the ranking implied by the utility values. While not requiring exact recovery of the utilities,
the successful completion of this task may be sufficient for downstream tasks such as serving the
optimal recommendation or executing the optimal policy.
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In this paper, we formalize and address this ranking recovery problem. We fix a finite set of items and
model the feedback-generation process as a Random Utility Model (RUM), a standard paradigm for
human preferences [3], including the well-studied Plackett-Luce (PL) model [4, 5]. Additionally, we
assume that the noise distribution is log-concave (e.g., Gaussian, logistic), a standard assumption in
the literature [6], ensuring several desirable properties needed for successful learning [7]. Each item
is associated with a scalar utility, and a RUM draw is obtained by adding independent, identically
distributed noise to the true utilities.

To model the partial observability of human feedback, we introduce the concept of a feedback filter,
a map from RUM draws to observable (possibly partial) rankings. We analyze two variants: Full-
Ranking (FR), where the complete ordering of sampled utilities is observed, and Winner-Only (WO),
where the learner observes the item with the highest sampled utility. We evaluate the ranking recovery
problem within the Probably Approximately Correct (PAC) framework [8], utilizing the novel notion
of e-accuracy. Unlike standard discrete distances that penalize any permutation error regardless of
magnitude, such as Kendall tau [9] and maximum rank difference [10], our metric is anchored in
the underlying utilities. Specifically, a ranking is e-accurate if it correctly orders all pairs whose
latent utility gap is at least . This acknowledges that items with near-identical utilities are not only
statistically difficult to distinguish but are often interchangeable in downstream decision-making.

Our proposed solution to the ranking problem is the Variance-aware Utility Ranker (VUR), a unified
framework comprising two algorithms for recovering the full utility ranking from FR and WO signals,
respectively. In summary, our main contributions are:

* Novel Distance Metric. We introduce the notion of e-accuracy through Definition 1. To the
best of our knowledge, this is the first generalization of the e-optimality metric used in best-item
identification [11] to the problem of learning a full utility ranking.

* Unified Framework for Diverse Feedback. We design two (g, §)-PAC algorithms for FR and
WO feedback, respectively. Owing to the novel structural regularity stated as Assumption (WO2),
these rely on a common design principle that allows us to view them as part of a single, unified
framework for learning the utility ranking across diverse feedback types.

* Distribution-agnostic Algorithms. We propose two algorithms that require no exact knowledge
of the noise distribution. Instead, they rely solely on milder structural conditions, formalized
through Assumption (V) in the FR setting, and Assumption (WO2) for WO feedback. The sample-
complexity dependence V/? (in addition to Py, for the WO setting) is shown to be common
across the two settings by Theorem 1 and Theorem 3, where ¢ is the accuracy parameter and V is a
known upper bound on the noise variance.

¢ Fundamental Limits of Learnability. We establish information-theoretic lower bounds for
the ranking problem under log-concave RUMs, demonstrating that our algorithms are order-
optimal. Crucially, Theorem 4 identifies the minimum winning probability, Py, as the fundamental
informational bottleneck of WO feedback.

The related works are discussed in Appendix A.

2 Preliminaries

Standard big-O notation is used throughout, where O is used to suppress the logarithmic dependences.
For any k € N, we denote [k] = {1,...,k}. The set of all permutations on [k], i.e., the bijective
functions o : [k] — [k], is denoted by Sy. We think of any o € Sy, as the ranking that assigns
position o (%) to ¢. The notation (2, F, P) refers to a generic probability space, and 1 4 is the indicator
function of any event A € F. The set of all probability measures on R is denoted by P(R). If f is a
density function on R, we define its support Supp(f) as the set of all real numbers z € R such that
f(x) > 0. For a non-decreasing function g : R — R, the generalized inverse is defined by:

g ' (y) =sup{z € R: g(z) <y}, y €R.

When well-defined, the inverse coincides with the generalized inverse; moreover, the generalized
inverse is always non-decreasing.

Linear extensions and graphs. A strict partial order < on the finite set S is a homogeneous binary
relation that is irreflexive, asymmetric, and transitive. A general result by Szpilrajn [12] states that,
given any strict partial order < on S, there exists a linear extension <*, i.e., a total order such that
v <* w whenever v < w. A generic directed graph is denoted by G = (V, £), where V is the vertex



set and £ is the edge set. A (directed) edge is of the form v — w, where v and w are distinct vertices.
A tournament is a directed graph with exactly one directed edge between any pair of distinct vertices.
When G is acyclic, its transitive closure is the strict partial order “<” on the vertex set satisfying: for
any two vertices v and w, v < w if and only if there exists a path in G that goes from v to w.

Log-concavity. A probability distribution v € P(R) is called log-concave if v(AA + (1 — X\)B) >
v(A)* v(B)'~* whenever AA + (1 — \)B C R is measurable. A log-concave distribution on R is
either a Dirac measure or absolutely continuous with respect to the Lebesgue measure [13]. In this
case, its density and cumulative distribution function (CDF) are log-concave [14].

3 Problem Formulation

We consider a collection of k& € N items, where k& > 2, identified with the set [k]. These are

associated with a utility vector uw € RF, where the entry w; is the utility of item 4. The utility ranking
corresponding to w is the unique permutation o, € Sy, satisfying:!

ou(1) < oy (j) = wi > u; V(u; =uj; Ai < j).

We address the problem of approximating the utility ranking based on noisy observations named
feedback signals. Such signals arise from a RUM, where the noise-generating distribution is assumed
to be centered and absolutely continuous with respect to the Lebesgue measure with a log-concave
density f. The latter assumption implies several desirable properties for ranking models [7] and is
standard in the literature [6]. We will work under a bounded-variance condition. For a fixed V' > 0,
Ny is the set of all absolutely continuous centered log-concave distributions v satisfying:

(V) The variance of distribution v is bounded above by V.

This acts as a reliability constraint on the feedback signals: while keeping the exact noise distribution
unknown, it ensures that the feedback remains a reliable, albeit noisy, reflection of the utility
relationships. Throughout the rest of this paper, V' is fixed and known to the proposed algorithms.
Therefore, we drop the subscript and write A/, whose elements are referred to as noise distributions.

3.1 Feedback-generation Process

Given u € R¥ and v € NV, we let N1, ..., Ng beiid. random variables drawn from v, and consider
the random utility vector U = (U, ..., Uy) where U; = u; + N, for every i € [k]. Fort € N, we
let Ut = (U{,...,U}) be an independent copy of U. We will denote the stochastic process (U*);en
by RUM (u, v). Feedback signals arise by filtering the sampled random utility vectors through a
feedback filter, which can be of the following two types.

* The full-ranking (FR) filter is the function ¢rr : R¥ — Si, where ¢p r(x) is the unique
permutation o defined by: o (i) < o(j) if and only if z; > z; or x; = z; and i < j.
* The winner-only (WO) filter is the function ¢yo : R¥ — [k] given by ¢wo(z) := min{i € [k] :

For a fixed feedback filter o, we let o, = @(U?) for every t € N. The feedback filtration is defined
as F = (F})ten, where F is the o-algebra generated by ¢4, .. ., ¢;.

3.2 The PAC Objective

Estimation of the utility ranking can be seen as a byproduct of utility estimation [15, 16]. In contrast,
our approach focuses on the ranking itself, thus avoiding the need for explicit utility reconstruction.
The intuition is as follows: if items 7 and j are misranked, the utility gap A;; := u; — u; must be
small. This is formalized by the following definition.

Ifu; = u;, the tie is broken by ordering the two items according to their indices.
>The minimum in the definition of ww o is used for tie-breaking. However, when the noise distribution is
absolutely continuous with respect to the Lebesgue measure, ties are a zero-probability event.



Definition 1 (c-accuracy). Let u € R* with utility ranking o,,, and let £ > 0. Given ¢ € Sj, we say
that o is an e-accurate representation of o, if the following holds for any two distinct i and j:3

(1) = o()(ou(i) —ou(f)) <0 = |Ay] <e. M

Saha and Gopalan [17] use a similar yet distinct notion, where the gap between PL parameters is
used instead of the utility gap. To define the PAC objective, we first define an algorithm as any pair
of the form A = (T, 5), where T € N is an almost-surely finite stopping time with respect to the
feedback filtration F, and 6 is an Fr-measurable random permutation of [k]. We can now formally
define the PAC requirement.

Definition 2 (PAC objective). Let A = (7', 5) be an algorithm that learns a ranking based on the
sequential observations ¢, generated by a fixed unknown RUM(u, ) with feedback filter . Given
§ €(0,1) and e > 0, we say that A is (£, 6)-PAC if:

IP[6 is an e-accurate representation of o] > 1 — 6.

If Ais an (e, d)-PAC algorithm, we define its sample complexity as the expected value E [T'], where
the expectation is taken with respect to the probability measure induced by RUM(u, v).

4 Learning a Ranking Based on Full-Ranking Feedback Signals

In this section, we present FR-VUR (Full-Ranking Variance-aware Utility Ranker), an algorithm
for learning the utility ranking based on full-ranking feedback signals. These arise from a fixed
RUM(u, v) through the filter ¢ = ¢ g, and the noise distribution v satisfies Assumption (V).

4.1 The Full-Ranking Resolution Factor

Our algorithm treats each FR observation as a set of outcomes of pairwise comparisons, thus adopting
an approach known as rank-breaking [16]. For i # j, we define the pairwise-preference probability:

Pij :P[UZ >Uj].

As shown by Lemma 5 in Appendix C, independence of the noise implies that P;; > 1/2 if and only
if u; > u;. For every t € N, we define the event Ef; := {(:(i) < ¢;(j)}, the set of outcomes for
which item ¢ is ranked before item j at time ¢. Then, for every integer n > 2, we let:

n 1 = n 1 2
F)” = E;HE; and ‘/” = m Z (]1Et1 - ]lEtz) .

5 ij
1<t;<t2<n

The former is an unbiased estimator of F;;, while the latter is the (unbiased) sample variance. For a
given § € (0, 1), we define the full-ranking time-n confidence parameter:

6

On = L= Dn2et

-8, ¥YneN @

Concentration bounds for these estimators are given by Lemma 6 in Appendix C.2, which is based
on [18]. These include a standard concentration inequality for the sample variance plus a more
sophisticated bound stemming from an empirical version of Bernstein’s inequality.

To approximate the utility ranking, our algorithm will rely on the following intuition: when u; —u; >
€, the e-accuracy target can be achieved if the error in the estimate of F;; does not obscure the true
preference relation between ¢ and j. To make this precise, we first derive a mapping between utility
gaps and pairwise-preference probabilities. To this end, let 4, j € [k] be any two items such that
u; > u;. We define the function £ : [0, 00) — [1/2,1] as:

£(t) = /RF(x + ) du(a), 3)

3The left-hand side of the implication is equivalent to saying that the relative position of items 7 and j implied
by o is opposite to the one induced by o,.



where I is the CDF of v. Then, we can rewrite the pairwise-preference probability F;; as:

P = /]RF(J} +u; —uy) dv(z) = §(u; — uy). %)

The functioning of our algorithm will be enforced through the full-ranking resolution function
7 :[0,00) — [0, 1], defined by:
n(e) :=26(e) — 1.

Remarkably, if we define n*(¢) : [0,00) — [0, 1] as:

2
n*(e) == min{5,2\/€W}, (5)

then we can lower bound 7(e) > n*(e) for every £ > 0. This fact is proven by Lemma 7 in Appendix
C.3 and is crucial for our algorithm to be distribution-agnostic.

4.2 The FR-VUR Algorithm

Given ¢ € (0,1), for every n € N, we let d,, be the time-n confidence given by Equation (2). Then,
for a fixed e > 0, we let n*(g) be defined by Equation (5). We present the (&, §)-PAC algorithm
A = (T,6), named FR-VUR (Full-Ranking Variance-aware Utility-Ranker), which learns an &-
accurate approximation of the utility ranking based on full-ranking observations. As noted earlier, its
reliability hinges on an estimation strategy that leverages the lower bound 7* (&) to bypass the need
for parametric noise assumptions. Pseudocode is given in Appendix B.2.

Stopping rule. The algorithm’s stopping condition is given by the stopping time:

T:=min<neN:

2V log(4/6,)  Tlog(4/6,)  n*(e) £ j
J
n + 3(n—1) STa forall i 7 ©

Taking advantage of the concentration properties of our estimators, the stopping condition ensures
that |P5 — P;j| < n*(g)/4 with high probability. Although this may appear as an additive bound, it
is instead a multiplicative requirement* upon observing that max(P,5, Pj;) > 1/2. This implies:

7 ()
Pj;) - —5
To define the algorithm’s output, we need some additional devices. For every n € N, we define the
pairwise-preference graph G, = ([k], E,) as the directed graph given by:

L 1 ()
— n P> - .
i—jE& = P> 5 + 1
The utility graph is the tournament G,, = ([k], £,,) where the edge set is defined as follows: for any
two i,j € [k], i — j € &, if and only if either u; > u;, or u; = u; and ¢ < j. In particular, G, is
transitive, meaning that ¢ — j and j — ¢ imply i — /.

|PL — Pyj| = |P}; — Pji| < max(P]
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Output recommendation. Based on G, the Fpr-measurable random ranking & is given as follows:

* If G contains a cycle, we choose & € Sy, arbitrarily.
o If G is a DAG, we let G* be its transitive closure, which corresponds to a strict partial order of its
vertices. Then, we let 6 € Sj; be any linear extension of this partial order.

In particular, when G contains no cycle, i — j € Ep implies 6(i) < 6(j). To prove the PAC
property given by Definition 2, we first observe that, with probability at least 1 — 9§, Gt is a subgraph
of the utility graph, G,,. This fact follows from concentration properties of our estimators, and is
proven by Lemma 8 in Appendix C.4. Second, we note that the e-accuracy target is met if, for any
two items ¢ and j with u; — u; > ¢, we have 6(7) < 6(j). By definition, this is the case if { — j is
an edge of G. As demonstrated by Lemma 9 in Appendix C.4, this occurs with probability at least
1 — 4, thus proving that A is (g, §)-PAC.

*We use the term multiplicative bound to denote the fact that the bound itself depends on the quantity to
estimate.



4.2.1 Sample Complexity Upper Bound

The next result provides an upper bound on the sample complexity of our algorithm, proven in
Appendix C.5.

Theorem 1 (Sample complexity upper bound for FR-VUR). Let u € R* and v € N be such that
RUM (u, v) satisfies Assumption (V), and let A = (T, &) be the FR-VUR algorithm. Then, for every
5 €(0,1)ande >0, Ais (g,0)-PAC with sample complexity:

PPy (PSP B L 1k
Em_O( () log< e (e)? 5>+n*(6)10g<77*(6) 5))’ @

where P is defined so that P(1 — P) = max;»; P;;(1 — P;;).

When P(1 — P) is non-zero, the upper bound evaluates to O(P(1 — P)/n*(¢)*). The P(1 — P)
dependence reflects our algorithm’s use of an empirical Bernstein-type stopping rule, which adapts to
the intrinsic variance of the pairwise comparisons and accelerates convergence when outcomes are
highly skewed. To illustrate this advantage, consider the extreme case with distinct utilities and a
vanishing noise variance, implying P(1 — P) = 0. In this scenario, the sample complexity reduces
to O(1/n*(e)). As the variance upper bound V' goes to zero, thus matching the true variance, n* (&)
saturates at 2/5, and this residual term reduces to the purely logarithmic cost O(log(k/d)). In contrast,
a Hoeffding-based approach would rely on the global variance upper bound P(1 — P) < 1/4. For
V'V > 5¢/(4+/6), so that n*(g) = £/(2v/6V), this would result in the worst-case sample complexity:

E[T}_O<€V210g (;’;)) ®)

For a fixed V' > 0, the right-hand side becomes O(V/e?), where the term 1/ reflects the e-
accuracy objective. The V scaling captures the intuition that, if the noise variance increases, the
observed rankings become less reliable. As we will establish in Theorem 2, the V/? dependence is
information-theoretically optimal.

4.3 Information-theoretic Lower Bound

In this part, we demonstrate an information-theoretic worst-case lower bound matching Equation (8).

Precisely, we address the “small-gap regime” & < v/6V/(27), which is the most interesting case.’ To
do so, we identify a class of “hard” instances of the learning task, defined by a Gumbel noise paired
with a utility vector with a utility gap of exactly €. Our proof, provided in Appendix C.6, employs a
change-of-measure argument following [19]. Let A* = (7, 6*) be any ranking algorithm based on
FR feedback signals, and assume that A* is (g, 0)-PAC for any § € (0, 1).

Theorem 2 (Lower bound for full-ranking feedback). Let 6 € (0, 1/4]. Then, there exists a noise-
utility pair (v, u) satisfying Assumption (V) such that the sample complexity of algorithm A* =

(T*,6*) satisfies:
* 1
E[T]—Q<E2log(5>>,

where the expectation is taken with respect to the probability measure induced by RUM (u, v).

This result establishes the V//e2 scaling as a fundamental learning cost of the ranking problem. In
particular, Theorem 2 shows that the exact dependence on the noise variance is linear.

S Learning a Ranking Based on Winner-Only Feedback Signals

In this section, we shift our focus to WO feedback, which amounts to choosing the feedback filter
© = pwo. As before, Ut is the random utility vector drawn at time ¢ from a fixed RUM (u, v/).

>The threshold v/6V /(27) ~ 0.39/V is the one under which the Gumbel instances used in the proof satisfy
e/B < 1/2, where (3 is the scale parameter. Its precise value is immaterial: our results are asymptotic, thus
justifying the restriction to the small-gap regime.



We introduce WO-VUR (Winner-Only Variance-aware Utility Ranker) as a direct counterpart to
the FR-VUR algorithm. This naming is intentional: while being tailored to two distinct feedback
types, our algorithms only differ in what kind of preference probabilities they estimate. In the FR
case, these were pairwise-preference probabilities, while here, they will be winning probabilities. To
emphasize this continuity, we deliberately maintain the notation for all key quantities (e.g., n, n*, and
A) to formally signal that the fundamental mechanics remain invariant across both feedback models.
As in the full-ranking case, the noise distribution satisfies Assumption (V).

5.1 Assumptions on the Noise Distribution

If an item has a vanishingly small probability of being the winner, the (&, §)-PAC objective becomes
unattainable. Indeed, as we will show in our lower-bound analysis formalized by Theorem 4,
the sample complexity of any PAC algorithm is inversely proportional to the minimum winning
probability, Py;,. Therefore, to ensure well-posedness, we explicitly require that every item have a
non-zero probability of being the winner. To do so, we fix a non-trivial interval (a, b) where possibly
a = —oo and b = o0, and assume that the following holds:

(WO1) The noise distribution v has a density f whose support contains the interval (a,b), and
u; —uj < b—aforanytwoi,j € [k].

We anticipate that our proposed algorithm does not require exact knowledge of a and b. In the
following, we denote by F' the CDF of v and define the Reversed Hazard Rate (RHR) r : Supp(f) —
[0, 00) as the function (z) := f(x)/F(x). For every i € [k], its winning probability is defined as:

P; = P[Uz > Uj, VJ S [k] \{’L}] .

For any two indices ¢, j € [k] with u; > u;, the winning probabilities have the following monotonicity
property: P; > P; if and only if u; > u; (see Lemma 12 in Appendix D.3). In general, the winning
probability of an item depends on the magnitude of all utility gaps. However, in the PL model induced
by a Gumbel noise with scale parameter s > 0, the utility gap between any two ¢ and 7 is a function

of the winning-probability ratio, that is:
P;
u; — uj = slog (P]) . )
Exploiting this, Saha and Gopalan [17] use estimates of the probability ratios to approximate the
ranking induced by the PL parameters. We aim to generalize this approach to a broader class of

RUMs: rather than PL parameters, we establish a functional relation between winning-probability
ratios and utilities through the sufficient condition on the noise distribution given by:’

(WO2) For every t > 0, the RHR ratio r(x + t)/r(x) is a non-increasing function of & on Supp(f).

Examples of log-concave distributions satisfying this assumption are reported in Table 1 in Appendix
B, including the Gaussian and logistic distributions. To derive the desired relation under (WO?2),
consider two items ¢ and j. Assuming that u; > u;, we have:

P _p = / H r(z +ui —uy)
o : r(z)
Supp(f) g4

The product of CDFs is non-decreasing, while Assumption (WO2) ensures that the function in the
brackets is also non-decreasing. Thus, a direct application of Harris’ inequality [21] yields:

r(m—i—ui—u-))
P, —P; > 1- - dx - P;. 11
J = Aupp(f) ( 7”(1}) f(x) Z ( )

Now, let us define the functions ¢ : (0,b —a) — (0,1) and £ : (0,b — a) — (1, 00) by setting:

1 r(x +1) o) da _ 1
() =1 /Supp(f)r(x) ) de and €)= — (12)

F(z + u; — ) [1 - } f(x) da. (10)

1—¢(t)

SThis property is typically referred to as Independence of Irrelevant Alternatives (IIA) [20].
"For & € Supp(f) and ¢t > 0 such that = + ¢ lies outside of the support of f, we extend the definition by
setting r(z + ¢t) := 0.




Rearranging Equation (11) yields P;/P; > &(u; — u;). By log-concavity, & is non-decreasing
(Lemma 13 in Appendix D.4); taking the (generalized) inverse, we obtain the desired relation:

J

We define the subclass Ny (a,b) C N as the set of all noise distributions for which Assumptions
(WO1), (WO?2), and (V) are satisfied. In Appendix A.1, we discuss the strengths and limitations
implied by Assumption (WO2) by comparing our setting with the one considered by Saha and
Gopalan [11].

5.2 The Winner-Only Resolution Factor

For every i € [k] and t € N, we define the event E! := {(; = i}, consisting of those outcomes for
which 7 is the winner at time ¢. For every n € N and each i € [k], we let:

n 1 & n 2
P; ::EZHEf and V" = ——— > (g = Lg)®.

t=1 (n—1) 1<t1<t2<n

The former is an unbiased estimator for P;, while the latter is the corresponding (unbiased) sample
variance. Given a fixed § € (0, 1), we tune the winner-only time-n confidence parameter to be:
3
" on2n2k
Concentration inequalities for the above estimators are given by Lemma 11 in Appendix D.2, which
is based on the results of [18].

.8, VYneN. (14)

The FR resolution function defined in Section 4 was used in the design of FR-VUR to enforce a
multiplicative constraint on the pairwise-preference probability estimates. As we aim to utilize the
same rationale in the current setting, we overload notation and define the winner-only resolution
Sfunctionn : (0,b—a) — (0,1) as:

§(t) -1

t) := ,
0= T
where ¢ is given by Equation (12). Remarkably, we can provide a lower bound on the resolution

function which is uniform across all noise distributions for which Assumptions (WO1), (WO2), and
(V) are satisfied. We define the function n* : (0,b —a) — (0, 1) as:

1
7 (€) = g5 min (1, \/ZT/) . (16)

Then, n(e) > n*(e) for every € € (0,b — a), as proven by Lemma 14 in Appendix D.5.

15)

5.3 The WO-VUR Algorithm

Given ¢ € (0,1), for every n € N, we let §,, be the winner-only time-n confidence parameter given
by Equation (14). Then, for a fixed accuracy € € (0,b — a), we let n*(¢) be the resolution-function
lower bound given by Equation (16). We present and analyze the (e, §)-PAC algorithm WO-VUR
A = (T, &), where the overload of notation is intentional and aims to emphasize the continuity with
the FR setting. Rather than estimating pairwise-preference probabilities, WO-VUR delivers its final
recommendation based on the winning-probability estimates, computed as empirical frequencies.
Remarkably, the noise distribution is allowed to be any element of Ny (a,b), thus making our
algorithm distribution-agnostic. Pseudocode is given in Appendix B.2.

Stopping rule. The stopping condition is defined through the F-stopping time

2V log(4/6n) | Tlog(4/6n) _ n*(e) n :
. + 3n—1) < 'Pi,forallze[k]}. (17

T:min{nEN:

Given the estimates Py’ ..., P} at time n, we let 0,, be the unique permutation of [k] satisfying:

on(i) < on(j) <= P > P}'V (P = P/'andi < j) .



Output recommendation. The recommendation is defined as the Fr-measurable permutation & := o7.

In order to show that A fulfills Definition 2, we suppose that:

2V log(4/0r) , Tlog(4/dr)

T 3(T—-1)
As shown by Lemma 11 in Appendix D.2, this is true with probability at least 1 — §. Using the
definition of T and the fact that * () < 1, we have |PT — P;| < PI/2 forevery i € [k], highlighting
the multiplicative nature of the bound. Now, suppose that items ¢ and j are misranked at time 7', thus
implying (P; — P;)(P — P") < 0. W.lo.g., we can assume that u; > wu;, so we have:

|PI — P <

Vi € [k].

n*(e *
0< PP < T (BT LB <o) (Pt Py,

Rearranging these terms yields:
b _1+4n°(e) _ 1+n(e)

o > = 6(5)3

Py " 1—=n*(e) ~ 1—nle)
where 7)(¢) is the resolution factor of the true noise distribution. On the other hand, since u; > u;,
the Harris-based bound derived above gives &(u; — u;) < P;/P;, so that {(u; — uj) < £(g). As{ is
non-decreasing by Lemma 13, we conclude that u; — u; < €. In other words, we have shown that:

with probability at least 1 — 4, if 4 and j are misranked, then their absolute utility gap is bounded by
€. Hence, algorithm A is (g, 0)-PAC.

5.3.1 Sample Complexity Upper Bound

The next result derives an upper bound on the sample complexity of the WO-VUR algorithm. Formal
derivations are given in Appendix D.6.

Theorem 3 (Sample complexity upper bound for WO-VUR). Let u € R* and v € Ny (a,b), so
that RUM(u, v) satisfies Assumptions (WOL), (WO2), and (V), and let A = (T, &) be the WO-VUR
algorithm. Then, for every § € (0,1) and e € (0,b — a), Ais (g,0)-PAC with sample complexity:

1 1 k
E[T] =0 1 s 18
7 <Pmin77*(5)2 * (Pminn*(&f 6>> ’ "

where we defined Py := min;e() Pi. For ¢ < 2V, using the explicit expression for n*(¢) given
by Equation (16), the sample complexity upper bound can be rewritten in terms of € as:

\%4 |4 k

The term P, shows a fundamental limit of the WO setting. The utility gap between ¢ and j is
estimated based on the empirical frequencies of their wins. Thus, if these items are rarely observed
as the winner, reliable estimation will require a large number of samples. Our Bernstein-type
stopping rule results in the term 1/P,;,. In contrast, a Hoeffding-based approach would rely on
P;(1 — P;) < 1/4, thus resulting in the quadratic term® 1/ P2, . The 1/¢? scaling given by Equation
(19) reflects the e-accuracy target, mirroring the full-ranking upper bound given by Theorem 1.
Similarly, the dependence on V' is the same as in the FR setting, thus confirming the linear dependence
on the reliability of the feedback signals. The log(k) dependence results in a cost of lower order. As
we shall see, Theorem 4 establishes the V/ (g% Py;y) scaling as information-theoretically optimal.

5.4 Information-theoretic Lower Bound

If Puin = 0, observing the item with the least utility would take an arbitrary number of steps, so
any algorithm would be ineffective. To obtain a meaningful lower bound, we analyze the sample
complexity over all RUMs with & > 3 items and minimum winning probability Py, € (0,1/k).°

8This can be seen from Equation (46) in Appendix D.6.

‘'We deliberately exclude Puin = 1/k. Indeed, this forces the trivial case u1 = - - - = uy. We also exclude
k = 2: in that case P + P> = 1, so the minimum winning probability is a function of the single utility gap, and
Prin cannot be varied independently of ¢.



Let A* = (T, 6*) be an algorithm that outputs a ranking based on WO feedback signals, which we
assume to be (¢, §)-PAC for any 6 € (0,1) and € € (0, b — a). Formal derivations of the lower bound
are given in Appendix D.7. The following result establishes the lower bound.

Theorem 4 (Lower bound for winner-only feedback). Let k > 3, Pyin € (0,1/k), and 6 € (0,1/4]
be fixed. Then, there exists a noise-utility pair (v, u) satisfying Assumptions (WO1), (WO2) and (V)
such that the sample complexity of algorithm A* = (T*,6*) satisfies:

E["] = 0 (szgzlog (;)) ,

where the expectation is taken with respect to the probability measure induced by RUM(u, v).

Our lower bound contrasts with the O(k/e?) sample complexity derived by Saha and Gopalan [17]
for the PL model. The discrepancy arises because their framework seeks an e-optimal ranking,
penalizing misclassification based on the difference between the PL parameters e“¢. If 7 and j
have utilities u;, u; < 0, then e**, €% ~ 0. Thus, the distance metric used in [17] forgives the
misranking of these two. This effectively circumvents the fundamental informational bottleneck
of Py, established in Theorem 4, allowing for the claim of full ranking recovery without actually
resolving the relative order of items with a low winning probability.

6 Open Challenges

We addressed the problem of recovering utility rankings from two types of feedback. A natural next
step is to explore intermediate feedback models, such as top-m [17] or subset preferences [1]. Future
research should investigate whether the variance-adaptive stopping rules central to the VURSs can be
generalized to accommodate other feedback structures while retaining order optimality. Our analysis
of the winner-only feedback in Section 5 relied on Assumption (WO2) to derive a uniform lower
bound on the resolution factor as a function of the variance upper bound and the accuracy parameter.
While this assumption encompasses the Gaussian family and other common log-concave distributions,
it excludes cases like the uniform or Laplace distributions. A significant research endeavor would be
to identify alternative and, possibly, more relaxed conditions that preserve the existence of a strictly
positive resolution factor across a broader class of noise distributions.
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A Related Works

Our work relates to the existing literature along three primary dimensions: the way of generating
feedback, the definition of the objectives and metrics, and the types of feedback used to achieve the
target.

A standard paradigm in preference learning is inferring latent properties from human judgments,
such as distinguishing “good” from “bad” trajectories in RLHF [2, 22] or predicting user choices
in recommender systems [23, 24]. While the PL. model [4, 5] is the ubiquitous choice for these
tasks, it is a specific instance of the broader Random Utility Model (RUM) framework [3]. Our
work adopts the RUM framework with log-concave noise, which provides a unifying lens for these
models. Several works implicitly utilize log-concavity by considering the PL model [15-17, 25, 26],
while others do this explicitly [1]. Remarkably, log-concavity of the noise ensures several desirable
properties of the implied ranking distribution [7]. In this paper, we exploit this regularity to derive
uniform lower bounds on the resolution factors.

The definition of “preference recovery” varies significantly across the literature. Multi-armed and
dueling bandit frameworks often focus on identifying a single best item [11, 27, 28], a paradigm
known as best-item identification. Many approaches focus on statistical parameter estimation, with
particular attention devoted to the estimation of PL parameters, typically measured by the Lo-norm
[1, 6, 29]. When the goal is a ranking, metrics like Kendall-tau distance [9] or maximum rank
difference [10] are standard. When the utility ranking is the target, it is possible to bypass utilities
entirely by assuming distributions over permutations, such as the Mallows model [30, 31]. In contrast
to these approaches, we operate within the PAC framework [8], defining success through the notion
of e-accuracy. This objective bridges the gap between pure parameter estimation and exact ordinal
recovery, by incorporating utility information into the target ranking in an intuitive manner.

Finally, we distinguish works by the density of the feedback signal. In line with the present paper,
some works consider winner-only feedback signals [11, 17], which are generalized through the
notion of top-m feedback. For full-ranking feedback, a common technique is rank-breaking, which
decomposes permutations into pairwise comparisons modeled via a comparison graph [15, 16, 26].

A.1 Additional Comments on the Winner-Only Setting

We compare our approach to the Minimum Advantage Ratio introduced by Saha and Gopalan [11].
While both frameworks seek to lower-bound the winning-probability ratio P;/P; in terms of the
utility gap A;;, the methodologies and objectives differ in two key aspects. First, Saha and Gopalan
[11] focus on identifying the e-best item, whereas we target the recovery of the full utility ranking.
Under WO feedback, the latter becomes a significantly more challenging problem. This is due to
the informational bottleneck represented by the minimum winning probability P;,, as established
by our lower bound analysis formalized through Theorem 4. Second, their approach relies on a
distribution-specific constant ¢, which is derived via a so-called “variational lower bound” formalized
through Lemma 2 in [11]. This constant must be computed for each noise model and provided to the
algorithm as a parameter.

In contrast, our approach leverages the structural regularity of log-concave distributions. Owing to
Assumption (WO2), applying Harris’ inequality allows us to derive a lower bound on the resolution
factor that is distribution-agnostic and expressed solely as a function of the variance upper bound
V' and the accuracy parameter €. We acknowledge that our assumption is more restrictive than the
variational requirement in [11], as it excludes distributions like the uniform or Laplace. However,
it enables the design of algorithms that do not require exact knowledge of the noise distribution,
effectively capturing the “cost of agnosticism” through the universal dependence on V.

B Variance-aware Utility Rankers

B.1 Comparison Table

Below is a comparison table listing several examples of common log-concave distributions. For
each of them, we provide explicit conditions ensuring that the mean is zero and Assumption (V) is
satisfied. If these two are met, the given distribution is allowed by the FR-VUR algorithm presented
in Section 4. In other words, provided that the noise distribution v of the feedback-generation process
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RUM(u, v) is any of those for which the above two conditions are verified, the theoretical guarantees
derived for FR-VUR will hold.

Similarly, we say, for each of the listed distributions, if Assumption (WO2) is also met (see Appendix
D.1). In this case, the distribution is allowed by the WO-VUR algorithm as well, and the sample
complexity analysis of Section 5 applies. We recall that successful learning in the WO setting requires
that the largest utility gap is smaller than b — a, where (a,b) C Supp(f), and f is the density of
the noise distribution. Therefore, it is implicitly assumed that, given an absolutely continuous noise
distribution v, the utility vector is chosen so that the above condition is met.

Noise distribution Centeredness Bounded-variance (V) FR-VUR WO-VUR

Gumbel(u, ) = —sy s < V6V /7 v v
Normal (1, 02) uw=0 o <VV v v
Logistic(p, s) uw=0 s <3V /m v v
Laplace(y, s) w=0 s < 4/V/2 v X
Uniform(c, d) c=—d d—c< V12V v X

Table 1: The parameter v in the centeredness condition of the Gumbel distribution is the Euler-
Mascheroni constant, whose value is approximately 0.58. All distributions are allowed by the
FR-VUR algorithm, while the uniform and the Laplace distributions do not exhibit the required
monotonicity of the RHR ratio needed for successful learning in the WO setting.

B.2 Pseudocode for Variance-aware Utility-Rankers

Below is the pseudocode for the VUR algorithms presented in Sections 4 and 5, respectively.

Algorithm 1 Full-Ranking Variance-aware Utility Ranker

Input: Items [k], confidence ¢ € (0, 1), accuracy € > 0, variance bound V' > 0

. ege e . * 3 2 [
I: Initialize: n < 0, G < ([k],0). 7" () - min(3, 5 75)

2: P;; < 0,V;j < 0,and I;; < n*(e)/4 for every i # j in [k]
3: repeat

4 n<+<n+1

5:  Observe full ranking o,, from RUM(u, v) and set d,, < k(k+‘;nzﬂ
6:  for each pair i # j do

7: P;j + =L P;; + 11{i is ranked before j in o7, }

8: if n > 1 then

9: Vij = 25 B (1 = Py)

10: Iij <4/ 2V 11;54/6") + 7;?514,/%)
11: end if
12:  end for

13: until I;; < n*(e)/4 for every i # j
14: for ¢, jsuchthat1 <i < j < kdo
15:  if P;; > 1/2 4 n*(e)/4 then

16: Addi— jtoG

17:  elseif P;; > 1/2+ n*(¢)/4 then
188  Addj —itoG

19:  endif

20: end for

21: if G is acyclic then

22: G < transitive closure of G and & <+ topological sort of G
23: else

24: & < arbitrary permutation of [k]

25: end if

Output: &
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Algorithm 2 Winner-Only Variance-aware Utility Ranker

Input: Items [k], confidence ¢ € (0, 1), accuracy € € (0,b — a), variance bound V' > 0

1
8e3 863\€/W)
P, +1,V; < 1/4,and I; < n*(g)/2 for every i € [k]

Initialize: n < 0, n*(¢) < min (

k7r326n2
for each i € [k] do
P; n—lPi + %]].{wn = ’L}

n

1:

2

3

4

5 Observe winner w,, from RUM(u, v) and set §,, <
6

7

8 if n > 1 then

9

n—1

. /2V;In(4/6,) 7In(4/6,)
10: Ii n + 3(n—1)

11: end if
12:  end for

13: until [; < P; - n*(¢)/2 for every i € [k]
14: & < unique permutation o € Sy such that o(¢) < o(j) <= P, > P; V (P; = P and i < j)
Output: &

C Technical Results and Proofs for Section 4

C.1 The Pairwise-preference Probabilities

We begin by showing that the pairwise-preference probabilities F;; behave consistently with the
underlying utilities.

Lemma 5. Let P;; = P[U; > Uj| be the pairwise-preference probability defined in Section 4. Then,
P;; > 1/2ifand only if u; > u;.

Proof. We denote by f and F the density and the CDF of v, respectively. Additionally, we let (a, b)
be an interval fully contained in Supp(f).

If u; = uy, then, by symmetry, we have P;; = 1/2. if u; > u;, then

P”:/R}P’[U]<U1\Uz=x]f(x—uz)dx
:/F(xfuj)f(x—ui)dx
R

(©)
= / Fy 4 u; —u;) f(y) dy,
R
where we used the change of variable y = a — w; for (i). Now consider the function g : [0,00) — R
defined by
ot) = [ Fly+0fw)dy.
R

Taking the first derivative, we find

g0 = [ 1+01w .
Since (a,b) C Supp(f), for t < b — a, there exists a subinterval of Supp(f) where both f(y -+ t) and
f(y) are strictly positive. Thus,
g'(t) >0 foreveryt € [0,b— a).

Moreover, g'(t) > 0 for every ¢ > 0, so g is non-decreasing on the whole half-line. Together with
the fact that g(0) = 1/2, this implies g(t) > 1/2 for every t € (0,b — a) and, by monotonicity,
g(t) > g(to) > 1/2 for every t > b — a and any fixed ¢ty € (0,b — a). Since P;; = g(u; — u;) and
u; —u; > 0, we conclude that P;; > 1/2.
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To prove the converse implication, suppose P;; > 1/2. As noted above, we cannot have u; = u;, so
either u; < u; or u; > ;. The former would imply Pj; > 1 /2, but since P;; + Pj; = 1, this yields
a contradiction. O

C.2 Concentration Bounds
The following result provides anytime-concentration bounds for the unbiased estimators introduced
in Section 4. Our inequalities are based on [18].

Lemma 6. Fix § € (0,1) and let 0,, be the time-n confidence parameter defined by (2). Then, with

probability at least 1 — 6, the following hold simultaneously for every pair (i, j) with i # j and every
n e N\ {1}:

2V} log(4/6n)  Tlog(4/5y)

_ n <
[P = P | n 3(n—-1) "~ (20)
- 21log(2/0y, )
’\/ Vi — \/ Pij( Pij) n—1 @

Proof. For a fixed pair (7,j) with 1 <14 < j < k and n > 2, we define the events

2Vijlog(4/6n) = Tlog(4/6,)

Ar =S |Py — P <
1] | J zg| — n 3(n_1)

and

By Theorem 4 and Theorem 10 in [18], we have P [A?J] >1—6,and P [BZ"]} >1—0,. By taking
a union bound, we obtain

2log(2/0y, )}

n—1

PIOL N @gnsp || =1-PIU [ U vy

neN \1<i<j<k neN \1<i<j<k

E(k—1) &
>1—- —— 7
>1 5 Téf%

60 1
=1- 2 n2
n=1
99y,

where (i) follows from the well-known fact that ) 1/n? = 72/6. To conclude, it suffices to
observe that, for any two distinct items ¢ and j, one has

‘Pij_Pi?‘:‘sz P%| and V;?:X/]’;

j’L

C.3 Uniform Lower Bound on the Resolution Function

In this section, we formally derive a uniform lower bound on the FR resolution function that holds
across all noise distributions satisfying Assumption (V).

Lemma 7. Let v € N be a noise distribution satisfying the bounded-variance condition (V). Then

n(t) = n"(t) foreveryt € 0,00)
where n* (€) is defined by (5).
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Proof. Since v € N, it is absolutely continuous w.r.t. the Lebesgue measure; we denote by f its
density. For ¢ > 0, we define the function

B Jo F(x —t)f(z)dx

¢lt) =1 Jg Flz+1t)f(x)de’ @2)
Using the definition of 7, we have
() ()

where we used the fact that ¢ is [0, 1]-valued. If we define X and Y as any two independent random
variables distributed according to v, we can rewrite

AF@—ﬂﬂ@dw:APW<x—ﬂﬂ@dx

:/]P’[Y<X—t|X=x]f(x)dx
= IP’R[Y - X <.
Similarly,
/F@+@ﬂmM:PW—X<ﬂ.
If weset Z:=Y — X, then (22R) implies

PY -X<-1]
PlY —X <t ~  H()’

() =1-

where H is the CDF of Z.

By this, a lower bound on 7 can be obtained by upper-bounding the ratio H(—t)/H (t). The random
variable Z is log-concave and symmetric, so its mean, mode, and median coincide and are equal to
zero. In particular, H(—t) = P [Z > ¢] for every t > 0. Denoting by ¢ the standard deviation of Z,
Lemma 18 implies

1 t
———— if0<t<20/V3
_ 2 230 -
H( t) S 20.2 ) .
o ift > 20/V/3

‘We now consider two cases.
Case I: If t € (0,20/+/3), then
H(-t) V30—t
< .
1—H(~t) = /30 +1t
Using the fact that ¢ < V30 and 02 < 2V, we obtain

1 H(-t) . t
1—H(-t) = V6V
Case 2: If t > 20 /+/3, then
202 1
<
2~ 6
Thus, we have
po_H) 4
1—-H(-t) =5
Using (23), we conclude that
() > mi c i ) vt € [0, 00)
min | -, —— ,00).
= 5 2\/6V
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C.4 The PAC Property

In this section, we prove two results showing that the FR-VUR algorithm presented in Section 4 is
(e,9)-PAC.

Lemma 8. With probability at least 1 — 0§, the pairwise-preference graph G is a subgraph of the
utility graph.

Proof. With probability at least 1 — &, the inequality given by (20) holds for all ¢ # j and n > 2. In
particular, taking n = T, this further implies

n*(e L.
|PL — Pyl < # Vi # .

Ifi — j € &p, i.e., there is an edge from i to j in G, then

1 n*() n*(e) 1
p.. — pI p._ pl - _ - =
CA ij+(” ij)>2+ 4 4 2

Since P;; > 1/2 if and only if u; > u; (see Lemma 5), we conclude that 7 — jis anedge of G,,. [

Lemma 9. With probability at least 1 — 9, if i and j are any two items such that u; — u; > €, then

(i) < 6(5).

Proof. With probability at least 1 — §, inequality (20) holds for all ¢ = j and n > 2. In this regime,
the condition of Lemma 8 is satisfied, so, taking n = T,

n*(e S,
|Pi:§_Pij|<# Vi # j.

Now let ¢ and j be any two items such that |u; — u;| > €, say u; > u; + €. If n(e) denotes the
value of the resolution function computed for the true noise distribution, then Lemma 7 ensures
n(e) > n*(e). By (4) and the monotonicity of &, P;; > (). Using the definition of n(e), we have

pys Ly 181,16
2 2 2 2
Hence,
L n(e) n(e) 1 n'e)
PL = Py + (PY — Py) > = — == .
1] J +( 1] ]) > 2 + 2 4 9 + 4

This implies ¢ — j € Er. Since G is a DAG, from the definition of &, it follows that (i) <
5(). 0

C.5 Sample Complexity Upper Bound

In this section, we prove Theorem 1. To do so, we first define £ as the set of outcomes for which the
following hold simultaneously for every n € N\ {1} and any two distinct  and j:

2V log(4/6n)  Tlog(4/6n)

n_ P <
|P’LJ P1]| f— n 3(n_ 1) 9 (24)
- 2log(2/6n) )
’«/Vm VPl - Py) B ©5)

where J,, is the one given by (2).
If (25) holds, then multiplying both sides of /V;} < VPij(1=Py) + +/2log(2/5,)/(n — 1) by

\/2log(4/6,)/n gives

2V log (4/6,) \/ — Py log(4/5 ) N 21og(4/d,)

n—1

)
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where we used log(2/6,,) < log(4/6,) and n(n — 1) > (n — 1)2. Adding 7log(4/5,)/(3(n — 1))
to both sides, we obtain

2V log(4/4,) 710g(4/6n)<\/2Pij(I—Pij)10g(4/6n) 131log(4/5,,) 26)

n 3(n—1) n 3(n—1) '

whose left-hand side is exactly the quantity appearing in the stopping rule (6). Thus, if £ occurs, the
stopping rule is satisfied if the following hold simultaneously for every i # j:

V 2P,;(1 — Py)log(4/6,) _ n*(e)

< , (27)
n 8
13log(4/6,)  n*(e)
< 28
3(n—1) 8 (28)
Condition (27) holds for every i # j if the stronger requirement below is satisfied:
1281og(4/dy,
n > max(P,;(1— Py)) - LQ/).
# n*(g)
In particular, it holds for ng, which we define as the minimum positive integer n such that
1281og(4/d,
n > max { 2, p(1 - p) - 2510804/00) |
()
where p € [0, 1] is chosen so that
p(1 = p) = max(P;;(1 - Py)).
i#]
Using the explicit expression of §,, given by (2), we have
1281og(4/6n,) 256 2knom
no <p(l—p) ———5—>+1<max|p(l-p)- log 2.
7 (e)’ 7 (e)’ V6o
By Lemma 17, there exists a universal constant Cy such that
1-— 1-— k
no < max (Cop( D1 (Cop( 1) ) ,2) , (29)
7 () ) 0

where log(0) is understood as —oo.

Now we consider the condition given by (28), and define n; as the minimum positive integer n such

that
n> [104 log(4/6,) n 1-‘ '
3n*(e)
Such an integer exists, since the right-hand side grows logarithmically in n, while the left-hand side
grows linearly. By minimality, the inequality above fails at n; — 1, and since J,, is non-increasing in
n, this yields
104 1og(4/dn,)

3
208log(4/6n,) 4>

3n*(e)
Using the definition of J,,, Lemma 17 ensures that there exists a constant C; > 0 such that

Cl Cl k
o (108 (55 5) 1)- 0

If we let no := ng + ny, then for every n > no, the conditions given by (27) and (28) are both
satisfied.

ny + 2

It follows that
n1; < max <
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Now, the sample complexity can be decomposed as
ET|=E[T 1]+ E[T - 1g]. 31)

Using the tail-sum formula for the expectation, we can rewrite

E[T-1g] =) P[T-1ge >n).
n=1
If n > no, then necessarily 1¢. = 1. Indeed, we defined n, in such a way that, if £ occurs, then the
stopping condition is met for all n > ns + 1. Therefore, we have

i P[T-1gc >n]= i P[T >n].

n=nqo+1 n=ns+1

If T' > n, then the stopping condition was not satisfied at time n — 1. Thus, at least one of (24)
and (25) is violated for at least one pair (7, j) with ¢ # j. By a union bound over the k(k — 1)/2
unordered pairs and the two conditions, this occurs with probability at most k(k — 1)d,,—1. Hence,
using the definition of é,, given by (2),

S P <k(-1)Y 6= 7222 <0,
n=ngs+1 n=no n=no

for a universal constant Cy > 0. It follows that

n=1
Using the decomposition given by (31), this implies
E [T] < ng+ Cs.

To prove the claim, we use the upper bounds given by (29) and (30) together with the definition of
n*(e). O

C.6 Information-theoretic Lower Bound

We derive an information-theoretic lower bound for the ranking problem in the FR setting, thus
proving Theorem 2. To this end, we fix a variance upper bound V' > 0 and consider the centered
Gumbel distribution v with scale parameter 3 = v/6V /m and location parameter y = — /37, where
is the Euler—-Mascheroni constant. This ensures that v is centered and that its variance is equal to V.
We fix an accuracy level ¢ in the small-gap regime ¢ < v/6V /(27), which is equivalent to requiring
€:=¢/p € (0,1/2). Then, consider the utility vectors u and v given by

Uy = Vg = ¢

and
up =v, =0 forevery £ € [k]\ {1} and m € [k] \ {2}.

Since the location parameter shifts all sampled utilities by the same constant, the induced ranking
law does not depend on p, and we can consider RUM(wu, v) and RUM (v, v). These are seen as two
instances of a multi-armed bandit problem, where the number of arms is n = 1. At each round ¢, the
learner plays the only available arm. The observed reward is the feedback signal, consisting of a full
ranking of items 1, . .., k. The ranking distributions P and () correspond to the reward distributions,
and are given by

Plo)="P [U(i) = Ua—l(i) Vi € [k] |[RUM(u, l/)]
and

Qo) =P [Uy) = Uy-13) Vi € [k] [RUM(v, V)],
for every o € Sy.

We denote by PP, and P, the probability measures on (2, F) induced by RUM(u, v) and RUM(v, v),
respectively. The next result provides an upper bound on the KL divergence between the two ranking
distributions.
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Lemma 10. Let P and Q be the ranking distributions introduced above. Then, the KL divergence is

upper-bounded as

m2e?

Dxi (P[|Q) < v

Proof. In what follows, we abuse notation and use P[] and IP,[-] to denote the same probability
measure.

Consider any sample from RUM(u,v). Let o € Sy and denote by ¢; the index of the j-th order
statistic. Then, we can factorize the probability of observing o as
k—1
P(o) =Puliy =071 (1)] - H Pulis =0 1 (t)|i; =0~ 1(j) forj <t —1]. (32)
t=2
A similar factorization holds for (), and these allow us to think of the sampling process as a sequential

one: first, the top item ¢; is chosen among all items 1, .. ., k; then, item 5 is picked among all the
remaining items; and so on, until only one item is left and is chosen as the last element of the ranking.

According to this interpretation, if S; C [k] is the set of items left after the first ¢ — 1 items have been

chosen, we define
' ewi/B )
Pli| S := W forall i € S;.

Now, using (32), we can write

k—1

D (P[|Q) = Y EvulDxe (P[] S 11 QL | S, (33)

t=1
where the expectation is taken with respect to IP,, over all pairs (¢, S;) where necessarily i € S;.
For simplicity, we introduce the parameter € := ¢/, which allows us to rewrite

u1 /B =¢ and ug/B =0 forall £> 1,

as well as
vo/B =€ and vy/B =0 forall £ # 2.

Recall that € € (0, 1/2), which is exactly the small-gap condition ¢ < v/6V /(27) assumed above.
To estimate the KL divergence between P and (), we consider three different cases. In the following
analysis, we fix any t € [k — 1].

Case 1: {1,2} N S, = 0.

In this case, 1 and 2 have already been picked as the ¢-th decision round starts, so the conditional
winning probabilities given S; induced by w and v are the same:

Dkr (P[-[ S || Q[ [ St]) = 0.

Case2: 1,2 € S,.
In this case, we have

, Pli,| S
Dxw. (P[-| SN QL|Se]) = ) Plic| 5] logcw
i+ €Sy
. Pli, 1S Pll] S
= Z Pliy | Sy 1OgM + Z P[t] 5¢]log Q{E:St}
1:€S:\{1,2} . =12 t
0 : g —
= 7~1 ¢ 7~1 c
CAEE og(e®) + S—i+e og(e™)
_(ef-1E
o |St| -1+ 65
= 1S
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where (i) follows from the fact that the first sum is equal to zero and (ii) is due to e* — 1 < z + 22
forz € (0,1/2).

Case 3: |S; N {1,2}| = 1.
In this case, we consider two further subcases corresponding to: (a) 1 € S; and 2 ¢ Sy, and (b)
2eStand1¢St.

Consider (a) first. Setting W := 3" €/ and W' := 3", g €"/P, we obtain

Do (P S11Q[18:) = D Plic = j| Si] log DLt =715

= Qlir = j| St
et W' ef 1 w’
= —1 —1] -
e+ > plsy
JeS\{1}
e /. w’ 1 w’
=W <5+logw> + | Z Wlog W
JES\{1}
= e + lo K
w T

To bound the term with the logarithm, observe that log(1/y) < 1/y — 1 for every y > 0. Thus, we
have
W/ |St| ‘St| 1-— 6€~
log — = log 24 < 2 1
CW T ®W =W W
where we used the fact that W’ = |S;| and W = |S;| — 1 + €. It follows that

Dy (PLIS1QLISI) < 5+~
_ efE4+1—¢€f
N W
22
=TS

using the inequality W > |S;| and observing that
e“r+1l—e’=e"(xr—1)+1<2? forxc (0,1/2).

The calculations for scenario (b) are similar and yield

w’ g
Dir (P[- [ Se] || Q[ S]) = 1OgW - W
e —1 g
=os (14 5 ) - 5
M ef —1 15
S
e
T 1S
52
e

where (i) is due to log(1 4 ) < x for > 0, whereas for (ii), we relied again on the fact that
ef —1<é+ &%
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Now, observe that E, ,, [Dxr (P[-| S¢] || Q[ | St])] can be computed by averaging the KL divergence
inside the expectation over all choices of S;, where weights are induced by P. Using the bounds
derived in the three cases above and the fact that &2 < £2, we obtain
g2+l &2
EmquXPHSAHQHSm}SFTLQGSA—@J*+PHﬂJ}ﬁ&M:Hﬁm
282
|Se]”

where, with abuse of notation, P(E') denotes the probability of event E under the PL. model associated
with u.

(35)
<(1-P[L,2¢5])

Next, let us observe that

where k — ¢ + e > k — { + 1 for every £ € [t — 1]. This implies

t—1

k-t k—t+1 |S)
Plles) < - iy
| est]_gk—£+l K K

On the other hand, one has

t—1 - .
E—({+1)+e  |S+e -1
Pl2e 5] < — = . .
2 € t]_g k—0+ef k+e —1
By using a union bound, we have
S, S, -1
(171:)[1,2¢St]):P[16;5‘1t01'265t]SM‘F‘t|<i>7e

k k4+e —1"°
Since &€ > 0, k + € — 1 > k; moreover, |S;| > 1. Therefore, we can bound

|Sy| +ef —1 - |Se|(1+e —1) |5y

kE+e—1 — k k

From this, we obtain
|Se] (1 + €°) < 3|5
k - k7
where we used the fact that e” + 1 < 3 for every « € (0, 1/2). Together with (35), this allows us to
derive our final bound

P[lGStOI'?GSt]S

By Dc (PL1S11QLSD) < -

Combining this with expression (33) yields

=2
P (PIIQ <Y 2

By recalling that € = ¢//3, we finally get

62 7l

Dk (P[] @) <
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Let A* = (T*,6*) be an (e, §)-PAC algorithm, and define the Fr~-measurable event
E={6"(1)<d6"(2)}.

Then
P,E]>1-¢§ and P,[E] <.

Let us assume that 6 € (0, 1/4], as the confidence parameter is typically chosen to be very close to
zero. For z > 1 — ¢ and y < 4, the binary relative entropy satisfies

d(z,y) > d(1 —6,8) > log <315> .

Using this, a direct application of Lemma 16 yields

BT (P11 @) 2 1o (55 )

Hence, by Lemma 10, we obtain

In conclusion, since log(1/(30)) > £ log(1/6) for every & € (0,1/4], we have

B, [T"] = Q (EVQ log (;)) .

D Technical Results and Proofs for Section 5

D.1 Example Distributions

In this section, we briefly present some log-concave distributions that satisfy Assumptions (WO1) and
(WO2). For each of them, we give an explicit condition on the scale parameter so that Assumption
(V) is met, and formally demonstrate the monotonicity of the RHR ratio. In particular, the support of
each of the distributions below is the real line R, meaning that (WO1) is verified for any choice of
a < b. A summary of the properties presented here can be found in Table 1.

Gumbel. We let s be the scale parameter and set the location parameter y so that v is centered. The
variance is given by 7252 /6, so we require
vin%
s< 11—
7r
to ensure that (V) is fulfilled. Next, observe that the function in (WO2) can be rewritten as r(x +
t)/r(x), where r is the reversed hazard rate. Explicitly, we have

1 - s
f(z) = - exp(_u _ e—(x—u)/s) and F(z) = eXp(—e_(w_“)/s).
s

A direct calculation yields
r(z+1t)

r(zx)

which is constant for every fixed ¢ > 0. O

— e—t/s,

Normal. In order to fulfill (V), we let o < \/17 . Following standard conventions, we denote by ¢ and
® the density and CDF of a standard normal random variable. Thus, if X is distributed according to
v = Normal(0, 02), we will have

fz) = %gzﬁ (g) and F(x)=® (E) .

o
Therefore, the reversed hazard rate is given by




whose first derivative is

r(z) = —Ti—?[x + 0% r(x)].
Now, for a fixed ¢ > 0, consider the function
t
h(z) _rles ), z €R.
r(z)

Proving that (WO2) holds is equivalent to showing that / is non-decreasing for every ¢ > 0. To this
end, we compute the first derivative

= T rotrd-r@)], (36)

where
x+t

rz+t)—r(x) = / ' (y) dy. 37)

x
It is known from the properties of truncated normal random variables that the conditional variance of
X given X < z can be computed as

Var[X | X < z] =0® (1+ 0% (2)).
This quantity is strictly greater than zero for every x € R, so 7/(x) > —1/02. Using (37), we obtain
t
r(x+t)—r(z) > =
Plugging this back into (36) yields
1 r(z+t) t
n’ = - t—o*—| =0.
(z) > o2 r(x) { 7 02}

In particular, & is increasing, and so (WO?2) is satisfied. O

Logistic. We set the location parameter equal to zero, while the scale parameter s is chosen so that

s < +/3V /. This ensures that the variance bound given by (V) is satisfied. The PDF and CDF of v
are given respectively by

—x/s
f@) = sy Fl) = !

T 14e /s
Thus, for every ¢ > 0, by direct calculations, we obtain
d (r(z+1) et/s — glztt)/s
dz ( r(z) ) T (@t 1 1)
The latter is negative due to x + ¢ > z, so the function
r(x +1t)
r(z)

is non-decreasing for every ¢ > 0. This is equivalent to saying that (WO?2) holds. O

rz—1-—

D.2 Concentration Bounds

The following result provides anytime-concentration bounds for the unbiased estimators introduced
in Section 5. Our inequalities are based on [18]. The proof of the lemma below is analogous to the
one of Lemma 6.

Lemma 11. Fix § € (0,1) and let 6,, be as defined by (14). Then, with probability at least 1 — 6, the
following hold simultaneously for all items i € [k] and every n € N\ {1}:

2V log(4/0n) | Tlog(4/dn)

|Pi — P < " 3n—1) ’ (38)
21og(2/6,,
‘\/Vin_\/Pi(l_Pi) < %- (39)




Proof. For fixed i € [k] and n > 2, we define the events

A { b poj < 2V los(4/00) 710g(4/5n)}

n 3(n—1)

and

n—1

NN R

By Theorem 4 and Theorem 10 in [18], we have P [A?] > 1 — §,, and P [B}*] > 1 — §,,. By taking a
union bound, we obtain

PO N@nBy || =1-P|J [ @ umy

neN \ic[k] neN \i€[k]
>1-kY 25,
n=1

_,_ 60 — 1
2 n2

w2 i
D95,

where (i) follows from the well-known fact that >~ 1/n* = 72 /6. O

D.3 Monotonicity of the Winning Probabilities

In the FR case, we showed that the pairwise preference probability P;; is larger than 1/2 if and only
u; > u;. In the WO case, we rely on an analogous result for the winning probabilities.

Lemma 12. Let (a,b) C Supp(f), where —o0o < a < b < o0, and let u € RF be a utility vector
such that |u; — uy,| < b — a for every I, m € [k]. Then, for any two items i,j € [k] with u; > u;,
their winning probabilities satisfy:

PZ‘>P]‘<:>UZ‘>’LL]-.
Proof. The direct implication can be proven by contrapositive. Indeed, if u; = u;, then the winning
probabilities P; and P; takes on the same expression, so P; = P;.
For the converse implication, let us assume u; > u;. Explicitly, the winning probability of item 7 can

be expressed as

PZ—:/IP’[UZ- > UVl e k\{i}|U; = z|f(x —w;) de =
R

= HF(x—ul)f(x—ul)dxz

Ryt
= HF(x—l—ui—ul)f(:E)dx.
Ryt
For every x € R, since u; > u;, we have
Fle4+u —w) > Fz+uj —w) VIelk]\{}

In particular, because |u; — u,,| < b — a for any two indices I, m € [n], there exists a subinterval
(c,d) C Supp(f) such that f(x)F(x 4+ u; —w;) > 0forall x € (¢,d) and | # 4, thereby implying

H F(x +u; —w) > H F(z+uj —w).
lE[k],1#i le[k], I
In the product on the right-hand side, we can further lower bound the term corresponding to [ = j:

F(x +uj —u;) > F(x + u; — uj).
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Hence, the winning probability of item ¢ satisfies
P, = HF(x+ui—ul)f(x)dx>
Rz
> HF(x—i—uj—ul)f(x)dx:Pj.
Rizj

This completes the proof. O

D.4 Utility-to-probability Relation

To derive the utility-to-probability relation given by (13) in Section 5, we used the monotonicity of &.
Together with the monotonicity of , this is the content of the following lemma.

Lemma 13. The functions ¢ and £ defined by (12) are non-decreasing on (0,b — a).

Proof. By definition, the function ( is given by

—1_ r(z+1) z)dr=1— r(x z)dz
) =1 /Supp(f) i@ =1 /Supp(f) (x + ) F(z) dz,

where we used the definition of the reversed hazard rate » = f/F'. In particular, observe that

(@) = - (og(F(2))), ¥ € Supp(s).

Since f is log-concave, its CDF F' is also log-concave. This is equivalent to requiring that log(F") is
concave, thus implying that (log(F))" = r is non-increasing. Therefore, if 0 < t < s < b — a, we
have

r(z+t)F(x) > r(x+ s)F(x) Yz € Supp(f),

where we used the fact that /' is non-negative. Using the above expression for ¢, by integrating over

T, we obtain
(t) = ¢(s).
Finally, £ = 1/(1 — {), which implies that ¢ is also non-decreasing. O

D.5 Uniform Lower Bound on the Resolution Function

Owing to (V), (WO1), and (WO2), we can derive a uniform lower bound on the resolution function,
emulating what we did in the FR case.

Lemma 14. Let v be any noise distribution in the class Ny (a,b). Then
n(t) >n*(t) Vee (0,b—a),
where 1 and n*(¢) are given by (15) and (16), respectively.
Proof. Consider any noise distribution v € Ny (a, b), with density f and CDF F. The support of f

is an interval, say (c, d), and by assumption, we have (a,b) C (¢, d). Let us extend the definition of
the reversed-hazard rate r : R — [0, 00) to the whole real line by setting

r(z) = {;((Z)) ifzx>c
0 otherwise

Both r and F are non-negative, so the integral of - F' is well-defined in [0, co]. In particular, we
have

! f(z) ‘
/Rr(ac)F(:c) dz = /c F) F(x)dx = /C fl@)dx =1. (40)
Since we want to bound the function 7, it may be convenient to rewrite it as
¢(t)
t) = ,
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where ( is defined by (12). The function  takes values in (0, 1), so we can bound

Next, we conveniently rewrite

d
= / r(z)[F(z) — F(x —t)] da.
C
In (i), we used (40); (ii) follows by setting y = x +¢ in the second integral; (iii) is due to F(y—t) = 0

fory € (¢,c+t) and r(y) = 0 for y > d. Rewriting the CDF difference in the square brackets as an
integral involving the density f, the last expression is equal to

[ o

w /Hf(y) / " @) drdy
_ /d ) /min(w’d) r(z) dz dy,
c Y

where (iv) follows by applying Fubini’s theorem (for positive functions). Next, observe that r(x) >
f(z) for every x € (c, d), thus implying

min(y+t,d) min(y+t,d)
/ r(z)de > / f(z)dx = F(min(y + t,d)) — F(y).
Y y

Now, let X and Y be two i.i.d. random variables drawn from v, and let Z := X — Y. Then,
/’f F(min(y + £, d)) — dy—/‘f Pl{y< X <y+tn{X<d]d

(V)/f Ply< X <y+t]dy

=PY <X <Y +1
=P0<X-Y <t
=P0< Z <],

where (v) is due to X < d P-almost surely. In summary, we have derived:
Ct)y>Pl0< Z <. (41)

Being the difference between two independent log-concave random variables, Z is log-concave
and symmetric, with Var [Z] < 2V. If v denotes the true variance of the noise distribution, then
Var [Z] = 2w, so applying Corollary 20 with 0 = 2uv yields

P[Z € (0,t)] > vt € (0,V20].

t
4e3+/2v
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Using the fact that v < V' and Equation (41), we obtain:
t
ty> ——— Vte (0,V2v].
()2 5o Ve 0,V
On the other hand, for ¢ > v/2v, we have

P[0<Z<t]2}P’[O<Z<\/2v}2@.

In conclusion, using 7 > /2, we obtain the desired inequality, that is:

1 €
> mi P —a).
n(e) > min <8€3’ 863\/W> Ve € (0,b— a)

D.6 Sample Complexity Upper Bound

In this section, we derive the sample complexity upper bound given by Theorem 3 for the WO-VUR
algorithm.

To do so, we let d,, be defined as in Equation (14) and define £ as the event consisting of those
outcomes for which the following hold simultaneously for all ¢ € [k] and every n € N\ {1}:

2V log(4/0,) | Tlog(4/6,)

P — P < 42

P = Bl < n 3(n—1) "’ 42)

Vi JB-P 2log(2/4,, ) 43)
n—1

Arguing exactly as in Appendix C.5, condition (43) allows us to replace the sample variance V" by
the true one, at the price of an extra additive term:

2V, log(4/3n) . Tlog(4/3n) _ \/2P( Pi)log(4/6,) , 1310g(4/3n)
n 3(n—1) — n 3(n—1)

The left-hand side is the quantity appearing both in (42) and in the stopping rule (17), so that,
whenever £ occurs, both can be controlled through the right-hand side.

(44)

First, we determine a positive integer ng such that, for every n > ng, the following holds for every
i€ k]

\/QP (1 — P;)log(4/6,)  13log(4/d,)
_|_
n 3(n—1)
By (44), this guarantees |P; — P*| < P;/2 on £. The inequality is satisfied if the following hold
simultaneously:

P;
< 1t
-2

(45)

an
n 4 3(n—1)
For these conditions to be satisfied, we can enforce the stronger requirement:

321log(4/6y)
> Tv

Since we want this to hold for every i € [k], let us define Py, := min;e ] P;, and let ng be the
minimum positive integer n such that

n>max{2,321(}g)(W}.

321og(4/6,,) 128 [k
< ——" 4 1< —1 2 — .
o= Pmin s Pmin o8 o 30

29

\/23(1 — P)log(4/6,) _ Py 13log(4/dn) _ P
ST <7

It follows that



By Lemma 17, there exists a universal constant C; > 0 such that

n<C1 IO(C1 k>
O7P)min & Pmin o ’

Now assume that n > ng. If £ occurs, then the condition given by (45) ensures P; < 2P;" for every

1 € [k], so that @P{‘ > @PZ-. In this regime, using (44) once more, the stopping condition of
A is fulfilled if the following hold for every i € [k]:

VAT e

13log(4/8,) _ Pi ,

n gE) and =T <5 e

In particular, these hold simultaneously for every ¢ € [k] if the following stronger requirement is met:

L6 ( 4 )
n —_— -_— .
= P ()2 2\,

If we define n; as the minimum positive integer n > ng such that
n> 256 log(4/62n) ,
f)minnﬂ< (E)
which exists since the right-hand side grows logarithmically in n, then either ny = ng + 1 or the

inequality above fails at ny — 1, in which case ny < 256 log(4/d., )/(Pm,-nn*(e)z) + 2. In both cases,
we can apply the same reasoning as above to find

C(2 CQ k
ny S 2 1Og P g B
Pminn* (5) Pmin"Tk (5)

for some universal constant Cy > 0.

(46)

Up to re-tuning C; and Co, our derivations show that, under event £, the stopping condition is met
within a number of steps equal to

Co Co k
To := - 5 log - 5 g .
Rninn (6) PminT] (5)

ET]=E[T -1g] +B[T-1g] < Ty -P[E]+E[T - 1ge].

Using the tail-sum formula for the expectation, we can rewrite

Therefore, we have

E[T-lge] =) P[T-1ge >n] <Tp-PE)+ > P[T-1ge >n].
n=1 n=To+1

Now, observe that:
T -lge >n <= T >n and £° occurs.

However, we showed above that if n > Ty + 1 and T' > n, then necessarily £¢ must have occurred,
as otherwise we would have found 7' < Tj. Thus, for every n > Ty + 1, we have

P[T-1ge >n]=P[T >n].

If T > n, then the stopping rule was not satisfied at time n — 1. This implies that at least one of the
two conditions given by (42) and (43) was violated for at least one item ¢ € [k]. By a union bound
over the k items and the two conditions, this occurs with probability at most 2kd,,—1. Hence, we have

i P[T - Lee > n] < 2k i Sn_1

n=Tp+1 n=Tp+1

— 6
=9 Z )

n=Ty

S 037
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where C3 > 0 is a universal constant. This implies E [T] < Ty + Cs.

In conclusion, there exists a universal constant C' > 0 such that

E[T] < ¢ 2log( © 2-k>.
Pmin'r}*(g) Pminn* (5) g

Using the definition of 1*(¢), when v/2V > ¢, the inequality above can be rewritten as

C-V1 c-Vv ﬁ
20g Pminé‘z )

E[T] <
[]_Pming

D.7 Information-theoretic Lower Bound

Finally, we prove Theorem 4, thus deriving an information-theoretic lower bound for the ranking
problem under WO feedback.

For every § € (0, 1), algorithm .A* recovers an accurate representation of the utility ranking with
probability at least 1 — §, provided that Assumptions (WO1), (WO?2), and (V) are satisfied. In other
words, if « and v are chosen so that these conditions are met, then:

P[6* is e-accurate for o, | RUM(u,v)] > 1 — 4.

We now construct two specific instances of the problem, and we use them to provide a lower bound
on the sample complexity of .A*. Throughout, we assume k > 3. To do so, choose the minimum-
probability level p € (0,1/k) and set an accuracy level € € (0,b — a). As we shall see, the latter
must be chosen “sufficiently small”, which, in this case, means ¢ € (0, 3). However, this restriction
does not invalidate our sample complexity result due to its asymptotic nature.

Then, let v be the centered Gumbel distribution with scale and location parameters given by

VeV
p=—— and p=-fy,

where v denotes the Euler—Mascheroni constant. In particular, this ensures that v is centered and
that its variance is equal to V. Since the location parameter shifts all sampled utilities by the same
constant, the implied winning probabilities do not depend on (.

Now, consider the utility vectors « and v given by:

s uy=¢/2,us = —€/2,u3 =--- =up_1 = 0,and up = L.
s vy =—¢/2,v9=¢/2,v3="---=wvp_1 =0,and vy, = L.

Here k > 3 guarantees that item k, which carries the utility L, is distinct from items 1 and 2; for kK = 3
the intermediate block is empty, and the two instances reduce to (¢/2, —¢/2, L) and (—¢/2,¢/2, L).
Up to choosing ¢ sufficiently small, the positive constant L is chosen so that the minimum winning
probability of both instances is equal to p. We let P and () be the winning distributions corresponding
to uw and v, that is,

eul/ﬁ evi/ﬁ
- and Q= ———
Do enel? PR

Lemma 15. Let P and () be the winning distributions introduced above. Then, the KL divergence
between P and Q) is upper bounded as

Pi : Vi S [k]

g2n?

DL (PlQ) < 7

where C' > 0 is a universal constant.

Cp7

Proof. By direct calculations, we obtain

Die. (P|| Q) = ;m — Py).
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Up to choosing € € (0, §), there exists a universal constant C' > 0 such that
P —P, §%~C-P2.

Due to our choice of L, P = Py, = p, thus implying

DmmPHQ><(;)3cwp=

272

6V

-C - p.
O

In order to employ Lemma 16, we think of our setting as a trivial multi-armed bandit problem, in
which the number of arms is n = 1. At time ¢, the only available arm is played. The observed reward
is the feedback signal, which consists of the winner of the current round. The two bandit models for
the problem are RUM(u, v) and RUM(w, ), where u and v are the ones introduced above. Since
the noise distribution is of the Gumbel type, all winning probabilities are non-zero. Thus, the two
reward distributions are mutually absolutely continuous, as needed in order to apply Lemma 16.

Now, let £ be the event that item 1 is ranked before item 2. Since the output ranking is an Fr-
measurable function, £ € Fp. If we define P, and P, as the probability measures induced by
RUM(u, v) and RUM(v, v), respectively, a direct application of Lemma 16 yields

Eyu[T*]DkL (P[] Q) = d(Py(€), Py (£)).
Let us assume that § € (0, 1/4]. Algorithm A* is (&, 6)-PAC, so
P,(E)>1—-3d and P,(&) <4
Due to the properties of the binary relative entropy, we have
1
d(]P)u(g)an(g)) Z d(l - 63 5) Z log <36) .
It follows that ) )
E T > ——————log | — | .
12 5 s ()
Owing to Lemma 15, we conclude that
6V 1
E, [T > ——=—=1 — .
Wl 2 Cpr2e? ©8 (36)

In conclusion, since log(1/(30)) > £ log(1/6) for every & € (0,1/4], we have shown that

=0 (Los (1))

E.1 Change-of-measure Lemma for Multi-armed Bandit Problems

E Auxiliary

The next result restates Lemma 1 of [19]. As this is typically used in the context of multi-armed
bandit problems, we need to introduce some preliminary notation. The number of arms is any positive
integer n, and we identify the arm set with [n]. At time ¢, let A; and Z; be the (possibly random) arm
being chosen and the corresponding reward, respectively. Let F; = o(A1, Z1,..., A, Z;) be the
sigma-algebra generated by the trajectory followed up to time ¢. For every i € [n], we define N;(t)
as the number of times that arm ¢ was played up to time ¢. We use the subscripts P, and E, to refer
to the probability measure induced by a given bandit model v and the implied expectation functional.
Lemma 16. Let v = (v;)!'_, and v/ = (v))?_, be two bandit models, where v; (resp. V.) is the
reward distribution of arm i € [n]. Assume that, for every i € [n], the probability distributions v; and
v, are equivalent, i.e., they are mutually absolutely continuous. For any almost-surely finite stopping
time T with respect to the filtration (F)ien, the following holds:

;EVW(THDKL (villv)) = Sup d(P,[E],P./[E]),

where d(x,y) := zlog(z/y) + (1 — z)log((1 — ) /(1 — y)) is the binary relative entropy, with the
convention that d(0,0) = d(1,1) = 0.
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As we shall motivate later, the setting considered in this lemma encompasses ours by choosing the
number of arms equal to one.

E.2 Technical Result for Bounding the Sample Complexity

The next result is a technical lemma used to derive the sample complexity upper bounds given by
Theorem 1 and Theorem 3. A more general version can be found as Lemma 12 in [32]. The slightly
modified version presented below is sufficient for our purposes.

Lemma 17. Let n € Nand a,b > 0. Suppose that n < alog(bn). Then
n < 2alog (ab) .

Proof. For every x > 0, log(z) < /7. Therefore, we have
n < alog(bn) < aVon = avby/n,

from which we obtain

Vvn < avb.

Equivalently, n < a?b. Since the logarithm is increasing and b > 0, we have

n < alog(bn) < alog (b(a®b)) = 2alog(ab).

E.3 Deviation Bounds for Unimodal and Log-concave Distributions

The following is a standard result providing useful deviation bounds for symmetric unimodal distribu-
tions. The version for standardized random variables can be found as Theorem 7.1 in [33].

Lemma 18. Let Z be a symmetric unimodal random variable with Var [Z] = o* > 0. Then

Lo Ly ro<t<20/v3
P[Z>1<q2, V30 . @7)
;% iftZQa/ﬁ

Next, we derive a useful small-deviation bound for centered log-concave distributions with a normal-
ized variance. The proof is due to Pinelis [34].

Lemma 19. Let f be a log-concave density with fR zf(x)de = 0and fR 22 f(x) dx = 1. Then, for
everyt € (0,1), we have

¢ t
/_tf(x)dx > 308

Proof. Since f is log-concave, there exists a concave function g : R — [—00, 00) such that f = 9.
A general result on log-concave densities [14, Lemma 5.5] ensures that g(0) > — log(8).

Suppose g(1/2) < —3. Then, using concavity, we find

3 — log(8
g(x) < =3 —(z— 1/2)1/02g() =: h(z), forallz >1/2.
It follows that
e} o0
/ 22 f(x)da < / 22" dz < 0.04.
1/2 1/2
Similarly, if g(—1/2) < —3, by concavity,

3 — log(8)

ola) < =3+ (@ +1/9) "

=:k(zr), forallz < —1/2.

It follows that
—1/2 —1/2
/ 22 f(r)de < / 22 dz < 0.04.

oo —0Q0
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Hence, if g(1/2) < —3 and g(—1/2) < —3, we have

/Rm2f(a:)da:=/1/2x2f(x)dx+/oox2f(a:)dx+/1/2 22 f(x)da

—o0 1/2 —1/2

1/2
<0.08+/ 22 f(z) dz
—1/2

1
§0.08+1<1.

This contradicts our assumption that f has variance equal to one. Therefore, g(1/2) > —3 or
g(—1/2) > —3. Without loss of generality, we can assume that g(1/2) > —3. By concavity, this
implies that g(x) > —3 for every x € (0,1/2). Thus, for t € [0,1/2], we have

¢ ¢
flx)da > / e 3dx =e 3t
—t 0

On the other hand, if t € [1/2, 1], we obtain

t 1/2 673 ¢
dr > de > — > —
Ry B L
where the last inequality follows from ¢/2 < 1/2. O

As a useful corollary, we derive a small-deviation bound for symmetric log-concave distributions
with arbitrary variance.

Corollary 20. Let X be a symmetric log-concave random variable with density f and Var [ X| =
02 > 0. Then, for every t € (0, 0], we have

t
4e30”

P[X € (0,t)] >

Proof. Lett € (0, 0], and observe that

X t t

Xe(-tt)—= — ¢ (—,) .
g g o

The variance of the random variable X /o is equal to one, so by Lemma 19, we have

1

P[X € (0,t)] = 5IP’[X € (—t,t)]
_t

= 4e30’
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