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Abstract

We study the regret minimization problem in the novel setting of generalized
kernelized bandits (GKBs), where we optimize an unknown function f* belonging
to a reproducing kernel Hilbert space (RKHS) having access to samples generated
by an exponential family (EF) noise model whose mean is a non-linear function
w(f*). This model extends both kernelized bandits (KBs) and generalized linear
bandits (GLBs). We propose an optimistic algorithm, GKB-UCB, and we explain
why existing self-normalized concentration inequalities do not allow to provide
tight regret guarantees. For this reason, we devise a novel self-normalized Bernstein-
like dimension-free inequality resorting to Freedman’s inequality and a stitching
argument, which represents a contribution of independent interest. Based on
it, we conduct a regret analysis of GKB-UCB, deriving a regret bound of order
O(yr+\/T/k«), being T the learning horizon, 7 the maximal information gain,
and k. a term characterizing the magnitude the reward nonlinearity. Our result
matches, up to multiplicative constants and logarithmic terms, the state-of-the-art
bounds for both KBs and GLBs and provides a unified view of both settings.

1 Introduction

Multi-Armed Bandits [MABs, 15] have been extensively studied and extended over the years. One
key research direction involves expanding the MAB framework to continuous action spaces. Doing
this requires introducing some notion of similarity or structure in the expected rewards relative to the
distance between arms. Without such structure, information gathered from explored actions/arms
cannot be transferred to unexplored ones, making learning infeasible [4]. The most known and studied
structure over the arms is the linear one, and led to the design of linear bandits [LBs, 1, 6]. In LBs,
the expected reward is modeled as the inner product between the action and an unknown parameter
vector (i.e., E[y:|x¢; 0*] = (x¢, 0*)). This setting strictly generalizes the finite-arms MABs [15, 23]
that can be retrieved considering arms as in an R? canonical basis.

LBs, in turn, have been extended in parallel in two directions: generalized linear bandits [GLBs,
10] and kernelized bandits [KBs, 5, 29]. On the one hand, GLBs employ a generalized linear
model [GLM, 19] to allow for the representation of different noise models (including Gaussian and
Bernoulli). This is achieved with the use of a real-valued non-linear inverse link function p(-), such
that the expected payoff is defined as E[y; |x:; 0*] = p((x¢, 8*)). On the other hand, KBs focus on
the optimization of an unknown expected reward function belonging to a reproducing kernel Hilbert
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space (RKHS) induced by a known kernel function k(x, x’), often resorting to Gaussian processes
for designing algorithms [22]. We observe that GLBs fall back to LBs when the identity link function
w = I is considered, and KBs fall back to LBs when a linear kernel k(x,x’) = (x,x’) is considered.

In this work, we propose the novel generalized kernelized bandit (GKB) setting, which unifies GLBs
and KBs (Figure 1). This setting enables learning in the scenarios in which the unknown function
f* comes from an RKHS and the samples come from an exponential family model whose mean is
obtained by applying an inverse link function p to function f*. This allows accounting for a variety
of noise models, including Gaussian and Bernoulli [3].

As established by the literature [1, 9, 17], when designing
optimistic regret minimization algorithms for either GLBs

. . GLB LB KB
and KBs, a fur}dament.a.l technical tool are s.elf-normallz.ed 1((x,6%) (2,07 £ (x0)
concentration inequalities [7]. When targeting regret min- d N
RS . . L < oo d < oo =00
imization in the novel setting of GKBs, it is necessary peRso =1 =1
to employ a concentration inequality that combines the
requirements of GLBs and KBs, i.e., it should avoid de- GKB pu(f*(xt))
pendencies on the minimum slope /& of the inverse link d=0co f€Rxp

function (as in GLBs) and on the dimensionality of the

feature representation (as in KBs). The seminal work [1]  Figure 1: Inclusion of the settings (f(-)
provides a self-normalized concentration inequality for js assumed to belong to a RKHS).

least square estimators under subgaussian noise, exploit-

ing theoretical advancements in self-normalized processes and pseudo-maximization of [7, 8]. How-
ever, this inequality does not conveniently manage the case in which the samples come from an
exponential family model where the variances depend on inverse link function p, ultimately leading
to a dependence on its minimum slope. To cope with this issue, [9] derive a concentration inequality
via a pseudo-maximization technique that results in a tight regret bound for GLBs, accounting for the
heteroscedastic characteristics of the noise (i.e., Bernstein-like). However, their concentration inequal-
ity presents a dependency on the dimensionality of the feature vector (i.e., dimension-dependent).
While not being problematic for GLBs, this hinders a direct application to GKBs, where the feature
representation (induced by the kernel function) can be infinite-dimensional. Additionally, [5] design
a self-normalized bound for martingales which provides tight concentration results for the KB setting,
directly operating with kernels. However, this result can be considered the counterpart of [1] in the
dual (kernel) space and, for this reason, it shares the same limitation when using an inverse link
function, generating a dependence on the minimum value of /i when applied to GKBs.! It appears
now necessary to derive a novel concentration result that is both dimension-free and Bernstein-like to
properly address the GKB setting.

Outline and Contributions. We start by introducing the setting of the GKBs, the assumptions,
and the learning problem (Section 3). Then, we design GKB-UCB, an optimistic regret minimization
algorithm (Section 4) and we introduced some preliminary results (Section 5). The key contributions
of this work are contained in Sections 6 and 7. In Section 6, we discuss more formally the limitations
of the existing inequalities and derive a novel self-normalized Bernstein-like dimension-free inequality
via the application of Freedman’s inequality together with a stitching argument. In Section 7, we
analyze the GKB-UCB with a confidence set defined in terms of the previously derived inequality
and show that it achieves regret of order O(yr+/T/k), being T the learning horizon, yr the
maximal information gain, and . a term characterizing the slope of the inverse link function in the
optimal decision (an efficient implementation is reported in Appendix A). This result matches the
state-of-the-art of both GLBs and KBs up to multiplicative constants and logarithmic terms.

2 Preliminaries

Notation. Leta,b € N with a < b, we denote with [a, b] := {a,a+1,...,b} and with [b] == [1, b].
Let d € N, I; denotes the identity matrix of order d and 04 the column vector of all zeros of size d
(d is omitted when clear from the context). N (g, ) denotes the multi-variate Gaussian distribution.

Reproducing Kernel Hilbert Space. Let X C R be a decision set and 7 be a Hilbert space
endowed with the inner product (-, -) (and induced norm || - ||). H is a reproducing kernel Hilbert

'We refer to Table 1 for an overview of the properties of concentration inequalities present in the literature.



Self-normalized Properties

Concentrations Condition Dim-free Empirical Heterosc.  Technique
Dani et al., 2008 [6] X X X Freedman
Abbasi-Yadkori et al., 2011 [1] v v X Pseudo-Max
Chowdhury and Gopalan, 2017 [5] 4 4 X Pseudo-Max
Faury et al., 2020 [9] Bernstein X v v Pseudo-Max
Zhou et al., 2021 [36] Bernstein X X X Freedman
Ziemann, 2024 [37] Bernstein X v X PAC-Bayes
Our work | Bernstein v/ v/ v/ Freedman

Table 1: Summary of the properties of self-normalized concentrations.

space [28] if there exists a function k : X' x X' — R, called kernel, such that it satisfies the reproducing
property, i.e., for every function f € # it holds that f(x) = (f, k(x, -)) for every x € X It follows
that the kernel % is symmetric and satisfies the conditions for positive semi-definiteness. We denote
with I the identity operator on H. From Mercer’s theorem [20, 14], there exists a (possibly infinite-
dimensional) feature mapping ¢ : X — R such that for every function f € # there exists a
(possibly infinite-dimensional) vector of coefficients o € RY such that for every x € X, we have
F(X) =D ien @idi(x) = (a, ¢(x)), where o depends on f but not on x and for every i € N, we
have that ¢; : X — R depends on x but not on f and the series converges absolutely and uniformly
for almost all x. Moreover, for every i,j € N with i # j, we have ||¢;|| = (¢i,¢;) = 1 and
(@i, @) = 0,1.e., (¢;)ien forms an orthonormal basis. Thus, if f = (o, ¢(x)), we have || f| = ||«

Furthermore, for every x € X, we have that | f(x)| < || f|I|k(-, x)|| = || f]|\/k(x, %).

Information Gain. Let k be a kernel, let ¢ € N, and let x1,...,x; € X be a sequence of decisions,
the information gain T'y and the maximal information gain -, are defined, respectively as [29]:
Iy == logdet(I+ A~'K;) and v, := maxy, . x,cx L', where A > 0 and K; € RE-Dx (1) g
the Kernel matrix (K;); ; = k(x;,x;) for i, j € [t — 1]. T, is the mutual information between the
random vectors f; ~ NV (0,2K;) and y; = f; + €; where €; ~ N(0;,v?\I;), for arbitrary v > 0.
We use the abbreviation K;(\) := Al + Ky, so that, 'y := £ log det(A™'K())).?

Covariance Operators. Let 7{ be a RKHS with kernel k£ inducing the feature mapping ¢, let

t € N and x1,...,x; € X be a sequence of decisions, the covariance operator is defined as:
Vi(A) =V + A = Zi; #(x5)p(xs) " 4 AI. The following identity was shown in [32]:
det(A\1V3(N)) = det(ATK (V). 1)

Canonical Exponential Family Models. Let f : X — R, a real-valued random variable y belongs
to the canonical exponential family [EF, 3] if it has density:

yf(x) —m(f(x))
o(7)

where 7 > 0 is a temperature parameter and g,m : R — R and h : R? — R are suitably defined
functions [17]. This EF model allows representing a variety of distributions, including Gaussian,
Bernoulli, exponentials, and Poisson. Function m is called log-partition function and fulfills the
following assumptions. As customary [17, 25], m is assumed to be three times differentiable and
convex. We define the inverse link function u = m/’, that, since m is convex, is monotonically
non-decreasing. Thus, the following hold [17]: E[y|x; f] = m/(f(x)) = p(f(x)) and Var[y|x; f] =
9(7)1(f(x)). When f is a linear function, the model in Equation (2) is also called generalized linear
model [GLM, 19]. We also define the maximum slope of y, i.e., R = Sup ey xex 1(f(X))-

p(ylx; f) = exp ( + h(y, T)) ; 2

3 Problem Formulation

We define the novel generalized kernelized bandit (GKB) setting and the learning problem.

Setting. Let f* € H be an unknown function belonging to the RKHS #. At every round ¢ € [T7,
being T' € N the learning horizon, the learner chooses a decision x; € X by means of a policy

>Known bounds for ; are available for commonly used kernels [29, 31].



m » Fro1 — X, being Fr_1 = o(X1,Y1,...,X¢—1,Y:—1) the filtration of all random variables
realized so far, and observes a reward y; ~ p(:|x¢; f*). The goal of the agent is to find a decision
x* € X maximizing the expected reward: x* € arg max,y p(f*(x)). Since £ is monotonically
non-decreasing, maximizing p(f*(+)) is equivalent to maximizing f*(-). It is worth noting that the
GKB generalizes two well-known settings: (i) generalized linear bandits [GLBs, 18] when the kernel
is linear k(x,x’) = (x,x’) and (ii) kernelized bandits [KBs, 5] when the inverse link function is the
identity function, i.e., u = 1.

Learning Problem. We evaluate the performance of a learner, i.e., a m = ()¢ [T with cumulative
regret: R(m,T') :== 3, crpp (W(f*(x7)) — p(f*(x¢))), where x; = my(Fy—1) forall ¢ € [TT.

Assumptions. We make the following assumptions about function f* and the RKHS H.
Assumption 3.1 (Bounded Norm). Iz exists a known constant B < +o0 such that || f*|| < B.

Assumption 3.2 (Bounded Kernel). It exists a known constant K <+4oc such that supk(x,x)<K?.
xeEX

Assumptions 3.1 and 3.2 are widely employed in the KB literature [5], where, in particular, Assump-
tion 3.2 is enforced with K = 1 and it is fulfilled by commonly used kernels (e.g., Gaussian and
Matérn kernels). Assumptions 3.1 and 3.2 are the analogous in GLBs of requiring the boundedness
of the parameter vector (since if f = («, ¢), then, || f|| = ||||) and requiring the boundedness of
the norm of the decisions (since when k(x,x’) = (x,x’) we have that k(x,x) = ||x/|?), respec-
tively [2, 17]. The combination of the two allows bounding the L,-norm of f* as || f*|| < BK.

Concerning the EF noise model, we make the following assumptions.

Assumption 3.3 (Bounded noise). Letx € X, y ~ p(:|x; f*), let e = y — p(f*(x)). There exists a
known constant R < +o00 such that |e| < R almost surely.

This assumption is widely used in the GLB literature [2, 25]. If we deal with v/?-subgaussian noise
(instead of bounded), we can take R = v+/2log(27'/0) to ensure that |¢;| < R uniformly for ¢ € [T7]
w.p. 1 — 4.3 Finally, we introduce the generalized self-concordance property [24].

Assumption 3.4 ((Generalized) Self-concordance). There exists a known constant Ry < 400 such
that for every function f € H and decision x € X, it holds that |ji(f(x))| < Rs(f(x)).

In [25], the authors show (Lemma 2.1) that if the EF model generates random variables that are
bounded by |y| <Y a.s., Assumption 3.4 hold with R; = Y. Moreover, it holds for Bernoulli noise
with R, = 1 and Gaussian with R, = 0 [17].

Problem Characterization. We define the following characterizing the difficulty of the problem:
Ky = m and Ky = SUP,cx m We have that k., < kx. Our goal is to devise algorithms
for which the dominating term in the regret bound depends on &, only.

4 Algorithm

In this .SGCtIOIl, We, introduce Geneljallzed Input: Decision set X, confidence sets C¢(9)
Kernelized Bandits-Upper Confidence for t € [T7] do

Bounds (GKB-UCB), a regret minimization //Maximum Likelihood Estimate

optimistic algorithm for the GKB setting fi € argmin £;(f) (Equation 3)

(Algorithm 1). GKB-UCB is composed of two JeH o .

steps: maximum likelihood (ML) estimation //Optimistic Decision Selection

and optimistic decision selection. We pro- (fe,xe) € feacrgz_;)na’éxﬂ(f (x)) (Equation 6)
. . . . t » X

vide a .computatlonally tractable version in Play x; and observe y;

Appendix A. end

Maximum Likelihood Estimate. At each Algorithm 1: GKB-UCB.

round ¢ € [T, we employ the samples collected
so far {(Xs, ¥s) }se[¢t—1]- to obtain an estimate f; of f*. Starting from the EF model, we minimize

3This will result in an additional logarithmic term in the final regret bound only.



the Ridge-regularized log-likelihood:

cin=3 ySf(XS)g(i;”(f(XS)) £ 21717, e, te [T 3

where A > 0 is the Ridge regularization parameter. The ML estimate is denoted as f; €
argmin .4, L¢(f). Since, for Mercer’s theorem, when f € H, we can write f = (a, ¢) with
a fixed feature function ¢, with little abuse of notation, we can look at £; as a function of the
parameters q, i.e., £;(a) = L;(f). With this in mind, we introduce the operator g;(f) € RY related
to the gradient of the loss £:(f) w.r.t. the parameters « and the weighted covariance operator

Vi f ) € RY*N corresponding to the Hessian of the loss £;( f) w.r.t. parameters a:

t—1 t—1
alh) = S ey na, van == L0 @
- B - o i f(xs)) B
B 1) = v2) = Tih) + 01 = 3 P g o) )

The loss function £; and the operators g; and V; defined above reduce to the ones employed for
GLBs under the assumption that the kernel k is the linear one [2, 9, 17]. Furthermore, if . = I, we

have that V;(\; f) = V4(\), i.c., the covariance operator.

Optimistic Decision Selection. Once the ML function ft is computed, the algorithm chooses an
optimistic function f; € H in a suitable confidence set C;(d), together with the optimistic choice x;:
(fe,x¢) € argmax u(f(x)). (6)

feCL(8), xeXx

It is worth noting that since p is non-decreasing, we can ignore p in the maximization. We will
consider a confidence set, defined for every round ¢ € [T and confidence § € (0, 1) as follows:*

0 ={ren: |ath-aii,., <BEN], @

where the confidence ratio B, (d; f) will be specified later with the goal of guaranteeing optimism,
i.e., that the true unknown function f* belongs to C;(d) in high probability, and limiting the regret.

5 Weighted Kernel

We discuss how the combination between a function f € # with an inverse link function z induced an-
other RKHS space that can be characterized by its weighted kernel. Let f € H, we define the weighted

feature mapping (now dependent on f) for every x € X as: ¢(x; f) = /f(f(x))a(7) 1 (x). In the
primal (feature) space, this allows looking at the weighted covariance operator V;(; f) as the covari-

ance operator induced by the feature mapping ¢(-; f), i.e., V;(\; f) = Sl b(xe; [)d(xs; f) T+
Passing to the dual (kernel) space, we define the weighted kernel as:

k(X' f) = (80 1), (X' 1)) = o(7) VAl F ))k(x, X )Vi(f(¥)),  ¥x,x € X (8)
This is, in all regards, a valid kernel since it is obtained starting from a valid kernel and performing
a legal transformation [28]. This way, we can define the weighted kernel matrix as I~(t()\; f) =
M + K, (f), where K, (f) = (k(x;, X;; f))i,je[t—1]- Using the identity in Equation (1), we can also
deduce that det(A~1V,(X; f)) = det(AK;(); f)). We also define the weighted information gain
ft(f) and the weighted maximal information gain ¥;(f) as Ty(f) = 5 log det(/\_lﬁt(/\; f)) and
i(t) == maxx, . x,ex ft (f). Finally, we consider the maximum value of the (maximal) information

gain by varying the function f in H, i.c., [;(H) = SUp ey Ty(f) and 7, (H) = sup ey Ve (f). The
following result relates weighted and unweighted information gains.

*Assessing whether a function f € H belongs to the confidence set C;(8) is clearly intractable since it
requires computing norms of operators. In Appendix A, we provide an efficient alternative confidence set that
will lead to analogous regret guarantees.



Lemma 5.1. Let H be a RKHS induced by kernel k. Lett € N and let Xy, ..., x; € X be a sequence
of decisions. It holds that T'y(H) < max{1, R;g(7) '}

Notice that the bound introduces just a dependence on the maximum slope of the inverse link function
R, and no dependence on the minimum slope . This result will play a significant role in the
derivation of an efficient implementation for GKB-UCB (Appendix A).

6 Challenges and New Technical Tools

In this section, we discuss the main challenges for achieving sensible regret guarantees for GKBs.
We start discussing the limitations of existing self-normalized concentration bounds (see Table 1) to
control the error in the ML estimate (Section 6.1). This motivates the need for a novel self-normalized
inequality that represents a key contribution of this work (Section 6.2).

6.1 Limitations of Existing Self-Normalized Concentration Inequalities

To understand the need for a novel concentration bound, we need to anticipate some key passages of
the regret analysis. We recall that the confidence radius B;(J; f) should be designed to guarantee
that: (¢) the true unknown function f* = (a*, ¢) belongs to C;(d) (Equation 7) and (i¢) the regret is
as small as possible. For point (i), we can conveniently express the difference between the operators

g; evaluated in the true function f* and in the ML estimate f; (see Lemma 7.1):

o~

t—1
9:(f*) = ge(F0) = 9(1) 1) €ad(xs) + Aa”, ©)
s=1

where €, = ys — u(f*(xs)) is the noise. Thus, since since o* is bounded in norm under Assump-
tion 3.1, to suitably design By(J; f), we need to control the martingale S; = Z;ll €sP(xs). For

point (i), in the regret analysis, we need to bound the difference between optimistic function f; and

true unknown function f*, both evaluated in the played decision xy, i.e., f;(x¢) — f*(x;) with the
martingale S;. Similarly to [2, 9], this is done by decomposing both functions as an inner product
(Mercer’s theorem) and then applying a Cauchy-Schwarz inequality by making a specific choice of
operator Wy (f*), possibly depending on the unknown function f*:

Filoxe) = f*(xe) = (@ = @, $(x2)) < @ = @y, (o) 160<0) gy - (10)
A) (B)

The choice of operator W;(f*) has two effects: (7) by relating term (A) with the confidence set
C1(0) definition, it determines the multiplicative coefficient and the norm under which martingale
S; has to be controlled and (%) it allows bounding (B) by means of an elliptic potential lemma [16,
Lemma 19.4]. We now discuss two choices of operators W, (f*) leading to different concentration
bounds and, consequently, confidence sets, and discuss their advantages and disadvantages.

Covariance Operator (W;(f*) = V;(\)). We start considering the case in which W3 (f*) = V;(A),
where V; is the usual covariance operator. In this case, we can link the term (A) with the confidence
set as follows (see Lemma C.4):

A) = |lay — a™|lv,n) < (1 +2RBK)max{l,g(1)xx}

9(F) = 0|, 1y D

introducing an inconvenient multiplicative dependence on max{1, g(7)xx }, i.e., on the minimum
slope kx of the inverse link function. At this point, we have to control the martingale .S; under
the norm weighted by V;*()\), as Hgt(f*) - gt(ft)val(A) < \|St|\‘/;1(>\) + %. The quantity
ISl v1(x) Can be conveniently bounded by using a self-normalized concentration bound for sub-

gaussian’® martingales (i.e., Hoeffding-like), as in the seminal work [1]:

I1Selly -1 < Ry/210g(61) + logdet(A-1Vi(A)) = Ry/2log(6-1) +log det(A1K:(A)), (12)

We recall that since |es| < R a.s., it is also R?-subgaussian.



where the equality is obtained by Equation (1). We recall that the second bound is also obtained in
Theorem 1 of [5] where the quantity ||.S; ||V 1 is controlled in the dual (kernel) space. The advantage

of these bounds is that they do not exhibit a dependence on the dimensionality d of the feature space
¢, which in GKBs is infinite. Nevertheless, in this way, the dependence on the minimum slope of the
inverse link function x » (as in Equation 11) becomes unavoidable in the regret. This suggests that
we should prefer a different choice of operator W (f*).

Weighted Covariance Operator (W, (f*) = V;(\; f*)). The presence of the multiplicative factor
kx depends on the covariance operator and emerges also in the GLB setting when making the choice
Wi(f*) = Vi(A\) [2, 9]. The solution, in the GLB case, consists of choosing the weighted covariance

operator Wi (f*) = V;(X; f*), where each outer product ¢(x,)é(x,) " is weighted by the variance

Af (%))
9(7)

confidence set C;(9), avoiding the inconvenient dependence on xx (see Lemma C.4 with f” = f):

of the noise random variable €,. This allows relating the distance of the parameters with the

A) = [|&; — < (1+2R,BK) ‘

DR Cu] S (13)

«
”V if*) = N

Proceeding analogously as above, we should now control the quantity HStH“;—l( A Since the
Y

weighted covariance operator Vi (A; f*) contains the variance of each sample, we need to resort to a
Bernstein-like self-normalized concentration bound in order to make effective use of such information.
The fundamental result in the GLB literature is the bound of [9, Theorem 1]:

§

2 1
1Sellg=1 (rpey < 5+ 7 log2+ﬁlog6+ﬁlogdet()\ W, ), (14)

where d is the dimensionality of the feature map ¢, which is infinite-dimensional in our GKB setting,
making the bound vacuous.®

6.2 A Novel Bernstein-like Dimension-Free Self-Normalized Inequality

From the above discussion, it should now appear clear why we need a novel self-normalized concen-
tration bound that combines two desired properties:

* Bernstein-like: it should account for a weighted covariance operator V;(; f*) where the weights
correspond to the variance of the samples to avoid the inconvenient multiplicative factor kx;

* Dimension-free: it should avoid any dependence on the dimensionality of the feature space ¢, in
order to make it applicable to our GKB setting, where ¢ can be infinite-dimensional.

With this goal, we deviate from the two traditional approaches to derive self-normalized concentra-
tions, i.e., pseudomaximization via method of mixtures [1, 7, 9] and PAC Bayes [17, 37]. Instead, we
follow the path of [36] that, in turn, extends [6], by directly decomposing the norm ||.S|| -1 ()

and bounding individual terms by means of Freedman’s inequality [11]. In addition to the require-
ments above, we aim to obtain a data-driven bound in which, just like in Equations (12) and (14),
the bound depends on the sequence of the actual decisions, i.e., on the weighted information gain
Ly(f*) = 5 logdet(A*V;(X; f*)) instead of the maximal information gain ,(f*). This is clearly
desirable since I's (f*) < 7;(f*).” However, this is not straightforward when following the technique
of [6, 36], that necessitates deterministic bounds to the cumulative variance for the application of
Freedman’s inequality. For this reason, we provide a first result that extends Freedman’s inequality
allowing for bounds of the cumulative variance that are not deterministic but, instead, predictable
processes. This will represent the core for deriving our self-normalized concentration bound.

Theorem 6.1 (A data-driven Freedman’s inequality). Let (z;):>1 be a real-valued martingale
difference sequence adapted to the filtration F; such that z; < R a.s. for allt > 1. Let (v;)>1 be a

process predictable by the filtration F such that for every t > 1, we have that 22:1 E[22|Fs_1] < v

0ne could attempt to operate as in [9, Theorem 1] for deriving but directly in the dual (kernel) space.
Although this is possible, it would make appear a dependence on the order of the weighted kernel matrix
Rt()\; f), i.e., t in replacement of d. This is not of any help since it will make the regret degenerate to linear.

"Indeed, in [36], the bound depends on an upper bound of -y; obtained by bounding the maximum value of
log det(A~*V;) considering the worst-case sequence of decisions [see Lemma B.2 of 36].



a.s.. Then, for every n > 1 and vy > 0, with probability at least 1 — 9, it holds that:

t 207 2 2(7 2

w2+ 1 R el +1
VE>1: E zsg\/QmaX{vo,nvt}log(65)—1—3log(65), (15)
s=1

where ! = max {o, {log77 (ve/vo)] }-

The inequality of Theorem 6.1, compared to the standard Freedman’s inequality (see Lemma B.1),
allows obtaining a bound that depends on the predictable process v; that we can think to as a proxy
(upper bound) of the variance that, however, does not need to be deterministic. This allows us to obtain
bounds that depend on the actual sequence of decisions x1, ..., x; and their weighted information
gain I';(f*) rather than on the maximal weighted information gain 7, (f*), with an improvement
over previous inequalities like [36]. From a technical perspective, Theorem 6.1 is obtained using
a stitching argument [13] that brings two beneficial effects. First, it allows to accurately perform
union bounds considering the values that the predictable process can take over a geometric grid
{n‘vg : ¢ € N} enabling the use of the data-driven quantity v;, where the parameters 7 > 1 and
vg > 0 can be selected to tighten the bound. Second, it allows replacing a log ¢ term in the bound with
aloglogt at the price of a larger multiplicative constant > 1. A similar data-driven result has been
provided in [12, Theorem 12]. However, our result allows tuning the parameters 7 and vy to tighten
the bound, ultimately leading to an improvement of the constants. We can now use Theorem 6.1 to
derive our novel self-normalized Bernstein-like dimension-free concentration inequality.

Theorem 6.2 (Bernstein-Like Dimension-Free Self-Normalized Concentration). Let (X;):>1 be a
discrete-time stochastic process predictable by the filtration F; and let (€;);>1 be a real-valued
stochastic process adapted to the F; such that E[e;|F;_1] = 0, Var[e,|F;_1] = 07 = 0%(x;), and
le;] < Ra.s. foreveryt > 1. Let ¢ : X — RY be the feature mapping induced by kernel k such that
lp(x)|2 < K for every x € X. Let:

t—1

t—1
Sp= ed(x), Vi) = 02p(x)e(xs) " + AL (16)
s=1

s=1

Then, for every 6 € (0,1) and t > 1, with probability at least 1 — § it holds that:

2 2 2 2
m2(p+1) Jr?)RKlogw(erl) ,
30 VA 30

where = e 0. o (S g (1.4 2]}

The concentration bound, as desired, displays no dependence on the dimensionality d of the feature
map ¢ and no explicit dependence on ¢ (apart from sub-logarithmic ones). We succeeded to remove
the dependence from d by replacing it with the norm of the feature map, which is bounded by K
under Assumption 3.1. It is worth noting that, thanks to the data-driven bound of Theorem 6.1, we

have a dependence on the term log det(A~V;(\)) that, thanks to the identity in Equation (1), can be
expressed in the dual (kernel) space by means of the information gain 2I'; = log det(A™ K, (\)),
where the weighted kernel matrix IN(t()\) is obtained by means of the weighted kernel E(x, x') =
o(x)k(x,x')o(x') that induces the modified feature map ¢(x) = o(x)¢(x). By denoting with
V¢ = MaXx, .. x,€X ft, we can write the non-data-driven bound, holding with probability 1 — §:

ISillgm1 ) < (\/73logdet(/\1‘7t) +¢§> log (17)

_ 2(p+1)2 3RK. w2(p+1)?
VE>1: |\St||vflg(\/146%+\/§) log (p35 )’ 5o (p% s

7 Regret Analysis

In this section, we provide the regret analysis of GKB-UCB (Algorithm 1). We start with a lemma to
show that f* belongs to the confidence set C;(d) (in high probability) with a proper choice of the
confidence radius B;(¢; f) (Lemma 7.1). Then, we move to the regret analysis (Theorem 7.2).



Lemma 7.1 (Good Event). Lett € N, f € H, and § € (0,1), define the confidence radius as:

By(5: f) = \FBJr <\/7310gdet( 1Vt A ) )\/ﬁJrg?g}\leOgﬂz(Pg;‘l)%
5)

lo 8R2K2(t71)3

) } Let & = {¥t > 1 : f* € C(O))
>1-4.

where p = max {O [
Under Assumptions 3.1, 3.2, and 3 3, it holds that Pr

Lemma 7.1 resorts to our novel self-normalized bound (Theorem 6.2), together with Assumption 3.1,
to provide a form to the confidence radius B;(J; f). It is worth noting that, differently from the
majority of existing works [1, 2, 17], B.(d; f) explicitly depends on function f since the operator
Vi(X: f) necessitates f to compute the weights g(7)~i(f(x,)). By exploiting the identity in
Equation (1), we can move to the dual (kernel) space in order to operate with finite-dimensional
objects: log det(A"1V;(A; f)) = logdet(K;(A; f)) = 2I%(f). Let us also define its worst-case
version w.r.t. the choice of function f € H, i.e., B;(d; ") = sup 4 Bi(0; f). Although GKB-UCB
makes use of the confidence radius B;(J; f), for analysis purposes, we also define a non-data-driven
confidence radius, where the information gain ft( f) is replaced by its maximal version:

86 f) == VAB + 9(r) ™" (V1467 (1) + V3) y[lo 2(03; 0, 39(7%1% o ™ (pgj; N

and, finally, we introduce its worst-case version w.r.t. the choice of function f € H, i.e., 8;(0; H) =
sup ey Bi(d; f), ie., obtained from 3 (d; f) by replacing 7¢(f) with 7, (H).
We are now ready to present the regret bound of GKB-UCB.

Theorem 7.2 (Regret Bound of GKB-UCB). Under Assumptions 3.1, 3.2, 3.3, and 3.4, GKB-UCB
with the confidence radius By(5; f) as defined in Lemma 7.1 and \ > 0, for every § € (0, 1), with
probability at least 1 — 6, suffers regret bounded as R(GKB-UCB,T') = Rperm(T') + Rians(T), where:

Ryeen(T) < 8(1+ 2R, BE) (8 1)y /max {a(r), A= R K2} () % (19)

*

Rupans(T) < 32Ry(1 + Rpkx)(1 + 2RBK)?Br(6; H)? max {g(7), \ 'R, K?} 37(f*).  (20)

The proof schema of Theorem 7.2 follows similar steps to [2] and the result, indeed, displays an
analogous regret decomposition into a permanent term Rpem (1) and a transient term Rigans(T').
Regarding the dependence on explicit 7" and £, Ryerm(7) is the dominating term that displays the

desired dependence on /T'/ k., whereas Ry,,s(T") exhibits a dependence on the minimum slope of
the inverse link function kx, but has only logarithmic dependence on 7" and, for this reason, it is
negligible. To highlight the dependence on the information gain, we explicit the form of the individual

terms in the case A > Q(K2):2 B7(8: H) = O(VAB + /A7 (H) log(6—1) + RK log(61)). Thus,

we obtain a regret bound of order:

R(GKB-UCB,T) < O ((1 + R,BK) (\fB + /A7 (H) log(6-1) + RK log(s \/T,/ )

We have two terms related to the weighted information gain, i.e., 37 (#) and 57 (f*). This is due to
the fact that our weighted kernel k(-, -; f) explicitly depends on the evaluated function f. It is worth
noting that, thanks to Lemma 5.1, we can bound both with the (unweighted) information gain as
7 (f*) <Ar(H) < max{1, R,g(7) " }y7 at the mild price of a multiplicative term.

Let us now comment on the tightness of the bound in the particular cases of KBs and GLBs.
For KBs, we are in the presence of Vg-subgaussian noise and, thus, we need to set R =
O(v+/log(T/$)). Furthermore, we have that R, = 0 and u = I (consequently, 1 =
1, ke = 1, and Yp(f*) = Ar(H) = ~r). This allows recovering the bound of order

$With the O(-) notation, we suppress multiplicative constants and dependencies on g(7) and Ry,. With the
O(+) notation, we also suppress logarithmic dependencies on all variables, except for d.



9] ((ﬁB + /yrlog(6—1) + Kv log(5*1)3/2) \/’YTT), matching the regret order of [5] up to

logarithmic terms. For GLBs, we can bound the information gain as (see Lemma 11 of [2]):

~ TKQ
Fr(H) < max{1, R,g(7) ' }yr < max{1, R,g(7) ' }dlog ()\ + ¥ ) . (21
This leads to bound of order O((1 + R,BK)(VAB + /dlog(6—1) + RK log(6=1))\/dT /k.),

matching the result of [2] up to logarithmic terms.

8 Conclusions

In this paper, we have introduced the novel setting of GKBs, unifying KBs and GLBs. We have
provided a novel Bernstein-like dimension-free self-normalized bound of independent interest. We
employed it to analyze the regret of GKB-UCB showing tight regret bounds. Future works include
investigating the use of the techniques from [17] in order to remove the multiplicative dependence on
the norm and kernel bounds (1 + R;BK) in the regret bound as well as the study of the inherent
complexity of regret minimization in the GLB setting by conceiving regret lower bounds [26].
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A Efficient Implementation

In this section, we show how to make Algorithm 1 computationally tractable with negligible effects
in the final regret bound. Indeed, Algorithm 1 is based on a confidence set C;(d) (Equation 7)
that requires evaluating the norm of a difference of operators g;, which is clearly computationally
infeasible. In the following, we discuss how to make both steps of the algorithm computationally
tractable. The resulting algorithm, Eff-GKB-UCB, is provided in Algorithm 2.

Input: Decision set X, confidence level §, confidence sets Dy (d)
for ¢ € [T] do

/* Step 1: Efficient Maximum Likelihood Estimate */
a; = argmin £; ({o, ke(+))) (Equation 3)

ae]Rt—l
/* Step 2: Efficient Optimistic Decision Selection */
x; € argmax max (o, ky(x))

xeXx a€Rt~!

S.t. L't(<a, kt()>) < Kt((&t,kt(») + Dt(é,H) (Equation 23)
Play x; and observe y,

end

Algorithm 2: Eff -GKB-UCB.

Efficient Maximum Likelihood Estimation. Since function m is convex, loss function £;(f)
is convex in f = («, ¢) € H and, consequently, also in the parameter vector o € RY. However,
optimizing over either f or « is infeasible, being both infinite-dimensional. Nevertheless, thanks
to the generalized representer theorem [27, Theorem 1], we can restrict the optimization to the
functions of the form f(-) = Zi;ll ask(-,x5) = (a, ke(+)), where ¢ = (O‘S)Ze[[tq]] and k() =
(k(-%s)) e [t—1y- This allows limiting the problem to the minimization of a convex function on a

vector of ¢ — 1 real variables o € R~ 1.

Efficient Optimistic Decision Selection. To make the choice of the optimistic function, we propose
a different (looser) confidence set based on the evaluation of the loss function only [2], defined for
every round ¢ € [T and confidence § € (0,1):°

Do) = {f € M+ Lulf) ~ Lu(Fi) < D6 H) = (1 + 2R BE)Bi(5H) |, (22)

We prove in Lemma B.2 that the choice of the confidence radius ensures the inclusion property
between the confidence sets C;(6) € Dy (). Having fixed a decision X € X,!° the optimistic decision
selection can be formulated, thanks to the generalized representer theorem [27] as the following
constrained convex program:'!

min —{a, ki (X
i (e k(®) .
subjectto  L:({o, ke ())) < Le((@r, ke(1))) + (1 + 2R,BK) B(6;H),

where @; are the parameters of the ML function computed in the previous step. Thus, the program
has a linear objective function and a convex constraint, being £;({c, k¢(-))) convex in cx.

Computing B (8; H) can be not straightforward for specific choices of kernel & and inverse link function
. In such a case, we can upper bound it using Lemma 5.1 by replacing sup ;5 log det(AVi(); f))
with max{1, Rg(7)" "'} logdet(A\"'V;(\)). This has the effect of replacing the terms F7(#) with
max{1, R;g(7) " }y7 in the final regret bound.

10As customary in this literature [29, 5], we do not address the issue of optimizing over the decision space
efficiently. This can surely be done efficiently when X’ is finite. When X is continuous, we can resort to a
discretization based on the regularity properties of the kernel function, with a controllable effect on the final
regret performances [21].

"Even if the representer theorem is formulated for unconstrained minimization, it admits costs functions that
take +o0 as value [27]. Thus, we can convert a constrained minimization into an unconstrained one by bringing
the constraint into the objective function and making it take value +o0o when the constraint is violated.
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We now show that the choice of the new confidence set D, () does not degrade the dependence on
the relevant quantities compared to using C;(9).

Theorem A.1 (Regret Bound of Eff-GKB-UCB). Under Assumptions 3.1, 3.2, 3.3, and 3.4, GKB-UCB

with confidence radius (1 + 2R;BK)B(6; H) and \ > 0, for every § € (0, 1), with probability at
least 1 — 6, sufffers regret bounded as: R(Eff-GKB-UCB,T') = Rperm(T") + Rians(T'), where:

Ryen(1) <4y (0(7), A B K} 04 2R, BK) B ) (v B ) +2) Var () -
Rigans(T) <8R, (1+ Ry kx) max {g(1), A\ 'R K*} (24+2R,BK)*Br (6; H) (\/BT((S; H) +2) Q%(f*).

The bounds of Theorem 7.2 and Theorem A.1 exhibit the same order dependence on the relevant
quantities, but Theorem A.1 has a larger constant, approximately 3 times larger than Theorem 7.2 for
Rperm (T') and 9 times larger for Ryans(T).

B Proofs

B.1 Proofs of Section 5

Lemma 5.1. Let 1 be a RKHS induced by kernel k. Lett € Nandlet x1,...,x; € X be a sequence
of decisions. It holds that T'y(H) < max{1, R;g(7) "'}

Proof. A direct application of Lemma C.5. O

B.2 Proofs of Section 6

Lemma B.1 (Freedman’s Inequality). Let (2;);>1 be a real-valued martingale difference sequence
adapted to the filtration F; such that z; < R a.s. for all t > 1. Then, for every A € (0,3/R) it holds
that with probability at least 1 — §:

log 6!

vt >1: s E[22|Fs— . 24
> Z <55 A I(ESYIE) Z HFal+ = (24)

This implies that for every v > 0, with probability at least 1 — 6:

t t
Rlogé!

VE>1: Zzs <vy/2logd—1 + —=—— or Ez?]—'s, > 2. 25
> ; g 5 ; (22| Fs-1] (25)
Proof. Refer to Theorem 13.6 of [35]. O

Theorem 6.1 (A data-driven Freedman’s inequality). Let (z¢);>1 be a real-valued martingale
difference sequence adapted to the filtration F; such that z; < R a.s. forallt > 1. Let (vt)tzl be a
process predictable by the filtration F; such that for every t > 1, we have that Zizl E[22| Fs_1] < v
a.s.. Then, for everyn > 1 and vy > 0, with probability at least 1 — 9, it holds that:

t 2(7 2 27 2
w20+ 1 R 0+ 1
VE>1: E 25 < \/Zmax{vo,nvt}log(%) + §10g(T>7 (15)

where [ = max {0, ﬂog,7 (ve/vo)] }-

Proof. The proof makes use of classical Freedman’s inequality [11] combined with a stitching
argument [13]. We start from the version of Freedman’s inequality of Lemma B.1 taken from [35]:

3

s=1 =

1 1
Pr <3t>1 Zzs>y Slogo—T 4 11080 ZJE [22|Fs_y] < u2> <65 (26)
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Since v; > "' _, E[22|F,_1] a.s. for every ¢ > 1, it immediately follows that:

Rlogé!

t
Pridt>1: 5 > 2log 1
r( > Zz v og + 3

s=1

, v < u2> <4 (27)

We now proceed by performing a stitching argument with a geometric grid over the values of v > 0
defined as {n‘vy : £ € N} for any choice of > 1 and vy > 0. Thus, we have:

t 2 2 2
m{l+1)2 R, 7w*(l+1) y
Pr(3 EI>1:§ 2nfvg log ——— + — log ——— < 2
r(ﬁeN, t > S_lzs>\/nvoog 6 —|-3 og & , v < g | (28)

¢ 2 2 2 2
(0 +1 R w41
§E Pr(ﬂtzlz E zs>\/277‘5v010g()—|—310g(),vt§nzv0>
s=1

= 66 60
(29)
66
<y —— <6, (30)
>
where line (29) follows from a union bound, line (30) is an application of Equation (27) with v = nevo
and by observing that ) ", m = ”—62. Let us now consider the smallest value of ¢ € N such that
v < nvo:
U= min{EEN : vtgnevo}:max 0, |log Qi 3D
o

For this value of EA we have:

772710 < Umax{o’[log" W] }Uo < nmax{o’log" ’%H}Uo < max {vo, vy } . (32)

Finally, we prove the inequality:

: 20412 R, w*(l+1)?
Pr 3t>1:Zzs>\/2max{v07nvt}log7r(+) 1)
s=1

—1 33
65 3% 6 (33)
i - 204+1)2 R, w2l +1)? ;
<Pr|3t>1: o> A/ 2nfuglog T T L o T T <ot 34
<Pr > ;z \/nvoog ¥ +30g ¥ vy <1 v (34)
t 2 2 2 2
m(l+1 R T (l+1
<Pr <3€€N, H>1: ;zs > \/277%0105;(65) +§log% S0 < nzv0>
(35)
<,
where line (34) follows from Equation (32) and line (35) from line (30). O

Theorem 6.2 (Bernstein-Like Dimension-Free Self-Normalized Concentration). Let (x¢):>1 be a
discrete-time stochastic process predictable by the filtration F; and let (¢;);>1 be a real-valued
stochastic process adapted to the F; such that Ele;|F;_1] = 0, Var[e;|F;_1] = 07 = 0%(x;), and
let] < R a.s. for everyt > 1. Let ¢ : X — RY be the feature mapping induced by kernel k such that
|lp(x)]]2 < K for every x € X. Let:

t—1 t—1
Sp=Y ed(x), Vi) =) 02(x)d(xs) " + AL (16)
s=1 s=1

Then, for every 6 € (0,1) and t > 1, with probability at least 1 — § it holds that:

w2 (p 4 1)2 n 3RK . m%(p+1)?

. -1y
1Sellg-10) < <\/7310gdet()\ Wi) +\/§> log 5 7 log 5

where p = max {0, [log (M log (1 + KZ,\R2))—‘ }

a7
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Proof. The proof follows similar steps as [6, 36], using Theorem 6.1 as base inequality. For the

sake of this derivation, we will suppress the dependence on \, simply writing V;()\) = V;.!? Let us
introduce the notation Z; = [|Si|y-1, w; = ||¢(x¢)|57-1, and w; == 0]|p(x¢)||77-1. We denote

with K = supy¢ y ||¢(x)]|2. From the matrix inversion lemma [33], we have:

V,  (xe_1)d(xe—1) TV, ho2

Vl=v - (36)
' - L+ [lopGxe-1)l12 - 0fy
t—1
_ -t Viio(xe-1)p(xi-1) Vo107 37
- Vt—-1 " 1 _|_,l'zj~t2_1 . ( )
Let us decompose Z;:
Z; = 1Sellpr = STV 'Sy (38)
= (i1 +e10(x-1)) TV, (Sec1 + e 16(x11)) (39)

= St—1‘7t_15t—1 + 26t—1¢>(Xt—1)T‘~/t_15t—1 + 65_1¢(Xt—1)T‘~/t—1¢>(Xt—1) (40)
< St—l‘z;llst—l + 2€t—1¢(Xt—1)T‘7t_1Sf,—1 + 6?_1¢(Xt—1)T‘7t_1¢(Xt—1), 41
(A) (B)

having exploited the fact that Vi = V,_1. We analyze terms (A) and (B) separately.

Analysis of Term (A). From the matrix inversion lemma, we have:

26t—1¢(xt—1)T‘7t_15t—1 =261 <¢(Xt—1)T‘7t__115t—1 42)

d(xi-1) TV, d(xe-1)B(xe—1) TV, 1Si 107,
- ~5 (43)
14+ wi,y
= 2¢ Dlxe_1) V2L — Wi d(xe_1)TV,ZLS (44)
t—1 t—1 t—1°t—1 1 +i5t2_1 t—1 t—1°t—1

¢(Xt71)—r‘7;5:115t71

= . 4
1+, b 45)

=2¢1

Consider now the event & = 1{0 < s < t : Z; < B}, being 5, a non-negative non-
decreasing predictable process, whose expression will be defined later. Furthermore, let us define

Bt = min { B, (t—1)RK } which is non-decreasing as well. Under event &;, we know that 7 < Bf,

VoN
thanks to Lemma C.7. Under &;, we bound the maximum value and the variance of ¢;. Let us start
with the maximum value:

)TV,
0E < [0&| < 26t71¢(Xt 11_)‘_ ~;71 i 15} (46)
Wi_1

2R
< m”ﬂxtﬂ)ﬂgj||5t71||‘7t—7115t (47)
< QR||¢(Xt—1)~|l>rlIﬁt—1 48)

1+ w4

2RK

< Bt (49)

T VA
where line (47) follows from the application of Cauchy-Schwarz inequality and recalling that |e; 1| <
R a.s., line (48) is obtained by observing that V;_; = AI and by exploiting event &;, and line (49)

2With little abuse, we will ignore the fact that ¢ is an infinite-dimensional feature mapping to avoid excessive
technicalities. We refer the interested reader to [32] that shows that all passages we do are indeed legal when ¢
is the feature mapping induced by an RKHS.

16



comes from the bound on ||¢(x;—1)||
recalling that ¢; is zero mean, i.e., E[¢;|F;_1] = 0:

~ 2
H(xi—1)TV,IES,
E[2|F,1] =E (26t_1 ( tlli@tgll it AV (50)
40?_1||¢(Xt—1)|\2~71 [1Se-1I% -
< e 51
< (0t a2 1) t (51)
2We_q ~5
< (2l 2
>~ (1+{Et21) Btfl (5 )
< min{1, 2@, }2B2 |, (53)

where line (51) follows from Cauchy- Schwarz inequality and recalling that E[e;_1|F;_1] = 07_,
line (53) follows from the inequality < min{1, 2z} for x > 0. Summing, we obtain:

1+x2
t o~
N E[2|F.] < Zmin{Lms,l}?BE,l (54)
s=1 s=1
" t
<467 min{l, @, 1}?, (55)
s=1

where we bounded 5;_; < f3; and min{1,2ws_1}? < 4min{1, ws_; }?. From a standard elliptical
potential lemma (Lemma C.6 with M = 1), we obtain:

me{1 Ws—1}? < 2lo jet((:f) = 2log det(A~'V), (56)

et 0)

where Vy = AI. By Theorem 6.1, setting ) = e, vg = 1, v; = 832 log det()\_lfft), we have that
with probability at least 1 — §:

m2(p+1)2 2RK 2 (p+ 1)
60 + 3\/X Bt IOg 60 ’
(57)

t
vVt >1: ZES < \/QmaX{L&eﬁt2 logdet()\*l‘N/t)}log
s=1

with 5 = max {o, [bg (8% log det(A—lfft)ﬂ } having bounded 3; < ; in the inequal-

ity and Et < % in the expression of p.

Analysis of Term (B). We proceed again by using the matrix inversion lemma:

Goo0a) Vi o(xi1) = 61y <¢(Xt1)T‘7t—11¢(Xt1) (58)
$(xi-1) Vi Zh o Do(x- D) Vi)t
- (59
1+w?
- lote I
= —5 . (60)
1+ wf
Let us define: ) ) ) )
, 6t71||(15(xt71)||~—11 61571H¢(Xt71)“~711
= Vi g = _
¢ 1+ wt 1 1+ wt 1 =l
Let us start bounding the maximum value:
2 2
&1 llo(xe-1)[15 2 o2
f< = (61)

- 1+wf - A
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2
where we bounded ||(b(xt_1)||‘2~/t111 < lplxe—1)|13-1, < 5.

Concerning the variance, we have:

clloGxe-1)lI3, -
Var[ﬂt\]:t_l] = Var 1+w — | t—1 (62)
t—1
2
ot IZ s
<E = = Fi_ 63
>~ 1+wt2_1 | t—1 ( )

pece [Eallotan)ld

< E LR 64
= T e, | Fi—1 (64)
R EalldtaonlE
_ i 65
A 1+w? (63)
R2K2 ~2
— L (66)
A 1+w?
2K2
< min{1,w;_1}?, (67)

where line (64) derives from applying Equation (61), line (67) follows from the inequality 7 <
min{1, z}. Summing and applying the elliptic potential lemma (Lemma C.6 with M = 1), we have:

t

25
R me{l We_1}? <

K2 ~
ZVar [0s]Fo_1] log det(A™1V4). (68)

Furthermore, following the same steps from Equation (64), we obtain:

t ¢ €1l (- 1)|| N
> Bl Fea] =) E |]-‘t 1| < 2logdet(A"'V;). (69)
s=1 1+wt*1

s=1

We now .apply Theorem 6.1, setting n = e, vg = 1, v; = QRiKZ log det()\’l‘N/t), we have that with
probability at least 1 — §:

o€ 1||¢(Xt D%, N
Z =L < 2logdet(A™1V;) (70)
— + w7y

2¢R2 K2 - 2(0+1)2 R2K2 2(~ 12
+\/2max{1,e)\logdet(/\—th)}logﬂ (p6;5’— ) + ) logﬂ (pﬁj; ) ,

(71)

with p = max {0, {log (QR:KQ log det()\_l‘Z))—‘ }

Putting All Together. We observe that 5 > 7, and that log det(A™1V;) < (¢ — 1) log (1 + BK 2)

(BRQKZA(tfl)S KR )ﬂ } Putting to-
gether the two bounds, we have to find (; in order to satisfy the following condition:

from Lemma C.7, we define p := max {0, {bg

m2(p+1)2 2RK w2 (p+1)?
1 PR A,

65 3V felog =55
T (p+1)?

~ 2K2 ~
+ 2logdet(\™1V;) + \/2 max {1, % log det()\th)} log %

(A) + (B) g\/2 max {1, 8¢f? log det(A—lfft)} log (72)
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R?K?  7%(p+1)?

< B2,
+ N log 5 < B; (74)

We proceed by bounding the maxima in the left-hand-side as max{a,b} < a + b for a,b > 0 and
using the subadditivity of the square root to get a stricter condition:

2(p+1)2 ~ 72(p+1)2 2RK 2 (p + 1)2
\/210g(&S)—&-\/IGeﬂflogdet()\lV})log (6(5 ) +3ﬁﬁt10g(66) (75)

~ 2 2 22 - 2 2
+2log det(A\"1V;) + \/2 log " H® \/46RAK log det(\-17) log -2V (76

66 66
R’K?  m*(p+1)* _
< B2
+ gyl — < B (77)

This is a second-degree inequality in the variable 3; and, thus, we have to find the minimum value
of f3; fulfilling such an inequality. Using the polynomial inequality of Proposition 7 of [2] (i.e.,
22 <br+c=0 = x < b+ /cwhenb,c>0), we have:

~ 2(p+1)2 2RK _ 72(p+1)?
< -1 TP
B < \/166 log det(A=1V%) log % Wi log 0 (78)
2 2 ~
+ (2 2log7r(p67;1) + 2log det(\"11%) (79)
4eR2K? ~  w(p+1)2 R2K?2_  m(p+1)2\°
—1
+\/ 3 log det(A=1V%) log s + ™ log s (80)
< <(\/166+\/§)\/Iogdet()\—1Vt \/2\f> (’OH) (81)
2 RK . w2 (p+1)?
+(s+—= log —"——— 82
(G+35) V™% 2
2 72 _ 2 2\ 1
(AR det (A1) og TP D (83)
A 60
2 2
<(\/166+\f+ )\/logdet -1V,) +\/2\f> % (84)
2 1 2(p+ 1)
+<3+\/§+\/E> Al (85)

where line (82) follows from the subadditivity of the square root and recalling that log (p H) >1

fort > 1, to get line (85), we apply Young’s inequality for products as ab < a?/2 + b?/2 for a b>0
to get:

1eR?K> e m2p+12\F _ _RK [ 22(p+1)? 1 =
(/\ log det(A™V;) log (p65)> < \/Eﬁ log % + 5/ logdet(A~1VA).
(86)
To obtain more manageable constant, we write:

~ 72(p+1)2  3RK_ & 7w (p+1)2
< 1 -1 1 1 .
By < (\/73 ogdet(A\~1V;) + \/§> og % + 5y og % (87)

A simple inductive argument allows to conclude that, with probability at least 1 — 26:

= 2(p+1)2 3RK . w2(p+1)2
72 < 1 -1 log TP 1 .
2 < <\/73 og det(\ Vt)+\/§> 0g — o+ N T (88)

Notice that, as requested, (; is a non-decreasing sequence of ¢, since p is non-decreasing with ¢
and det (A~ 1Vt) is non-decreasing as well. Indeed, since Vt Vi 1+ o 10(xe—1)p(x¢-1) T, we
have that thanks to Weyl’s inequality for eigenvalues A; (Vt) >\ (Vt 1) for all i € N, being \; the

i-th eigenvalue [30]. It follows that det(A~1V;) > det(A~1V,_;). Rescaling § < 6/2, we get the
result. O
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B.3 Proofs of Section 7
Lemma 7.1 (Good Event). Lett € N, f € H, and 6 € (0, 1), define the confidence radius as:

Bi(6; f) = fB+( (\/7310gdet( -1V (A £) >\/W+g?g%bgﬂ2(pgzl)27

(SRZK (t—1)°3

where p = max {0 {log ) } Let & = {Vt > 1 : f* € Ct(6)}.
Under Assumptions 3.1, 3.2, and 3.3, it holds that Pr (&) >1—0.

Proof. First of all, we observe that &5 = {Vt >1: Hgt(f*) — gt(ﬁ)H

By(6; f)}. Let

CE f)
t € N and let us define ¢; := —y; + p(f*(x¢)). We have:

9 (f*) = ge(F2) (89)
:Zg(f)*lw D)6(x,) + Aa” —Zg “(Fa(x))6(xs) — NGy (90)

= Z 9(7) M (=ys 4+ (x5))(x5)) + Aa* 1)
Zg —yo + 1 fe(x:)))b(xs) + Ay (92)
VL(F1)=0
t—1
=—g(r) ') edb(xs) + Ao, 93)
s=1

having exploited the first-order optimality condition for the loss evaluated in the maximum-likelihood

estimate, i.e., Vﬁt(ﬁ) = 0 and the definition of €5, = y; — pu(f*(xs)). Now, by computing the norm,
we have:

t—1
9 (F) = 9F| . S IO D edlxa)| A g1y O
’ s=1 Vit s
We can immediately bound the second term under Assumption 3.1:
* (12 * - * * — * —
(15100 pey = @) TV [ < A7 Haf |2 < AT1B2, (95)

since ‘N/t_l (X\; f*) = M. For the first term, we resort to the self-normalized concentration inequality
of Theorem 6.2, recalling that the variance of the noise is Var|es| Fs_1] = p(f*(xs))g(r)~t. O

Theorem 7.2 (Regret Bound of GKB-UCB). Under Assumptions 3.1, 3.2, 3.3, and 3.4, GKB-UCB
with the confidence radius B:(5; f) as defined in Lemma 7.1 and X > 0, for every 6 € (0, 1), with
probability at least 1 — 6, suffers regret bounded as R(GKB-UCB, T') = Rperm(T") + Rirans(T'), where:

Reem(T) < 8(1 + 2R, B)5r (5 M) /mass {a(r), A Ra B2} () 19)

*

Rupans(T) < 32Ry(1+ Rukx)(1 + 2RBK)?Br(6; H)? max {g(7), A" 'R, K?} 37(f*).  (20)

Proof. We start by performing a second-order Taylor’s expansion of the regret:

T
D () = p(f*(x0))) = D Al () (F7(x7) = 7 (x0) (96)

=Ry (T)
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T
+3° (/ (1 — 0)ja((1 — v)f*(xz) + vf*(x*))dv) (F*(x*) = f*(x))?. 97)

t=1 =0

=:Rs(T)

We know that f, € C;(8) and if the good event &5 holds, we also have f* € C,(d). Using the optimism,
we know that f;(x;) > f*(x*). We start by analyzing R, (T'), recalling that j1(f*(x¢)) > O:

1
[M]=

Ry(T) (S () (FF (7)) = 7 (%)) (98)

ﬁ
Il
—

I
M=

A ) (£767) = £ Gxo) £ o)) ©9)

“
Il
_

A (x0) (fe(xe) = f*(x0)) (100)

B

-
Il
—

Il
M=

(f* (%)) (e — a7, p(x4)) (101)

&~
Il
-

<

B

A () 18 = @15, ey 16620151 o+ (102)
(a) (b)

H
Il
—

where we decompose the functions as inner products and the Cauchy-Schwarz’s inequality. For term
(a), we apply Lemma C.4 with f < f;, f' < f*, f"” < f: and exploit the good event:

lay — a HV o < (1+2R,BK) (103)
(i = 0@+ 0 = 0By ) 109
< (1+2R,BE)(Bi(3; f;) + By(0; f*)) (105)

having observed that 87 (8;H) > B;(6;H) > max{B,(3; f;), B,(0; f*)}. For term (b), we apply
Cauchy-Schwarz’s inequality:

ZM ) lexe) 5= 0n, 5+ (107)

T
<\/9(7)J2ﬂ(f ng FEDIOOIE ey (108)

Recalling that g(7) =t (f* ()(,5))||</§(>ct)||2 s = |lb(xes f )||2 ~1 (x> e can apply an elliptic
potential lemma (Lemma C.6 with M = Inax{l A lg(r)7IR; KQ}) where \"1g(7) 'R, K? is

a bound to the maximum value ||¢(x¢; f can take as:

2
URLATwS
l6Ges PG 5oy = 9 A GDNOONT 1 oy < 8(T) T RLEZATE - (109)
as V,"'(\; f*) = AL Thus, we have:
Z llb(xes f FWems gy < 2max {1, A\"'g(1) " Ry K?} log det (A TV, (£¥))  (110)

<dmax {1, A\ 'g(7) " 'RK?} A (f). (111)
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The remaining term can be treated as follows, by means of a Taylor expansion:

T T

Doalfr(x)) =D s +Z (/ (1T—v)f*(x *)+vf*(><t))) (f*(xe) = [ (x7))
t=1 t=1 v
(112)
< Ta(f*(x*)) + R, Z </ 1v)f*(x*)+vf*(xt))> (f7 (") = f (xe))
(113)
T T
= TR 2 (1 (X)) = u(f7 (%)) (114)
T
= e + R,R(GKB-UCB, T') (115)
= % + RsR(GKB-UCB, T). (116)

where we exploited f*(x*) > f*(x;), the self-concordance property (Assumption 3.4) and mean-
value theorem. Putting all together, we get:

Ry (T) <4v/g(r)(1 + 2RsBK)Sr(0; H)\/HT + R R(GKB-UCB, T (117)
fmax (1, A"1g(r) 1R K2} () (118)

Let us move to the second term, using optimism and proceeding with the same rationale as before:

T
Ry(T) < RyRy > (f*(x") = [*(x1))” (119)
t=1
T
< RuRY (filxe) = £7(x0))? (120)
t=1
<R Z; 16 — I3,y py 10O 5 (121)
T
< 4R, R,(1+ 2R, BK)?Br(5; H)? ; Iz 15,5, (122)
T
< 49(7) RiRarixe (1 + 2R, BE)?Br(35:H)? ) a(r) il f* o) o (x)l31 .-
t=1
(123)
T ~
< 49(7) RiRstize (1 + 2R BK)*Br(5H)* Y 006 /)11 oy (124)
t=1
< 16g(T)R;Rskx (1 4+ 2R,BK)?Br(8; H)? max {1, A" 'g(7) 'R, K*} 37 (f*), (125)
having, in addition, exploited the fact that xy > 1(f*(x;))~!. Putting all together, we have:
R(GKB-UCB,T) = Ry(T) + Ra(T) (126)
<4/a(r)(1 + QRSBK)BT(é;H)\/maX{l, Alg(r) " Ry K2} A (f*) (127)
: (. / % + \/RSR(GKB—UCB,T)> + Ry(T). (128)
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Using the polynomial inequality of Proposition 7 of [2] (i.e., 22 < bz +c=0 = x <b+/c
when b, ¢ > 0), we have:

/R(GKB-UCB, T) < 4/g(7)(1 + 2RSBK)5T(6;”H)\/maX{1, A 1g(r) R, K2} 30 (f*)/Rs
(129)

— T
+\/ 431+ 2R BE)Br(0:H)yfmax (L A o(r) B2} 5 ()| + Ba(T).
(130)
Squaring both sides and bounding the square as (a + b)? < 2a? + 2b?, we obtain:

R(GKB-UCB, T) (131)

2
<2 (VAL + 2B 65) s LA 0(0) TRk eV ) 32)

+2 (4\/ g(T)(l + QRSBK)ﬁT((S;H)\/maX{L A_lg(T)_lRﬂKQ}ﬁT(f*)\/Z—F RQ(T))

(133)
— T
< 8v/a(T)(1 + 2R, BK)Br (5 1)y max {1, A= a(r) = Rak 2} (£, | (134)
+32R,(1 + Rura)o(1)(1 4+ 2R, BK)?Br(8; H)? max {1, A" 'g(r) "' Ry K2} 3o (f).
(135)
We get the result by defining Rperm(7") and Rigans(77) as in the statement. O

B.4 Proofs of Appendix A

Lemma B.2 (Confidence Set). Lett € N, f € H, and § € (0, 1). Then, it holds that C,(§) C Dy(9).
Furthermore, under the good event Es, for every f = (a, @) € D;(0), we have:

o= 0"l gy < @+ 2RBK)VB (5 H) (VEGH) + V2). (136)

Proof. Following the same derivation of Lemma 2 of [2], based on Taylor’s expansion and using the
definitions of G; and G in Appendix C. We have:

Li(f) = Li(fr) (137)
1 ~ o~ o~
— (a—a)T VL) +a—a)T ( | a=anoshi ot - ft»dv) (a—ay)
T =0
(138)
=l =%, (139)
<lla—alz, g (140)
~ 2

— _ 141
9:(f) — 9:(ft) G Gof) (141)

9:(f) = g:(f2)

where we used Equation (162) and (167). Thus, let f € Ci(6), we have that
9t(f) — g:(fr) < By(6; f) < Bi(9; H) and, consequently, f € D.(0).

For the second part, suppose the good event £ holds and consider f € D;(¢), we have via Taylor’s
expansion:

Li(f) = Le(f7) (143)

< (1+ 2R,BK)

142
Vol (142)

Vit (sh)
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1 ~
= (a— a*)TVEt(f*) + (o — a*)T </0(1 —0)Vi(f*+o(f - f*);)\)dv> (a — ")

(144)
. kT * o F 2~
- (Oé @ ) V‘Ct(f )+ ||Oé « ||Gt(f*’f) (145)
*\ T * —1 * 12
> (0= a*)TVL(f*) + 2+ 2R BE) o —a™[[F 1, (146)
where we used Equation (168). Thus, we have:
*12
< (24 2R,BK)(Lo(f) = L(f*)) + (2 + 2R, BK)(a — a*) TV L(f*) (148)
< (2+2R,BK)(Li(f) = Lo(f1) + (24 2R, BK)(Ly(f*) — Lo(f1)) (149)
+ (2+2RSBK)||04—a*||‘7t()\;f*)||V£t(f*)||‘7fl(k;f*) (150)
<2(242R;BK)(1+2R;BK)B(0; H) + (2+ 2R;BK)||a — O‘*||¥7f,(/\;f*)Bt<5; ).
(151)

where we used the fact that £;(f) > L, (fi) A Le(f*) > Lo(f2), that f* € Co(6) C Dy(5) under the
good event and f € D;(6), and that:

vat(f*)nﬁ;l()\;f*) = ||gt(f*) - gt(ﬁ)Hfft*(A;f*) < Bi(6; f7). (152)

holding under the good event. By the choice of confidence radius and bounding B;(J; f*) <
Bi(8;H) < B:(d; H), we have the second-degree inequality:

< 2(2+4 2R,BK)(1 + 2R,BK)B,(5;H) (153)
+ (24 2R BEK) |l = 0 [[g, (5. Bt (0; H). (154)

* (|12
llo = @115, o)

Using the polynomial inequality of Proposition 7 of [2] (i.e., 22 < br +c=0 = x <b+./c
when b, ¢ > 0), we have:

lae = @*[Ig, (ppey < V22 + 2RBE)(1+ 2R, BK)B;(6; 1) + (2 + 2R, BK)B,(8; 1) (155)
< @+ 2R,BE)VB(GH) (VB(EH) +2). (156)
having bounded 1 + 2R;BK <2+ 2R.BK. O

Theorem A.1 (Regret Bound of Eff-GKB-UCB). Under Assumptions 3.1, 3.2, 3.3, and 3.4, GKB-UCB
with confidence radius (1 + 2RsBK)B.(5; H) and X > 0, for every 6 € (0, 1), with probability at
least 1 — 0, suffers regret bounded as: R(Eff-GKB-UCB,T') = Rperm(T') + Rirans(T'), where:

Rperm(T) <4y /max {g(7), A1 Ry K212 + 2RSBKWBT(6;H)(waT(cS;Hm) ﬁﬂf*)\/g
Rigans(T) <8R, (1+ Ry kx) max {g(1), A\ 'R K*} (24+2R,BK)*Br(6; H) (\/BT(a; H) +2) 2%(]"*).

Proof. The proof follows the same steps as Theorem 7.2, with the only difference that we exploit the
bound of Lemma B.2:

loe = @[l 5oy < (2+ 2R BK)\/Bi(5; H) (m(é;m + x/i) : (157)
O

C Technical Lemmas

In this section, we introduce some technical concepts and lemmas to be used in the analysis. We
consider x € X and f = (o, @), f' = (o, ¢') € H, we define the following quantities, analogous to
those of [2]:

1

o, o 1) = / A((1 = 0)F(%) + vf (x))dv, (158)

v=0
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- 1
St f) = / (1~ (1 —v)f(x) + v (x))dv, (159)

Z fx f’ X5)B(xs) "+ A, (160)

Z £ f’ Xo)p(xs) T + AT (161)

We have that ¢(x, f, ') > §(x,f, /') and, consequently, we have that G¢(f, f') = ét(f, .
Thanks to the mean-value theorem and the definition of function g;(f), we have that:

9e(f) = gu(f') = Gu(f, f)) (@ = o). (162)
Using Assumption 3.4, we can easily extend Lemmas 7 and 8 of [2].

Lemma C.1 (Extension of Lemma 7 of [2]). Let Z C R be any bounded interval of R and let
f:+ Z — R be a monothonically non-decreasing function such that |f| < Rsf. Then, for every
21,29 € Z:

1 .
; f(z)

214+ v(zg —21))dv > ———————— Vz € {z1,29}. 163

| de =z o e ) (163)

Proof. Immediately follows from the same steps of [2, Lemma 7]. O

Lemma C.2 (Extension of Lemma 8 of [2]). Let Z C R be any bounded interval of R and let

f : Z = R be a monothonically non-decreasing function such that | f | < Ry f Then, for every
Z1,29 € Z:

! ; f(z1)
A:O(l —v)f(z1 +v(z2 — 21))dv > CEaaE— (164)
Proof. See [17, Lemma D.1]. O
From Lemma C.1 and Lemma C.2, we immediatly have:
N . ! : / (?) T /

€t ) = [ =060 + o (x)do > et e o T € (7). )
(165)

oy A ' N _ / M(f(X»
Ex, f f) = /v:O(l v) (1 =) f(x) +vf'(x))dv > 2+ Ry|f(x) — f’(x)\ (166)

Moreover, under Assumptions 3.2 and 3.1, we have that | f(x) — f/(x)| < 2||f|lcc < 2BK. This
allows us to write:

Gt(faf)
ét(f7f)

Lemma C.3. Let f € H, IN/t()\; f) and Vi(X) defined as in the main paper. The following semidefinite
inequalities holds:

min{1, g(r) R, ' }Vi(A; f) = Vi(A) = max{1, g(r)ex (/) }Vi(A; f), (169)

where Kx (f) = Supycx m

1+ 2RBK)" W\ f),  for f e {f, f', (167)
2+ 2R, BK)"'V,(\; f). (168)

—~ o~

Proof. For one inequality, we have:

Vi f) =) BT)) o)) T+ AT (170)
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= a(r)” 1Z¢ T+l (171)

= min {1,9(7) 'kx ()7} <Z¢ T4 AI) (172)
=min {1,9(7) 'kx(f) "'} Vi(N). (173)
For the other inequality, we have:

t—1 .

Vi) =) “(g((j_‘;”axm»cf +AI (174)
s=1

)"'R, Z P(x T 4T (175)
< max {1,g(r) 'R} (Z P(x T4 )J) (176)
=max {1,9(7) 'R} Vi(N). 77
O

Lemma C4. Let f = (a, ¢), f' = (&', ¢) € H, then for every f"' = (", ¢) € H, it holds that:

o= ol aegny < (4 2RBE) (l9u(f) = 0o npy + 19 = 0 5200 ):
 Jlo— /[y < (1+ 2R, BE max{L, g(r)sx (f)}-
(e = 9y + M9 = 91y )

Proof. From the mean-value theorem (Equation 162), we have:

9:(f) — 9:(f) = Ge(f, f1) (= o). (178)

The first statement follows the same derivation of Proposition 4 of [2], with the only care of applying
Equation (167). The second statement starts from the following intermediate passage of the proof of
Proposition 4 of [2]:

la—a ||v ) = < V1+2RBK (”gt( ) = g:(f' )HG T lge(f') — (f”)”c:;l(f,f/)>
(179)

< (14 2R,BK) (lau(f) = 90 "Vig= gy + M98 = 960V lgms gy ) -
(180)

Then, we use the semidefinite inequality V;(\; f/) = max{1, g(7)sx(f')} ~*V;()) (Lemma C.3):

loe = @ ll, (5 pry = max{1, g(7)ra ()} Villa = o [lv, () (181)
196 (f) = 9e(f Mg ey < max{ L, 8(m) e (f)}2 196 (F) = 96 (f " Mlv-1 0 - (182)
O
Lemma C.5. Lett € N, f € H, K; and IN(t( f) defined as in the main paper. It holds that:
log det(T; + A"'K,(f)) < log det(T; + A" Rug(r) "' Ky) (183)
< max{1, R;g(7) '} logdet(I, + \'K,;). (184)

Proof. We can look at matrix I~{t( f) as follows:

K. (f) = g(r) " 'M(f)*K,M(f)"/?, (185)
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where M(f) = diag((fu(f(xs))sei—17) is a diagonal matrix. Using Horn’s inequality for eigenval-
ues [34], we have that for every i € [t — 1]:

N(Ru(f)) < () max (f(e))a(r) ™ < MK Bya() (186)

Furthermore, using Weyl’s inequality for eigenvalues, we have for i € [t — 1]:

AL+ AR () < 14+ AT A(Ke(f) (187)

<14+ A'Rug(r) T N(Ky) (188)

<1+ At max{1, Rug(t) "IN (Ky) (189)

< (14 ATIN (K es () (190)

< A1+ AR L Raa () (191)

where we exploited the inequality 1 4+ ab < (1 + b)® for b > 0 and a > 1. The statement is obtained
passing to the determinant and to its logarithm. O

Lemma C.6 (Elliptic Potential Lemma (slightly extended)). Let (y;);>1 be a sequence, let M > 1,
and V;(\) = 22;11 Ysyd + M. For every T > 1, it holds that:

T
> min{M, [lyilly-1 ()} < 2M log det(A'V;(N). (192)
t=1

Proof. We follow the steps of Lemma 12 of [2]. Using the inequality min{1, u} < 2log(1 + u) for
every v > 0, we have:

T T
Zmin{M’ HytH%/;l()\)} = MZmin{lvM_IHyt”%/]:l()\)} (193)
t=1 t=1
T
<2M ) log (1+M‘1||yt|\2vflw) (194)
t=1
T
<2M Y tog (1+ el ) - (195)
t=1

having exploited that M/ > 1. Now the last equation can be bounded following the usual steps of [2],
to obtain:

T
;bg (14 2+ ) ) < Togdet(AVi(). (196)
O
Lemma C.7. Let S; and ‘72()\) defined as in Theorem 6.2. The following inequalities hold:
t—1)2K2R> = K*R?
ISu2 1y < EEEE Mymulwuns@m%<u ).<wn
Proof. For the first inequality, we proceed as follows:
— Y (= 1)2K2R?
ISel3 -1y < ISeI3-17 < A7 (Z Ies|||¢(xs)|> S (198)
s=1
For the second inequality, we proceed as follows:
det(A "1V (N)) = A0 det(Ky (X)) (199)
1 _ t—1
<A ( — ltr(Kt(AD) (200)
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<AEDO 4+ K2RYH)ED (201)

K2R2\ D
:<1+ f) . (202)

having applied the identity of Equation (1), the determinant-trace inequality and bounded

tr(Ky(\)) < (t — 1)(A + K2R?), since the diagonal elements of K,(\) are of the form
A+ o(x)k(x,x")o(x") < X+ R2K?, being the variance bounded by the square of the range. [
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