
Modeling Incomparability: A New Rationality Paradigm for
Preference-Based Reinforcement Learning

Simone Drago 1 Marco Mussi 1 Leonardo Bianconi 1 Alberto Maria Metelli 1

Abstract
In this work, we study the reinforcement learning
(RL) problem from pairwise trajectory compar-
isons provided by a human expert. We generalize
preference-based RL by formalizing a novel set-
ting in which the expert can also label trajectory
pairs as incomparable, i.e., when neither trajec-
tory “dominates” the other. We introduce the
learning problem and the desiderata that its so-
lution should satisfy. Then, we propose a novel
Bradley–Terry-inspired rationality model that ef-
fectively captures incomparabilities and infers a
multi-dimensional reward function, and we study
its properties. We provide a sample complexity
analysis for learning the model parameters when
a dataset is available. Finally, we evaluate our
model’s ability to reconstruct a reward function
that aligns with the expert’s comparisons in simu-
lated environments and to recover the Pareto fron-
tier of policies, along with a robustness analysis
across varying levels of expert rationality.

1. Introduction
In reinforcement learning (RL, Sutton & Barto, 2018), a
learning agent interacts with an environment observing a
state and, based on it, selecting an action, to optimize a cer-
tain objective function over a given time horizon. Crucially,
the learning process is guided by a reward function, i.e., a
numerical signal provided as feedback to the agent after each
action (Sutton, 2004). With such a formulation, the agent’s
goal is to maximize the expected cumulative reward. The
reward is often referred to as “the most succinct description
of a task” (Ng & Russell, 2000). However, defining a reward
function is a complex endeavor. The system engineer, who
designs it, must select numerical values to induce a behavior
that “solves” the task, while avoiding unwanted, possibly
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dangerous, phenomena (e.g., reward hacking, Amodei et al.,
2016). This process, namely reward engineering (Dewey,
2014), is a trial-and-error iterative process that relies on do-
main knowledge and requires tweaking the reward function,
as the induced behavior is highly sensitive to misspecified
rewards (Pan et al., 2022).

Preference-based RL (PbRL, Wirth et al., 2017) has emerged
as a powerful paradigm for overcoming the inherent reward
design challenges of RL. It avoids the reward engineering
process entirely, relying instead on pairwise comparisons
provided by a human expert and learning the policy that
best aligns with them. PbRL has achieved remarkable re-
sults in domains ranging from robotics (Lee et al., 2021b)
to large language models (Ouyang et al., 2022). One com-
mon approach, namely reinforcement learning from human
feedback (RLHF, Christiano et al., 2017) assumes the ex-
istence of an underlying, unknown reward (Friedman &
Savage, 1952), and comprises two steps: (i) reward model
estimation from the expert’s preferences and (ii) policy opti-
mization via traditional RL methods. PbRL’s achievements
are largely built on the use of rationality models, which
link the underlying (unknown) reward function to observed
preferences and guide the stochastic preference generation
process. The Bradley-Terry (BT, Bradley & Terry, 1952)
model is most commonly employed in the literature (see,
e.g., Christiano et al., 2017; Rafailov et al., 2023; Munos
et al., 2024), and it is fed by utility functions that quan-
tify the “goodness” of the alternatives, often represented by
the cumulative reward. Under the BT model, only “clear”
preferences are possible, i.e., when presented with two al-
ternatives, the human expert always provides a preference
label, usually generated stochastically. The probability of
observing the preference of one alternative over the other is
assumed to be proportional to (a monotonic transformation
of) their difference in utility. Alternative approaches exist,
e.g., assuming a different probabilistic model (e.g., Thur-
stone, 1927) and permitting indifference as a feedback (Rao
& Kupper, 1967), i.e., allowing for the additional feedback
of the two alternatives being equivalent.

Because of the presence of clear preferences and indiffer-
ence, one crucial assumption of PbRL is that a scalar utility
function is sufficient to solve the problem. However, in
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Single-Objective Multi-Objective
Rewards RL MORL
Human
Feedback PbRL CbRL

Table 1. Positioning of CbRL in the literature.

real-world scenarios, an expert may be unable to provide
either of these forms of feedback. A practical solution is to
attribute this to bad data or to the expert’s irrationality, and
discard the sample, as in (Christiano et al., 2017).

We argue, instead, that abstaining from providing a clear
preference or stating indifference is an expression of the
human expert’s rationality, or, put differently, a feature

of human nature.

Indeed, it is intuitive to understand that there exist scenarios
in which a human may be unable to compare two alterna-
tives, such as when multiple objectives are in conflict, e.g.,
speed vs. safety in autonomous driving, where it may hap-
pen that neither alternative dominates the other, i.e., is better
in all aspects. In such cases, the inability to choose is not a
failure of the expert but the expression of a different model
of rationality. We refer to this feedback as incomparabil-
ity. When utility functions are involved, this indicates the
existence of an underlying multi-dimensional reward func-
tion that represents the various objectives. In the literature,
the framework that allows dealing with multiple objectives
is that of multi-objective reinforcement learning (MORL,
Hayes et al., 2022). In MORL, a single, universally optimal
behavior, so-called utopian, is typically unattainable and,
thus, the goal is to recover a set of non-dominated behaviors,
the so-called Pareto frontier (Roijers et al., 2013).

The previous argument reveals that PbRL and MORL, taken
individually, each address only half of the problem: MORL
handles multiple conflicting objectives but requires dense
reward signals, while PbRL handles human feedback but
assumes a scalar utility that cannot represent incompara-
bility. To the best of our knowledge, a framework capable
of recovering a Pareto frontier of behaviors from compari-
son1 feedback alone is still lacking. In this work, to fill this
gap, we introduce comparison-based reinforcement learn-
ing (CbRL). As shown in Table 1, CbRL establishes a con-
nection between the two, serving as the human-feedback
counterpart of MORL and the multi-objective counterpart
of PbRL. By modeling incomparability in all regards as a
feedback signal, CbRL augments MORL with pairwise com-
parisons and extends PbRL beyond scalar utility functions.
In doing so, it must confront the challenges of PbRL and
MORL jointly, i.e., learning from stochastically-generated
preferences and dealing with a multi-dimensional utility,
respectively.

1We use the term “comparison” to include clear preferences,
indifference, and incomparability.

Related Works. Our work aims to extend PbRL to the
multi-objective scenario. Traditional PbRL assumes that
human preferences can be defined by a single scalar reward
function, employing the BT model or similar alternatives
(e.g., Thurstone, 1927) to link cumulative rewards to ob-
served feedback. However, in recent years, this assump-
tion has come under scrutiny from the perspective of social
choice theory, showing that scalar rewards are often insuf-
ficient to capture the heterogeneity of preferences across
a diverse set of users (Chakraborty et al., 2024). Whereas
the concept of indifference between alternatives has a long
history in the literature (Rao & Kupper, 1967; Davidson,
1970), the phenomenon of incomparability, i.e., an expert
refusing to choose between alternatives due to an inherent
conflict between contrasting objectives, has largely been
overlooked, either attributing incomparable samples to bad
data and discarding them (e.g., Christiano et al., 2017), or
bypassing the problem by eliciting a multi-objective pref-
erence conditioned to a known weighting of the objectives
(Mu et al., 2025). In the literature, incomparability was
first introduced to model the rational choice of the expert to
not take a definite position w.r.t. a comparison (Sen, 1970;
Roy & Vincke, 1984). Our CbRL framework, motivated
by the idea of incomparabilities being a consequence of a
multi-objective problem, and thus inducing a Pareto frontier
of policies (Abdelkareem et al., 2022), enables recovering a
Pareto frontier of policies by explicitly modeling incompa-
rability through a novel multi-objective rationality model,
while limiting the cognitive burden on the human expert.

Original Contributions. The contributions of this paper
are summarized as follows:

• In Section 2, we formalize the novel MDPC framework,
incorporating incomparability as a rational feedback, and
the desiderata of an MDPC-compliant rationality model.
We show that no rationality model can satisfy the desider-
ata and yield a convex negative log-likelihood (Proposi-
tion 2.1).

• In Section 3, we devise a novel BT-inspired rationality
model for CbRL, we analyze its properties showing that
it complies with our desiderata (Lemma 3.1), and we
study the sample complexity for learning its parameters
(Theorems 3.2 and 3.3).

In Appendix A, we report a more in-depth discussion of
related works. In Appendix B, we report the derivation of
the function we use to represent the incomparability score.
In Appendix C, we report omitted proofs. In Appendix D,
we report the numerical validation of our model, together
with methodology and implementation details, discussing
the limitations of PbRL approaches in tackling CbRL, pro-
viding a robustness analysis to experts’ irrationality, and
discussing how to learn the Pareto frontier of behaviors
starting from the reconstructed reward function.
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Notation. Given a, b P N with a ă b, we define JaK :“
t1, 2, . . . , au and Ja, bK :“ ta, a ` 1, . . . , bu. Given a finite
set X , we denote as ∆pX q the probability simplex over X ,
and with |X | its cardinality. We denote as 1n,0n P Rn the
column vectors of n ones and zeros, respectively. Let x,y P
Rn be real-valued vectors, we denote as xdy the Hadamard
product, as tx the rescaling of x by t P R Y t˘8u, and
as stdpxq “ }x ´ x1n}2{?

n its standard deviation, where
x is the empirical mean. Given a matrix A P Rmˆn, we
denote the column vector obtained by stacking the columns
of a matrix as vecpAq P Rmn. Let P,Q P ∆pX q such that
Qpxq “ 0 implies P pxq “ 0 for every x P X , we define
their Kullback-Leibler (KL) divergence as DKLpP ∥Qq :“
ř

xPX P pxq logpP pxq{Qpxqq. We use the rOp¨q notation to
omit constant terms and logarithmic factors that do not
depend on δ.

2. Framework for Incomparability
In this section, we introduce incomparability feedback, pro-
pose the novel setting of the Markov decision processes
with comparison (MDPC), a mathematical framework for
learning from comparisons, discuss the desiderata for a ra-
tionality model, and formulate the learning goal. Finally,
we provide an important impossibility result.

Comparison Feedback. Suppose a human expert is shown
a pair of alternatives and is asked to provide a comparison
between the two. Intuitively, we expect one of the following
outcomes:

(ą) Direct preference, when the expert shows a clear pref-
erence for the first alternative;

(ă) Inverse preference, when the expert shows a clear pref-
erence for the second alternative;

(—) Indifference, when the expert considers the two alter-
natives to be equivalent;

( ∥ ) Incomparability, when none of the above holds.

Incomparability was first introduced in decision theory as
the expert’s choice to “not take a definite position” w.r.t. a
comparison (Roy & Vincke, 1984). An axiomatic founda-
tion based on first-order logic (Tsoukias & Vincke, 1995)
was later proposed, capturing two fundamental reasons
for the arising of incomparabilities. The first is when the
data is incomplete, the request is ambiguous, or the expert
presents some degree of irrationality and cannot choose.2

The second, instead, occurs when there is an inherent con-
flict among alternatives, or when the expert considers a set
of criteria that cannot be directly combined. In this work, we
focus on the latter. When cast to RL, a convenient character-
ization is that of multiple, possibly conflicting, objectives,
i.e., the setting of MORL.

2This is the case commonly assumed in PbRL, when data is
labeled by human experts (e.g., Christiano et al., 2017).

Framework. Before defining the Markov decision process
with comparisons, we report the framework it generalizes,
namely the finite-horizon Markov Decision Process with-
out reward (MDPzR, Abbeel & Ng, 2004), i.e., a tuple
pS,A,H, p, µq, where S is the state space, A is the action
space, H P N is the horizon, p “ pphqhPJHK is the stage-
dependent transition model defined as ph : S ˆ A Ñ ∆pSq
for every h P JHK, and µ P ∆pSq is the initial state distri-
bution. A trajectory is a sequence of state-action pairs, as
τ :“ psi, aiqiPJHK, and the space of possible trajectories as
T .

We now formalize the MDPC, which allows us to define the
problem of learning from comparisons.

Definition 2.1 (Markov Decision Process with Compar-
isons). A Markov decision process with comparisons
(MDPC) is a tuple pS,A,H, p, µ, ρq, where pS,A,H, p, µq
is an MDPzR and ρ : T 2 Ñ ∆pCq is the comparison prob-
ability distribution where C “ tą,ă,—, ∥u is the outcome
set.

Notably, the MDPC can be interpreted as the “multi-
objective counterpart” of the Markov decision process with
preferences (Wirth et al., 2017). Thus, upon selecting two
trajectories τ, τ 1 P T , the agent receives a comparison from
the set of outcomes C “ tą,ă,—, ∥u generated stochas-
tically by an expert according to comparison probability
distribution ρ. For example, we represent the probability of
a trajectory pair being labeled as indifferent as ρp— |pτ, τ 1qq.
Throughout the paper, we will use the infix notation ρpτ ˝τ 1q
to denote ρp˝|pτ, τ 1qq for an outcome ˝ P C.

We model the behavior of an agent interacting with an
MDPC via a stage-dependent Markovian policy π :“
pπhqhPJHK, where πh : S Ñ ∆pAq for each h P JHK.

To provide a tractable model, as customary in PbRL, we fol-
low the utility representation theorem (von Neumann & Mor-
genstern, 1947), which postulates that any rational agent3

generates preferences in terms of an underlying utility func-
tion defined over the set of available options. In CbRL, this
translates to the definition of a multi-dimensional utility
function u :T ÑRd, mapping trajectories to d-dimensional
utility vectors, where d P N is the number of objectives,
such that the probability of observing a comparison is pro-
portional to a function of the utility difference of the two
trajectories (Drago et al., 2025). Formally, this corresponds
to enforcing ρpτ ˝ τ 1q :“ fp˝|δpτ, τ 1qq for every ˝ P C and
τ, τ 1 PT , with δpτ, τ 1q :“ upτq´upτ 1q and f : Rd Ñ∆pCq.
We call f a rationality model.

We now define and discuss the desiderata that a rationality
model f should satisfy.

3In CbRL, we say that the human expert is rational if their
interaction with the learning agent can be modeled as an MDPC.
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δ1pτ, τ 1q

δ2pτ, τ 1q

ą (Direct Preference) — (Indifference)
ă (Inverse Preference) ∥ (Incomparability)

Figure 1. Desiderata for a 2D CbRL problem.

Definition 2.2 (MDPC Model Desiderata). A function
f : Rd Ñ ∆pCq is a desirable rationality model for an
MDPC if the following properties hold for every τ, τ 1 P T :

argmax
˝PC

lim
δÑ`81d

fp˝|δq “ tąu, (1)

argmax
˝PC

lim
δÑ´81d

fp˝|δq “ tău, (2)

argmax
˝PC

lim
δÑ0d

fp˝|δq “ t—u, (3)

argmax
˝PC

lim
δÑ`8t

fp˝|δq “ t ∥ u, (4)

where δ “ δpτ, τ 1q and t P t´1, 1udzt1d,´1du.

Definition 2.2 puts the focus of the rationality model on
characterizing the mode outcome (i.e., the highest probabil-
ity one) in various limits of utility differences. Intuitively,
given two trajectories τ, τ 1 P T , if τ dominates τ 1, i.e., is
better w.r.t. all objectives, we expect that the most prob-
able outcome that a human expert can provide is direct
preference (Equation 1). Indeed, in this case, the utility
difference vector δ has all positive components and is lo-
cated in the positive direction along the main diagonal. A
similar argument holds for the inverse preference, showing
that clear dominance in either direction reflects the desider-
ata of PbRL (Equation 2). Additionally, since a rational
expert implicitly evaluates the underlying utility of the al-
ternatives, we expect that in case the two trajectories are
similar, the most probable outcome is indifference. This
is reflected by Equation (3), prescribing that indifference
must be the most likely outcome when the utilities of the
two trajectories are element-wise equal. Finally, we expect
incomparability to be the most likely outcome when neither
alternative dominates the other, i.e., when one is better in
terms of one objective and worse in terms of another, e.g.,
“fast but risky” vs. “slow but safe” in autonomous driving.
Equation (4) captures this behavior, prescribing that, along
all the non-standard diagonals of the d-dimensional hyper-
space of utility differences, the most probable outcome is
incomparability (∥). Intuitively, on such diagonals, the util-

ity difference vector δpτ, τ 1q has at least two contrasting
components, and thus non-dominance between the trajec-
tories for at least one objective. In Figure 1, we report a
graphical representation of the desiderata of Definition 2.2
for the 2-dimensional case.

Learning Goal. Given a class of models F complying with
Definition 2.2, a hypothesis space U Ď tu : T Ñ Rdu
of utility functions, and a dataset D “ tpτi, τ 1

i , ˝iquNi“1 of
comparison triples, we aim to find the maximum likelihood
pair p pf, puq, made of a rationality model pf and utility es-
timator pu, obtained by minimizing the empirical negative
log-likelihood (NLL) over the dataset, i.e.:

p pf, puq P argmin
fPF,uPU

pLpf,u|Dq

:“ ´
ÿ

pτi,τ 1
i,˝iqPD

log fp˝i|upτiq ´ upτ 1
iqq. (5)

In principle, we would aim to select a class of models F
such that the NLL of Equation (5) is convex (Boyd & Van-
denberghe, 2004). Unfortunately, this is unfeasible if F
complies with Definition 2.2, as demonstrated by the fol-
lowing negative result.

Proposition 2.1 (Impossible Convex NLL). There exists no
function f : Rd Ñ ∆pCq that satisfies Definition 2.2, and
such that ´ log fp˝|δq is convex in δ for every ˝ P C.

This result provides a strong insight into the complexity
of CbRL. Intuitively, non-convexity arises because Defini-
tion 2.2 requires the most probable outcome to “change”
twice along any non-standard diagonal, from incompara-
bility at ˘8 to indifference in the origin. Indeed, this is
necessary, as the problem is symmetric w.r.t. every pair
of conflicting objectives, and showing the expert the pair
pτ 1, τq rather than pτ, τ 1q does not change the evaluation
of the underlying utilities. As a consequence, it is more
challenging to provide guarantees about reaching the global
optimum of Equation (5).

3. Model and Theoretical Analysis
In this section, we propose the novel multi-objective Bradley-
Terry model, show its compliance with Definition 2.2, and
study the sample complexity of learning its parameters from
a fixed dataset.

The Multi-Objective Bradley-Terry Model. Let τ, τ 1 P
T be two trajectories generated by interacting with an
MDPC. We now define the novel multi-objective Bradley-
Terry model (MOBT), which we employ to represent the
comparison-generation process of a human expert. With a
slight notation overload, we define the MOBT model class
F as the set of differentiable softmax functions:

fp˝|τ, τ 1q :“ expph˝pτ, τ 1qq
ř

˝1PC expph˝1 pτ, τ 1qq , (6)
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defined through h˝, which we refer to as scores, for every
˝ P C, defined as:

hąpτ, τ 1q :“ 1J
d δpτ, τ 1q{p2dq, (7)

hăpτ, τ 1q :“ ´1J
d δpτ, τ 1q{p2dq. (8)

h—pτ, τ 1q :“ α, (9)

h∥pτ, τ 1q :“ ?
d stdpδpτ, τ 1qq ` β, (10)

where α, β P R are learnable parameters.4 Intuitively,
δpτ, τ 1q allows us to quantify the utility difference of the
two trajectories as a point in Rd. It clearly captures the con-
cepts of dominance, i.e., all positive or all negative elements,
and non-dominance, i.e., some positive elements and some
negative ones. The standard deviation in Equation (10) is a
convenient and intuitive choice to represent incomparability,
as it quantifies the dispersion of the elements of the vector,
which in our setting corresponds to quantifying how much
the utility vectors differ across the various objectives. Let
us now discuss MOBT’s compliance with the desiderata of
Definition 2.2.

Lemma 3.1. Choosing α, β P R such that α ą 0 and
α ą β, the MOBT model complies with the desiderata of
Definition 2.2.

We prove this result by tackling each desiderata separately.
Compliance w.r.t. clear preferences holds by observing that
the utility difference terms are all aligned along the standard
diagonal. The choice of α and β ensures compliance with
the indifference desiderata. Finally, Equation (4) prescribes
a desideratum along the non-standard diagonals of the d-
dimensional hyperspace. Intuitively, we model h∥pτ, τ 1q as
a quantity that increases with the distance from the standard
diagonal, and we show that the desideratum holds because
h∥ grows quicker than hą and hă along non-standard diag-
onals. We now show that the MOBT model generalizes BT
and falls back to it in 1-dimensional problems.5

Remark 3.1 (Equivalence of MOBT and BT in PbRL).
Consider a PbRL instance where a human expert gener-
ates preferences according to the BT model, i.e., ρpτ ą

τ 1q “ σpupτq ´ upτ 1qq, where σp¨q is the sigmoid function.
This corresponds to a CbRL instance with d “ 1, since
we cannot observe indifferences nor incomparabilities. In
this case, MOBT falls back to BT. Setting α “ β “ ´8,
we get a probability of zero of generating indifferences and
incomparabilities. Thus, we can rewrite:

fpą |τ, τ 1q “ exp pδpτ, τ 1q{2q
exp pδpτ, τ 1q{2q ` exp p´δpτ, τ 1q{2q

4Throughout the paper, we assume knowledge of the number
of objectives d. However, this assumption is not strictly necessary,
as the number of dimensions can be overestimated based on the
data (Drago et al., 2025).

5MOBT falls back to BT also when all objectives are aligned,
i.e., when there exists a policy that jointly optimizes all.

“ exp pδpτ, τ 1qq
exp pδpτ, τ 1qq ` 1

“ σpδpτ, τ 1qq,
where σp¨q is the sigmoid function. Clearly, the same rea-
soning also holds for the inverse preference.

Sample Complexity. We now study the sample complexity
of recovering a multi-dimensional reward model under the
MOBT model in the case of a parametric utility function.
Let Θ Ď RdΘ be the parameter space, with slight abuse of
notation, we can rewrite the learning goal of Equation (5)
as:

pθ P argmin
θPΘ

pLpθ|Dq. (11)

For the sake of the analysis, we consider the case of a linear
utility model. This assumption is widely adopted in both
theoretical (Jin et al., 2023) and practical RL (Silver et al.,
2014).

Assumption 3.1 (Feature-based Utility Representation).
There exists a known feature map φ : S ˆ A Ñ Rk and
an unknown matrix W P Rdˆk such that the expert’s
rationality model is defined in terms of utility function
upτq :“ Wϕpτq, where ϕpτq “ ř

hPJHK φpsh, ahq for
every τ P T .

Notably, this assumption is convenient for analytical pur-
poses, but is not necessary, as the MOBT model can handle
any function mapping pτ, τ 1q to δpτ, τ 1q. In practice, ϕ
can be constructed via domain-specific feature engineering
(Abbeel & Ng, 2004) or extracted from raw inputs through
unsupervised pre-training (Lee et al., 2021b). Under As-
sumption 3.1, we can rewrite model f in terms of its feature
representation, i.e., fp˝|W pϕpτq ´ϕpτ 1qqq for every ˝ P C.
As customary in the literature, we consider a boundedness
assumption w.r.t. parameter θ˚ (Sadigh et al., 2017; Yang &
Wang, 2020; Zhao et al., 2024) and feature vector difference
(Zhang et al., 2021; Wang et al., 2020).

Assumption 3.2 (Boundedness). There exist R,Λ ě 0 such
that:

• The expert’s model is parametrized by θ˚ :“
pvecpW ˚q, α˚, β˚q P Θ Ď r´R,Rsdk`2.

• The known feature map ϕ : T Ñ Rk satisfies }ϕpτq ´
ϕpτ 1q}2 ď Λ, for every τ, τ 1 P T .

Assumptions 3.1 and 3.2 together ensure that the utility
upτq “ Wϕpτq is bounded for every τ P T . We can now
state our sample complexity result.

Theorem 3.2. Let θ˚ P Θ be the expert’s parametriza-
tion, and D “ tpτi, τ 1

i , ˝iquNi“1 be a dataset collected i.i.d.
from an unknown distribution Pθ˚ P ∆pT ˆ T ˆ Cq such
that Pθ˚ pτ, τ 1, ˝q “ fp˝|τ, τ 1;θ˚qQppτ, τ 1qq, for some
Q P ∆pT 2q. Let pθ be the solution to Equation (11), and
define P

pθ as its induced distribution under Q. Under As-
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sumptions 3.1 and 3.2, for every δPp0, 1q, it holds that:

DKLpPθ˚ ∥P
pθq ď rO

˜

RΛdk

c

log p1{δq
N

¸

. (12)

Some comments are in order. First, we observe that this re-
sult bounds the KL divergence between the expert’s induced
distribution Pθ˚ and the estimated one P

pθ. Notice that we
are indeed controlling the divergence between the true and
learned comparison-generation models, since DKLpPθ˚ ∥
P

pθq “Eτ,τ 1„QrDKLpfp¨|τ, τ 1;θ˚q ∥ fp¨|τ, τ 1; pθqqs. Due to
the non-convexity of the NLL, no guarantees on the param-
eter distance }pθ ´ θ˚}2 can be derived. The bound, as ex-
pected, decreases with the number of samples and increases
linearly with the bound of the feature difference Λ, as well
as the dimension and bound of the parameter space, i.e., dk
and R. Second, our result holds even when the dataset is
generated by a model P˚ that falls outside the MOBT class.
In such a case, we define θ˚ P argminθPΘ EP˚ r pLpθ|Dqs,
i.e., the KL-projection of P˚ onto our class and add to the
bound of Equation (12) an additive term DKLpP˚ ∥Pθ˚ q
to quantify this approximation.

Notably, Theorem 3.2 defines pθ as the solution to Equa-
tion (11), i.e., its global optimum. However, this might
be hard to obtain in practice due to the non-convexity of
the optimization manifold. Nonetheless, we can recover a
local minimum of pLpθ|Dq by resorting to numerical opti-
mization methods (Nocedal & Wright, 2006; Paszke et al.,
2019). In the following theorem, we bound the KL diver-
gence between the distribution induced by any attainable
local optimum and Pθ˚ .

Theorem 3.3. Let θ˚ P Θ be the expert’s parametrization,
and D “ tpτi, τ 1

i , ˝iquNi“1 be a dataset collected i.i.d. from
an unknown distribution Pθ˚ . Let pθloc be a local minimum
of Equation (11), and define as P

pθloc
its induced distribution

under the same Q P ∆pT 2q. Under Assumptions 3.1 and
3.2, for every δ P p0, 1q, it holds that:
DKLpPθ˚ ∥P

pθloc
q

ď rO

˜

RΛdk

c

log p1{δq
N

` Pθ˚ p∥qΛd?
kR

¸

,
(13)

where Pθ˚ p∥q :“ ş

τ,τ 1 Pθ˚ pdτ,dτ 1, ∥q is the marginal
probability of observing an incomparability.

We observe that moving from the global optimum, which
we are not guaranteed to reach, to a local one results
only in an additive error term depending on the proba-
bility of observing incomparabilities, which is an intrin-
sic property of the problem and, as already discussed,
the source of non-convexity of the model. We can fur-
ther bound this quantity by observing that, whenever
β ě 0, we have Pθ˚ pτ, τ 1, ∥q ď expph∥pτ, τ 1qq{p1 `
expph∥pτ, τ 1qqq ď h∥pτ, τ 1q, which allows us to write

Pθ˚ p∥q ď ?
dEpτ,τ 1q„Qrstdpδpτ, τ 1qqs ` β. Here, the ex-

pected standard deviation of the utility difference vector acts
as an index of conflict between the objectives, and β repre-
sents a minimum level of incomparability. Notice that when
β Ñ ´8, no incomparability is present, i.e., Pθ˚ p∥q “ 0.

4. Discussion
In this work, we proposed the novel CbRL, generalizing
PbRL by allowing for incomparability feedback and defin-
ing the human-feedback-based counterpart of MORL. We
formalized this setting as an MDP with comparisons, de-
fined the desiderata a rationality model should satisfy, and
demonstrated that learning in this setting requires solving
a non-convex optimization problem. Then, we devised the
MOBT model and studied its sample complexity.

4.1. Open Challenges

We now discuss some challenges that remain open for future
research. First, we considered a scenario in which we are
provided with an offline dataset of comparisons. An impor-
tant future research direction is to tackle the online scenario.
Indeed, this requires balancing (i) the minimization of the
number of human interactions and (ii) the maximization
of the accuracy within the portion of the trajectory space
explored by Pareto-optimal policies. This, in turn, requires
devising a principled method for selecting trajectory pairs
to compare. Second, we observe that the fundamental mod-
eling choice of this work, i.e., considering a 4-class compar-
ison feedback, has the advantage of putting the least cogni-
tive weight on the human expert. However, this comes at a
cost, as the informativeness of the samples decreases with
the number of objectives, which is a well-known scaling
problem in the literature (Hayes et al., 2022, Section 10.2).
Indeed, in high-dimensional problems, pairwise feedback,
such as incomparability, may introduce ambiguity in assign-
ing the credit of the feedback across different objectives.
In light of this, we believe that a relevant research direc-
tion is to study the trade-off between the methodological
representational power and the human cognitive strain of
the preference elicitation method, aiming to strike a balance
that achieves near-optimal performance while avoiding over-
burdening the human expert. Finally, a third, orthogonal
future research direction concerns the availability of real
data. To the best of our knowledge, there are currently no
datasets that comprise human-generated labels and include
both indifference and incomparability, as the available data
allows at most for surrogate comparison generation based
on annotations across multiple dimensions (see, e.g., Wang
et al., 2025, for an example in RLHF). Indeed, although
complex, collecting such data for tasks from various fields
would enable the definition of principled benchmarks for
CbRL.
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A. Extended Related Works
In this appendix, we summarize the relevant literature, focusing on PbRL, rationality models alternative to BT, and proposed
methods for handling non-preference.

Multi-Objective Reinforcement Learning. MORL addresses the challenge of optimizing multiple, often conflicting,
criteria to discover a set of Pareto-optimal policies. Recent research has emphasized the controllability of this frontier. Qiu
et al. (2024) investigates how a specific optimization target influences the steerability of the resulting policies, proposing a
two-stage approach for finite multi-objective MDPs (MOMDP), ensuring a broad coverage of the Pareto frontier. More
recently, Chen et al. (2026) introduced a reward-free perspective to MORL, by utilizing reward-free reinforcement learning
(Jin et al., 2020) as an auxiliary task to enhance learning in continuous MOMDPs, providing also an algorithm that returns a
weight-conditioned6 policy that can adapt to different weights at inference time. The CbRL setting has the same learning goal,
i.e., recovering the Pareto frontier. However, it operates under significantly weaker signals, namely pairwise trajectory-level
comparisons instead of the dense, multi-dimensional instantaneous rewards of MORL. This leads to an inherently higher
sample complexity, which we aim to minimize through CbRL. Towards lowering this, strategies coming from active learning
and preference elicitation (Sadigh et al., 2017; Bıyık et al., 2020) might be used to strategically select the most informative
trajectory pairs, ensuring that the learning process remains feasible for human experts.

Preference-Based Reinforcement Learning. Preference-based Reinforcement Learning (Fürnkranz et al., 2012) was first
formalized to integrate the learning from preferences and RL fields, and has since gained renewed attention with the rise
of LLMs (Zhao et al., 2026). PbRL revolves around the mathematical framework of the Markov decision process with
preferences (MDPP, Wirth et al., 2017), combining an MDPzR with a probability distribution ρ to model the probability
of observing a clear preference given two trajectories. In this work, we take inspiration from the MDPP to formalize its
multi-objective counterpart, the Markov decision process with comparisons (MDPC). Indeed, our framework combines
the MDPzR with a probability distribution ρ defined, in our case, over a set of four possible comparison feedback classes,
considering also indifference and incomparability. There are two main approaches to PbRL. The first, known as reward
learning (Christiano et al., 2017), comprises two steps: (i) inferring a reward model from observed preferences and
(ii) learning an optimal policy via standard RL methods. The second, direct policy optimization (DPO, Rafailov et al.,
2023), directly works on the policy space. In this work, we focus on the first approach and propose a method to infer a
multi-objective reward model from comparisons. Recently, a preliminary approach to PbRL in a multi-objective setting has
been proposed (Mu et al., 2025). This work, however, does not formalize the concept of incomparability, instead eliciting
standard PbRL preference feedback under a weighting of the objectives provided to the expert alongside the two trajectories.
In our opinion, this approach trades the use of a convenient rationality model for an additional burden on the human expert.
Indeed, eliciting a preference under a specific numerical scalarization of the problem requires not only that the expert
combine the utilities but that they can also quantify such utilities in the first place. For this reason, we propose a novel
framework to explicitly model incomparability and avoid numerical reasoning on behalf of the human expert.

Limitations of PbRL from the Social Choice Theory Perspective. The standard assumption in PbRL that human
preferences can be effectively represented by a scalar utility function has recently come under scrutiny. Chakraborty et al.
(2024) derives a fundamental impossibility result, showing that a single scalar representation is insufficient for capturing the
heterogeneity of preferences across a diverse set of users. Learning a single scalar reward can thus lead to a representational
failure, where the reward model aligns with a majority group of users while ignoring the conflicting preferences of the
minority. In the direction of overcoming this, Munos et al. (2024) introduced Nash learning from human feedback to align
with diverse preferences by learning the Nash equilibrium of the preference model. This can be seen as a shift of the
paradigm towards a pluralistic alignment, emphasizing the need for an agent that can represent and align with a multitude of
human values simultaneously, rather than converging to a single, potentially biased average (Sorensen et al., 2024). Shifting
from scalar to vector-based rewards allows accounting for the inherent multi-objective nature of human judgment.

Alternative Rationality Models. The most widely considered rationality model in the PbRL literature is the Bradley-Terry
(BT, Bradley & Terry, 1952) model, which models the probability of observing a preference as the sigmoid of the difference
in utility of the two trajectories. The Plackett-Luce (Plackett 1975; Luce 1959) model generalizes BT to model rankings
of objects. A classical alternative to BT is the Thurstone-Mosteller (Thurstone, 1927) model, which considers an additive
Gaussian noise (Siththaranjan et al., 2024) in the preference generation process. In recent years, novel rationality models
have been proposed to tackle specific limitations of BT. A first approach directly models the expert’s rationality, i.e., the

6We use the term “weight” to refer to the scalarization weight of the multiple objectives rather than the term “preference” commonly
used in MORL to avoid ambiguity.
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determinism of their decisions, via a rationality parameter that rescales each trajectory’s utility (Jeon et al., 2020). Then, the
infinite preference model (Hong et al., 2025) tackles the problem of BT not guaranteeing a unique optimum to the MLE
problem in direct preference optimization (Rafailov et al., 2023), proposing an approach based on energy-based models
(LeCun et al., 2006). Finally, the general preference optimization (Zhang et al., 2025) addresses intransitive and/or cyclic
preferences, proposing a model based on preference embeddings to capture complex structures that evade the limitations of
BT’s scalar utility.

Handling Non-Preference Feedback and the Role of Abstension. The standard PbRL approach prescribes that the BT
model characterizes only direct and inverse preferences, without accounting for non-preference feedback, i.e., indifference
and incomparability. Several approaches have been proposed throughout the year to model indifference at varying levels of
complexity. The most common one does not modify the BT model, defining the expert’s preference as a distribution over the
two trajectories instead, and allowing for indifference by dividing this probability between the two trajectories (Christiano
et al., 2017). An alternative approach modifies the BT model, characterizing the probability of observing an indifference
as well as the probabilities of observing the two preferences. (Rao & Kupper, 1967) defines a “threshold of the sensory
perception of the judge”, i.e., a value such that, if the difference in utility is lower than this value, the expert is unable to state
a clear preference. (Davidson, 1970), instead, proposes the probability of indifference as inversely proportional to the extent
to which the two trajectories are distinguishable. The concept of incomparability was first introduced in decision theory to
model the choice of not taking a definite position w.r.t. a comparison (Roy & Vincke, 1984). Incomparability can be linked
to abstention and the refusal to provide a definitive preference, which have been increasingly recognized as rational expert
choices rather than technical failures, both in social choice theory and in machine learning (see, e.g., Hendrickx et al., 2024,
which discusses reject options in machine learning). (Sen, 1970) formulates the inability to choose among alternatives as a
rational response to a conflict between competing values. The standard approach in the presence of incomparability in PbRL
is to discard the query and consider the sample as erroneous (Christiano et al., 2017). However, as argued in the context of
robust learning, allowing the expert to “refuse” a query can improve the reliability and safety of the resulting model (Bartlett
& Wegkamp, 2008). Incomparability can be linked to both MORL and order theory, indicating that its presence induces a
partial order among trajectories (Fürnkranz et al., 2012). In recent years, the role of incomparability has again attracted the
interest of the community, advancing the idea of exploiting it to learn a Pareto frontier of policies (Abdelkareem et al., 2022).
Our work explicitly models this feedback, treating it as a primary signal to identify the presence of multiple, conflicting
objectives.

B. Derivation of the Incomparability Score Function
In this appendix, we provide the complete derivation of Equation (10), i.e., the incomparability score function h∥.

As noted in the main paper, Equation (4) requires incomparability to be the feedback with the highest probability of
being generated along all the non-standard diagonals of the d-dimensional hyperspace. Our modeling approach for the
incomparability score function is based on the idea that points along the non-standard diagonals, i.e., all the diagonals
of the hypercube that can be formulated as xs for x P R and s P t´1, 1udzt1d,´1du, grow farther from the standard
diagonal. Thus, we can quantify our incomparability score based on the distance of the point represented by δpτ, τ 1q from
its projection on the standard diagonal.

Let t :“ 1?
d

¨ 1d be a choice of vector such that the standard diagonal in Rd can be defined as the span of t, i.e.,
V “ tv P Rd : v “ c ¨ t, c P Ru. Then, denoting as p “ ct P V the projection of δpτ, τ 1q onto the standard diagonal, we
choose to define the incomparability score function as:

h∥pτ, τ 1q “ }δpτ, τ 1q ´ p}2. (14)
By definition of p, it follows that t is orthogonal to the vector defined as p ´ δpτ, τ 1q, i.e.:

tJpp ´ δpτ, τ 1qq “ 0. (15)
By applying the definition of p, we can rewrite Equation (15) as c ´ tJδpτ, τ 1q “ 0. Applying the definition of t and
solving for v, we derive that:

c “ 1?
d
1J
d δpτ, τ 1q. (16)

We can then rewrite the definition of p as:

p “ ct “ 1

d
1d1

J
d δpτ, τ 1q. (17)
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Notice that we can define the quantity:

δpτ, τ 1q :“ 1

d

d
ÿ

i“1

δipτ, τ 1q “ 1

d
1J
d δpτ, τ 1q, (18)

where δipτ, τ 1q represents the i-th component of δpτ, τ 1q, as the mean of the vector δpτ, τ 1q. By plugging Equation (18) into
Equation (17), we can rewrite p as:

p “ δpτ, τ 1q1d, (19)

i.e., as the d-dimensional vector having all components equal to δpτ, τ 1q. Finally, by plugging Equation (19) into Equa-
tion (14) and applying the definition of the population standard deviation, we obtain:

h∥pτ, τ 1q “ }δpτ, τ 1q ´ δpτ, τ 1q1d}2. (20)
Simply adding a learnable parameter β P R to Equation (20) results in Equation (10). Clearly, this summation does not alter
the satisfiability of the desiderata in Definition 2.2, as β can be set to zero. Instead, having this additional degree of freedom
allows us to handle situations in which the expert may present a slight irrationality, or may be more or less prone to evaluate
two trajectories as incomparable.

C. Omitted Proofs
In this appendix, we present auxiliary lemmas and proofs of the results in the main paper.

C.1. Auxiliary Lemmas

Lemma C.1 (Lipschitz-Continuous Loss). Let D “ tpτi, τ 1
i , ˝iquNi“1 be a dataset of i.i.d. triples sampled from a distribution

Pθ˚ P ∆pT ˆ T ˆ Cq, defined such that Pθ˚ ppτ, τ 1, ˝qq “ fp˝|τ, τ 1;θ˚qQppτ, τ 1qq, for every τ, τ 1 P T , ˝ P C, and for
some distribution Q P ∆pT 2q. Let:

Lpθq :“ Epτ,τ 1,˝q„Pθ˚

“´ log fp˝|τ, τ 1;θq‰

, (21)
and:

pLpθ|Dq :“ 1

N

N
ÿ

i“1

´ log fp˝i|τi, τ 1
i ;θq. (22)

Under Assumption 3.2, pL and L are L-Lipschitz continuous in L8-norm with respect to θ, with:

L “ 8Λp?
d ` 2q. (23)

Proof. Let us denote as θ “ pvecpW q, α, βqJ P Rdk`2, a vector representing the set of parameters pW , α, βq. We now
compute the norm of the gradients of h˝p¨|θq for every ˝ P C with respect to θ. By the Minkowski inequality (Hardy et al.,
1964), we have that:

}∇θh˝pτ, τ 1|θq}F ď }∇W h˝pτ, τ 1|θq}F ` }∇αh˝pτ, τ 1|θq}F ` }∇βh˝pτ, τ 1|θq}F , (24)
for every ˝ P C. Thus, we can compute the gradients with respect to W , α, and β individually and combine them.

With respect to W , the gradients can be upper bounded as:
›

›∇W hąpτ, τ 1|θq›

›

F
“

›

›

›

›

1

2d
1d

`

ϕpτq ´ ϕpτ 1q˘J

›

›

›

›

F

ď Λ

2
?
d
, (25)

›

›∇W hăpτ, τ 1|θq›

›

F
“ ›

›∇W hąpτ, τ 1|θq›

›

F
ď Λ

2
?
d
,

›

›∇W h—pτ, τ 1|θq›

›

F
“ 0,

where Equation (25) follows from Assumption 3.2. Regarding incomparability, let us first rewrite its definition as:

h∥pτ, τ 1|θq “ ?
d

g

f

f

e

1

d2

ÿ

i,jPJdK

´

pW pϕpτq ´ ϕpτ 1qqqi ´ pW pϕpτq ´ ϕpτ 1qqqj
¯2 ` β (26)

“
g

f

f

e

1

d

ÿ

i,jPJdK

´

pei ´ ejqJW pϕpτq ´ ϕpτ 1qq
¯2 ` β, (27)
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where, in Equation (27), ei represents the i-th element of the d-dimensional canonical base, i.e., the vector obtained by
replacing the i-th element of 0d with 1. Then, we can write the Frobenius norm of the gradient of h∥ as:

}∇W h∥pτ, τ |θq}F ď 2?
d

ř

i,jPJdK

ˇ

ˇpei ´ ejqJW pϕpτq ´ ϕpτ 1qqˇ

ˇ

›

›pei ´ ejqpϕpτq ´ ϕpτ 1qqJ
›

›

F
c

ř

i,jPJdK

´

pei ´ ejqJW pϕpτq ´ ϕpτ 1qq
¯2

(28)

ď 2?
d

d

ÿ

i,jPJdK

}pei ´ ejqpϕpτq ´ ϕpτ 1qqJ}2F (29)

ď 2?
d

d

ÿ

i,jPJdK:i‰j

p2Λq2 (30)

ď 4Λ
?
d, (31)

where Equation (29) is obtained by applying the Cauchy-Schwartz inequality, and Equation (30) follows by Assumption 3.2
and by observing that ei ´ ej “ 0d if i “ j.

With respect to α, we have:
›

›∇αhąpτ, τ 1|θq›

›

2
“ 0,

›

›∇αhăpτ, τ 1|θq›

›

2
“ 0,

›

›∇αh—pτ, τ 1|θq›

›

2
“ 1,

›

›∇αh∥pτ, τ 1|θq›

›

2
“ 0.

With respect to β, we have:
›

›∇βhąpτ, τ 1|θq›

›

2
“ 0,

›

›∇βhăpτ, τ 1|θq›

›

2
“ 0,

›

›∇βh—pτ, τ 1|θq›

›

2
“ 0,

›

›∇βh∥pτ, τ 1|θq›

›

2
“ 1.

By combining these results into Equation (24), we obtain that:

}∇θhąpτ, τ 1|θq}F ď Λ

2
?
d
, }∇θhăpτ, τ 1|θq}F ď Λ

2
?
d
,

}∇θh—pτ, τ 1|θq}F “ 1, }∇θh∥pτ, τ 1|θq}F ď 4Λ
?
d ` 1.

(32)

We can now bound the norm of the gradient of ´ log fp˝|τ, τ 1;θq, for every ˝ P C:

}∇θ ´ log fp˝|τ, τ 1;θq}F “
›

›

›

›

›

∇θ ´ h˝pτ, τ 1|θq ` log

˜

ÿ

˝1PC
expph˝1 pτ, τ 1|θqq

¸
›

›

›

›

›

F

(33)

“ }∇θ ´ h˝pτ, τ 1|θq}F `
›

›

›

›

›

∇θ log

˜

ÿ

˝1PC
expph˝1 pτ, τ 1|θqq

¸›

›

›

›

›

F

(34)

“ }∇θ ´ h˝pτ, τ 1|θq}F `
ř

˝1PC expph˝1 pτ, τ 1|θqq}∇θh˝1 pτ, τ 1|θq}F
ř

˝1PC expph˝1 pτ, τ 1|θq . (35)

By upper bounding the gradients of h with the highest upper bound of Equation (32), we finally get:
}∇θ ´ log fp˝|τ, τ 1;θq}F ď 8Λ

?
d ` 2 (36)

Finally, by observing that Equation (36) holds for every comparison label ˝ P C and that pL and L are a sample mean and
an expectation, respectively, of ´ log fp˝|τ, τ 1;θq function, and recalling that }A}8 ď }A}F for every matrix A (Horn &
Johnson, 1985), it follows that both functions are L-Lipschitz, with L “ 8Λp?

d ` 2q.

Lemma C.2 (Subgaussian Scores). Let f : Rd Ñ ∆pCq be the MOBT model defined in Equation (6), and let l : R Ñ
r0,`8q4 be the function defined as lp˝|τ, τ 1;θq “ ´ log fp˝|τ, τ 1;θq. Under Assumption 3.2, l is ν2-subgaussian, with:

ν “ 1 ` 10RΛ
?
dk. (37)
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Proof. First, observe that, for every τ, τ 1 P T , θ P Θ, and ˝ P C, it holds that:

| ´ log fp˝|τ, τ 1;θq| “
ˇ

ˇ

ˇ

ˇ

ˇ

´h˝pτ, τ 1|θq ` log

˜

ÿ

˝1PC
expph˝1 pτ, τ 1|θqq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

(38)

ď |h˝pτ, τ 1|θq| `
ˇ

ˇ

ˇ

ˇ

ˇ

log

˜

ÿ

˝1PC
expph˝1 pτ, τ 1|θqq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

. (39)

Now, we bound each component independently. Starting from hą, we have that:

|hąpτ, τ 1|θq| “ 1

2

ˇ

ˇ1J
d W pϕpτq ´ ϕpτ 1qqˇ

ˇ (40)

ď 1

2
}1J

d W }2}ϕpτq ´ ϕpτ 1q}2 (41)

ď 1

2
RΛ

?
k, (42)

under Assumption 3.2, where Equation (41) follows from the Cauchy-Schwarz inequality. Clearly, the same holds for hă,
since hă “ ´hą. Then, it is straightforward to verify that |h—| ď R, under Assumption 3.2. Moving to incomparability,
we have that:

ˇ

ˇh∥pτ, τ |θqˇ

ˇ “
g

f

f

e

1

d

ÿ

i,jPJdK

´

pei ´ ejqJW
`

ϕpτq ´ ϕpτ 1q˘

¯2 ` β ď 3RΛ
?
dk. (43)

Then, we bound the log-sum-exp term, observing that hă “ ´hą and, consequently, expphąpτ, τ 1|θqq `
expphăpτ, τ 1|θqq ě 1, we have:

ˇ

ˇ

ˇ

ˇ

ˇ

log

˜

ÿ

˝1PC
expph˝1 pτ, τ 1|θqq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

(44)

“ log
´

expphąpτ, τ 1|θqq ` expphăpτ, τ 1|θqq ` expph—pτ, τ 1|θqq ` expph∥pτ, τ 1|θqq
¯

(45)

ď log

ˆ

1 ` exp

ˆ

1

2
RΛ

?
k

˙

` exppRq ` exp
´

3RΛ
?
dk

¯

˙

(46)

ď log
´

1 ` 3 expp3RΛ
?
dkq

¯

(47)

ď 1 ` 9RΛ
?
dk, (48)

where Equation (46) follows by combining the upper bounds in Equations (42) and (43) and the upper bound on h—. Finally,
we can derive that, for every comparison label ˝ P C, it holds that:

| ´ log fp˝|τ, τ 1;θq| ď max
˝1PC

ˇ

ˇh˝1 pτ, τ 1|θqˇ

ˇ `
ˇ

ˇ

ˇ

ˇ

ˇ

log

˜

ÿ

˝1PC
expph˝1 pτ, τ 1|θqq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

(49)

ď 1 ` 10RΛ
?
dk “: ν, (50)

thus concluding the proof.

Lemma C.3. Let f, g : Rn Ñ R be two continuously differentiable functions such that, for all x P Rn, it holds that:

|fpxq ´ gpxq| ď c and }∇gpxq ´ ∇fpxq}2 ď d, (51)
where c, d,ą 0. Suppose that g is λ-strongly convex for some λ ą 0. Let xloc be a local minimum of f and let xglob be a
global minimum of f . Then, it holds that:

fpxlocq ´ fpxglobq ď 2c ` d2

2λ
. (52)

Proof. Let us denote as x˚
g the unique minimizer of g, which exists since g is λ-strongly convex. Since we have defined

xloc as a local minimum of the continuously differentiable function f , it follows that ∇fpxlocq “ 0. Hence, by the gradient
closeness assumption, we have that:

}∇gpxlocq}2 “ }∇gpxlocq ´ ∇fpxlocq}2 ď d. (53)
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By combining this with the strong convexity of g, we have that:

gpxlocq ´ gpx˚
g q ď }∇gpxlocq}22

2λ
ď d2

2λ
. (54)

From the pointwise bound, we observe that:
fpxlocq ´ fpxglobq ď gpxlocq ´ gpxglobq ` 2c. (55)

Moreover, since x˚
g is the global minimizer of g, it holds that:

gpxlocq ´ gpxglobq ď gpxlocq ´ gpx˚
g q ď d2

2λ
. (56)

Finally, combining Equations (55) and (56), we get that:

fpxlocq ´ fpxglobq ď 2c ` d2

2λ
, (57)

thus concluding the proof.

C.2. Omitted Proofs of the Main Paper

Proposition 2.1 (Impossible Convex NLL). There exists no function f : Rd Ñ ∆pCq that satisfies Definition 2.2, and such
that ´ log fp˝|δq is convex in δ for every ˝ P C.

Proof. We demonstrate this result by contradiction. Assume that f : Rd Ñ ∆pCq satisfies Definition 2.2, and that
´ log fp˝|δq is convex in δ for every ˝ P C.

First, observe that fp˝|δq P r0, 1s for every ˝ P C and δ P Rd. Then, observing that
ř

˝PC fp˝|δq “ 1 and |C| “ 4, we
have that max˝PC fp˝|δq ě 1{4, for every δ P Rd. Considering now ´ log fp˝|δq, our previous observations translate to
´ log fp˝|δq ě 0, for every ˝ P C and δ P Rd, and min˝PC ´ log fp˝|δq ď log 4, for every δ P Rd. Let us now consider
one of the non-standard diagonals of the d-dimensional hyperspace. For ease of notation, fix a t P t´1, 1udzt1d,´1du, and
denote fp˝|xtq, i.e., the points along such a diagonal, as fp˝|xq, with x P R. Equation (4) corresponds to requiring, along
the non-standard diagonal, that:

lim
xÑ`8

´ log fp∥ |xq “ c1 and lim
xÑ´8

´ log fp∥ |xq “ c2, (58)

where c1, c2 P r0, log 4q. Since, by assumption, the function is convex (and, thus, also continuous), the only way to satisfy
these constraints is that c1 “ c2 “: c and enforcing that ´ log fp∥ |xq is the constant function ´ log fp∥ |xq “ c. Indeed, if
c1 ‰ c2 to fulfill convexity, either function ´ log fp∥ |xq changes concavity (and, thus, it is not convex) or one between c1
and c2 is infinite (thus, violating c1, c2 P r0, log 4q). Thus, it must be that:

fp∥ |xq “ expp´cq, (59)
for every x P R. Now, recalling that

ř

˝PC fp˝|xq “ 1, and considering Equation (59), the remaining terms must satisfy:
fpą |xq ` fpă |xq ` fp— |xq “ 1 ´ expp´cq “: K, (60)

for some constant K ą 0. By the desideratum of Equation 3, we have that fp— |xq must be the mode at x “ 0, and:
lim

xÑ˘8
fp— |xq ă expp´cq and fp— |0q ą expp´cq. (61)

Combining these requirements, we have that fp— |xq presents two changes in concavity. To respect this constraint, and have
´ log fp— |xq be convex, then fp— |¨q must be a bell-shaped log-concave function.

Let us now define the additional quantity Spxq :“ fpą |xq ` fpă |xq “ K ´ fp— |xq. Recalling that a function gp¨q is
log-concave, then it holds that g2p¨q ď pg1p¨qq2{gp¨q, by requiring that both fpą |xq and fpă |xq must be log-concave, then
Spxq must be log-concave in regions of the space where fp— |xq is low. In such regions, i.e., those where x Ñ 8, we
require that fp∥ |xq “ exppcq is the mode, and thus fpą |xq and fpă |xq are log-concave and bounded.

Finally, we get that, for fpą |xq, fpă |xq, and fp— |xq to be all log-concave simultaneously and sum to K, they must all be
constant. This, however, contradicts the desideratum of Equation 3, thus concluding the proof.

Lemma 3.1. Choosing α, β P R such that α ą 0 and α ą β, the MOBT model complies with the desiderata of Definition 2.2.

Proof. We demonstrate compliance with respect to one desideratum at a time. First, regarding direct preference ą, we
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observe that, along the standard diagonal, δpτ, τ 1q is composed of d equal components, and can be rewritten as:
δpτ, τ 1q “ t1d, (62)

for some t P R. Thus, it follows that the standard deviation of δpτ, τ 1q along the standard diagonal is zero. Compliance to
the desideratum of Equation (1) simply follows by observing that, for t Ñ `8, hą Ñ 8, hă Ñ ´8, h— “ α, and h∥ “ 0.
By taking the softmax of the four functions, the direct preference is the probability distribution’s most probable outcome. A
similar reasoning holds for inverse preference ă, by considering t Ñ ´8.

Then, regarding indifference —, we observe that, as δpτ, τ 1q Ñ 0d, we have that:
hą “ 0, hă “ 0, h— “ α, h∥ “ β. (63)

Thus, having selected α ą 0 such that α ą β, it is straighforward to verify that fp— |0dq “ exppαq{p2` expα ` expβq is
the maximal element of the probability distribution, ensuring compliance with the desideratum of Equation (3).

Finally, regarding incomparability ∥, we observe that the desideratum of Equation (4) prescribes that incomparability
must be the mode of the probability distribution over C as δpτ, τ 1q goes to infinity along any non-standard diagonal of the
d-dimensional hyperspace. Let us consider the case of d ě 2 as otherwise, if d “ 1, the standard deviation is zero by
definition. Fixing the direction along a non-standard diagonal, i.e., t P t`1,´1udzt1d,´1du, we observe that vector t
comprises exactly k components equal to `1 and d ´ k components equal to ´1. By denoting the utility difference along
the non-standard diagonal as c ¨ t, with c P R, we first observe that we can write, with a slight abuse of notation, the clear
preference scores as:

hąpcq “ cp2k ´ dq
2d

and hăpcq “ ´cp2k ´ dq
2d

. (64)

Then, denoting the mean of vector ct as µ “ cp2k´dq

d , and observing that pc ¨ tiq2 “ c2 for every ti P t, we can write the
standard deviation of the vector as:

stdpctq “
g

f

f

e

1

d

d
ÿ

i“1

c2 ´ µ2 “
c

c2 ´ c2
p2k ´ dq2

d2
“ 2|c|akpd ´ kq

d
. (65)

Then, we can rewrite the incomparability score as:

h∥pcq “ 2|c|
c

kpd ´ kq
d

` β. (66)

Compliance with the desideratum of Equation (4) then corresponds to proving that Equation (66) is greater than Equation (64)
as c Ñ 8.

By combining Equations (64) and (66) we can write:

2|c|
c

kpd ´ kq
d

´ |c|p2k ´ dq
2d

` β “ |c|
˜

2

c

kpd ´ kq
d

´ 2k ´ d

2d

¸

` β (67)

ě |c|
˜

2

c

d ´ 1

d
´ d ´ 2

2d

¸

` β (68)

ě |c|
ˆ?

2 ´ 1

2

˙

` β (69)

where Equation (68) is obtained by observing that the minimum of kpd ´ kq is d ´ 1, attained at either k “ 1 or k “ d ´ 1,
and the maximum value of p2k ´ dq{p2dq is pd ´ 2q{p2dq, attained by k “ d ´ 1, and Equation (69) holds by observing
that d ě 2.

By observing that
?
2 ´ 0.5 ą 0 and recalling that β is a constant value, it clearly follows that:

lim
cÑ˘8

|c|p?
2 ´ 0.5q ` β “ `8, (70)

thus showing the compliance of the MOBT model with respect to all the desiderata and concluding the proof.

Theorem 3.2. Let θ˚ P Θ be the expert’s parametrization, and D “ tpτi, τ 1
i , ˝iquNi“1 be a dataset collected i.i.d. from an

unknown distribution Pθ˚ P ∆pT ˆ T ˆ Cq such that Pθ˚ pτ, τ 1, ˝q “ fp˝|τ, τ 1;θ˚qQppτ, τ 1qq, for some QP∆pT 2q. Let
pθ be the solution to Equation (11), and define P

pθ as its induced distribution under Q. Under Assumptions 3.1 and 3.2, for
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every δPp0, 1q, it holds that:

DKLpPθ˚ ∥P
pθq ď rO

˜

RΛdk

c

log p1{δq
N

¸

. (12)

Proof. Under Assumption 3.2, let us consider an ϵ-cover Θϵ of Θ Ď r´R,Rsdk`2 in L8-norm. We have that |Θϵ| ď
`

6R
ϵ

˘dk`2
(Lattimore & Szepesvári, 2020). Let now θ˚ P argminθPΘ Lpθq and pθ P argminθPΘ

pLpθ|Dq as defined in
Lemma C.1. Take rθ P Θϵ, we have for every δ P p0, 1q, with probability at least 1 ´ δ:

Lppθq ´ Lpθ˚q “ Lppθq ´ Lpθ˚q ˘ pLppθ|Dq (71)

ď Lppθq ´ pLppθ|Dq ` pLpθ˚|Dq ´ Lpθ˚q (72)

ď 2 sup
θPΘ

ˇ

ˇ

ˇ

pLpθ|Dq ´ Lpθq
ˇ

ˇ

ˇ
(73)

“ 2 sup
θPΘ

ˇ

ˇ

ˇ

pLpθq ´ Lpθq ˘
´

pLprθ|Dq ´ Lprθq
¯

ˇ

ˇ

ˇ
(74)

ď 2 sup
θPΘ

ˇ

ˇ

ˇ

pLpθ|Dq ´ Lpθq ´ pLprθ|Dq ` Lprθq
ˇ

ˇ

ˇ
` 2

ˇ

ˇ

ˇ
Lprθq ´ pLprθ|Dq

ˇ

ˇ

ˇ
(75)

ď 2 sup
θPΘ

inf
rθPΘϵ

ˇ

ˇ

ˇ

pLpθ|Dq ´ Lpθq ´ pLprθ|Dq ` Lprθq
ˇ

ˇ

ˇ
` 2 sup

rθPΘϵ

ˇ

ˇ

ˇ

pLprθ|Dq ´ Lprθq
ˇ

ˇ

ˇ
(76)

ď 4L sup
θPΘ

inf
rθPΘϵ

›

›

›
θ ´ rθ

›

›

›

8
` 2 sup

rθPΘϵ

ˇ

ˇ

ˇ

pLprθ|Dq ´ Lprθq
ˇ

ˇ

ˇ
(77)

ď 4ϵL ` 2ν

c

2 log p|Θϵ|{δq
N

(78)

having observed that pLppθ|Dq ď pLpθ˚|Dq, exploited the Lipschitzianity of L and pL in Equation (77) as in Lemma C.1, and
having applied Hoeffding’s inequality with the subgaussian constant derived in Lemma C.2 in Equation (78), recalling
that the dataset is made of i.i.d. triples, and having performed a union bound over the cover Θϵ. Now, recalling that
|Θϵ| ď `

6R
ϵ

˘dk`2
and choosing ϵ “ ν

2L
?
N

which is a viable choice whenever N ě `

ν
2LR

˘2
, we have, with probability at

least 1 ´ δ:

Lppθq ´ Lpθ˚q ď 2ν?
N

` 2
?
2ν

g

f

f

e

pdk ` 2q log
´

12R
?
N

ν

¯

` log
`

1
δ

˘

N
(79)

ď 5ν

g

f

f

e

pdk ` 2q log
´

12RL
?
N

ν

¯

` log
`

1
δ

˘

N
. (80)

By replacing the values of ν and L and recalling that Lppθq ´ Lpθ˚q “ DKLpPθ˚ ∥P
pθq, we get the result.

Theorem 3.3. Let θ˚ P Θ be the expert’s parametrization, and D “ tpτi, τ 1
i , ˝iquNi“1 be a dataset collected i.i.d. from an

unknown distribution Pθ˚ . Let pθloc be a local minimum of Equation (11), and define as P
pθloc

its induced distribution under
the same Q P ∆pT 2q. Under Assumptions 3.1 and 3.2, for every δ P p0, 1q, it holds that:

DKLpPθ˚ ∥P
pθloc

q

ď rO

˜

RΛdk

c

log p1{δq
N

` Pθ˚ p∥qΛd?
kR

¸

,
(13)

where Pθ˚ p∥q :“ ş

τ,τ 1 Pθ˚ pdτ,dτ 1, ∥q is the marginal probability of observing an incomparability.

Proof. Recalling the empirical negative log-likelihood for a given parameter θ P Θ:

pLpθ|Dq :“ 1

N

ÿ

pτ,τ 1,˝qPD

`´ log fp˝|τ, τ 1;θq˘

, (81)
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we observe that we can decompose it as:

pLpθ|Dq “ 1

N

ÿ

pτ,τ 1,˝qPD

`´ log fp˝|τ, τ 1;θq1t˝ ‰∥u˘ ` 1

N

ÿ

pτ,τ 1,˝qPD

`´ log fp˝|τ, τ 1;θq1t˝ “∥u˘

, (82)

where 1¨ is the indicator function. Notice that the first term in Equation (82) is convex, since the standard deviation as a
function of upτ |θq ´ upτ 1|θq is convex (while its negative counterpart is not) and the log-sum-exp of convex functions is
convex.

Let us now define the following function, for some λ ą 0:

rLpθ|Dq :“ 1

N

ÿ

pτ,τ 1,˝qPD

`´ log fp˝|τ, τ 1;θq1t˝ ‰∥u˘ ` λ

2
}θ}22, (83)

which is λ-strongly convex.

We can bound the absolute difference between pLpθ|Dq and rLpθ|Dq as:

ˇ

ˇ

ˇ

pLpθ|Dq ´ rLpθ|Dq
ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

N

ÿ

pτ,τ 1,˝qPD

`´ log fp˝|τ, τ 1;θq1t˝ “∥u˘ ´ λ

2
}θ}22

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

(84)

ď
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

N

ÿ

pτ,τ 1,˝qPD

`´ log fp˝|τ, τ 1;θq1t˝ “∥u˘

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`
ˇ

ˇ

ˇ

ˇ

λ

2
}θ}22

ˇ

ˇ

ˇ

ˇ

(85)

ď pPθ˚ p∥qp1 ` 10RΛ
?
dkq ` λ

2
pdk ` 2qR2, (86)

where the first term of Equation (86) is obtained by denoting the relative frequency of incomparability pPθ˚ p∥q “
řN

i“1 1t˝i “∥u{N in the dataset and applying Lemma C.2, and the second term is obtained by bounding }θ}2 ď?
dk ` 2}θ}8.

Concerning the gradient, with the same reasoning as above and applying Lemma C.1, we derive that:

}∇ pLpθ|Dq ´ ∇Lpθ|Dq}2 “
›

›

›

›

›

›

1

N

ÿ

pτ,τ 1,˝qPD

`´∇ log fp˝|τ, τ 1;θq1t˝ “∥u˘ ´ λθ

›

›

›

›

›

›

2

(87)

ď pPθ˚ p∥qp8Λ?
d ` 2q ` λ

?
dk ` 2R. (88)

Denoting, for conciseness of presentation, C “ rO
ˆ

RΛdk
b

logp1{δq

N

˙

, we now derive:

Lppθlocq ´ Lpθ˚q “ Lppθlocq ´ Lpθ˚q ˘ Lppθq (89)

ď Lppθlocq ´ Lppθq ` C ˘ pLppθloc|Dq ˘ pLppθ|Dq (90)

ď pLppθloc|Dq ´ pLppθ|Dq ` 2C (91)

ď 2 pPθ˚ p∥qp1 ` 10RΛ
?
dkq ` 3

2
λpdk ` 2qR2

` 1

2λ
pPθ˚ p∥q2p8Λ?

d ` 2q2 ` 2C

(92)

“ 2 pPθ˚ p∥qp1 ` 10RΛ
?
dkq ` 2C

` ?
3 pPθ˚ p∥qp8Λ?

d ` 2q?
dk ` 2R

(93)

ď 60 pPθ˚ p∥qΛd?
k ` 1R ` 2C (94)

ď 60

˜

Pθ˚ p∥q `
c

logp2{δq
2N

¸

Λd
?
k ` 1R ` 2C, (95)

where Equation (90) is obtained by applying Theorem 3.2, Equation (91) is obtained by observing that we can repeat the
derivation of Theorem 3.2 from Equation (73) onward, Equation (92) is obtained by applying Lemma C.3, observing that
pθloc and pθ are a local and the global minimizer of pL, respectively, that the two conditions in Equation (51) to apply the
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lemma are satisfied by Equations (86) and (88), and by bounding pa ` bq2 ď 2a2 ` 2b2, Equation (93) is obtained by
minimizing over λ, Equation (94) follows by observing that d ě 2 otherwise no incomparabilities can be observed, and the
problem is convex. Equation (95) follows by applying Hoeffding’s inequality, recalling that |D| :“ N .

D. Numerical Validation
In this appendix, we provide a numerical validation of our MOBT model. This appendix is structured as follows. We
first discuss the methodology of our experiments in Appendix D.1, covering the procedures for generating trajectories and
comparison labels. We then report the specifications of the environment employed in our experiments in Appendix D.2,
namely, GridWorld, MO-Hopper, and LQR. We discuss experimental results in Appendix D.3. We discuss the implementation
details in Appendix D.4

D.1. Methodology and Experimental Pipeline

Given a dataset D “ tpτi, τ 1
i , ˝iquNi“1, comprising N triples of two trajectories and a comparison label, and generated under

the model of Equation (6), our goal is to the parameters pθ P Rdk`2, i.e., the matrix xW P Rdk and parameters pα, pβ P R, by
minimizing the empirical NLL as in Equations (11). As demonstrated in Proposition 2.1, such a minimization cannot be
achieved via convex optimization methods, due to the presence of incomparability feedback. As such, we resort to numerical
optimization methods (Nocedal & Wright, 2006; Paszke et al., 2019).

The pipeline employed throughout the experiments of this paper comprises three stages: trajectory generation, comparison
label generation, and model optimization. Let us now discuss each stage in detail.

Trajectory Generation. In order to generate dataset D, we first generate a pool of trajectories by executing one or more
behavioral policies in the target environment for fixed-horizon episodes. For each trajectory, we store the full sequence of
states and actions, together with the true per-step multi-dimensional reward vectors generated by the environment. Crucially,
this reward is never observed by our model and is stored solely to be provided to the synthetic expert for label-generation
purposes.

The rationale behind this choice is to employ diverse policies to generate trajectories that span the trajectory space. The
behavioral policies differ per environment:

• GridWorld: a single exploratory policy trained with implicit rewards to cover the state space as uniformly as possible.
• MO-Hopper: a suite of policies generated by first sampling a set of scalarization weights, then training for each weight

in the true environment, and including in the suite both a near-optimal and a suboptimal policy.
• LQR: a single policy that generates trajectories by selecting a random feedback gain and producing a roll-out of fixed

length. Notably, due to the linearity of the dynamics, this is sufficient to span the cost space.

We defer the definition of the environment-specific feature maps employed for each environment to Appendix D.2.

Comparison Label Generation. Once a pool of trajectories is generated, we select trajectory pairs by sampling from
such a set. If the number of labels per pair is greater than one, we sample K different pairs, and query a rational expert to
generate M labels for each trajectory pair, such that N “ KM .

We generate labels by instantiating a synthetic expert adapted from SimTeacher (Lee et al., 2021a). We chose it as the
basis for our synthetic expert as it natively provides support for parametrizable degrees of irrationality. We will evaluate
varying degrees of irrationality concerning the probability of making a mistake, which we adapted from SimTeacher to
provide a random label with probability ϵ P r0, 1s. Regarding comparison-label generation, we have modeled our synthetic
expert to use our MOBT as its rationality model. When shown a pair of trajectories, we provide the expert also with the
step-wise reward vectors for each trajectory, which the expert then employs to compute the score functions according to
Equations (7) to (10), and finally generating a label by sampling from the distribution defined as the soft-max of the scores.

Model Optimization. Given the dataset D “ tpτi, τ 1
i , ˝iquNi“1 and an environment-specific feature map ϕ : T Ñ Rk,

we minimize the empirical NLL of Equation (11) using the ADAM optimizer (Kingma & Ba, 2015). As demonstrated in
Proposition 2.1, the objective is non-convex; we therefore rely on multiple random initializations to mitigate sensitivity to
local optima. We report an additional experiment to quantify the spread of the training loss when using multiple initializations
in Appendix D.3.
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(c) “Avoid obstacles” objective.

Figure 2. True 3-dimensional GridWorld reward matrices.

We reserve a randomly-sampled 20% of D as a held-out test set. The remaining 80% is used for training. After optimization,
we evaluate the learned model by computing the KL divergence DKLpPθ˚ }P

pθq on the test set, where Pθ˚ is the distribution
induced by the true expert parameters, and each reported result is the mean over 10 independent, seeded runs.

D.2. Experimental Environments Specification

We now provide detailed descriptions of the environments employed in our experiments.

GridWorld. We consider a custom 5 ˆ 5 GridWorld with two obstacles placed in the topmost and bottommost cells of
the middle column (column index 2). States are cell coordinates px, yq P S :“ J0, 4K2, where p0, 0q denotes the top-left
cell and p4, 4q the bottom-right cell. The agent starts each episode in the bottom-left cell p4, 0q. The action space is
A :“ tU,D,L,R,Su (up, down, left, right, stay). The environment is implemented such that actions that would make the
agent exit the grid or move into an obstacle are overwritten to make the agent stay in place.

At each step, the environment emits a three-dimensional reward vector rh`1 P R3 representing three objectives:

(i) Reach target: `1 if pxh`1, yh`1q “ p4, 4q, and ´0.1 otherwise;
(ii) Reach top row: ´0.1 ¨ xh`1, where x is the row index;

(iii) Avoid obstacles: ´0.5 if pxh`1, yh`1q is adjacent to an obstacle, 0 otherwise.

The true reward matrices for all three objectives are visualized in Figure 2. The feature map counts state visitation
frequencies: ϕpτq P R25, where the i-th entry is the number of time steps the agent occupies cell i.

MO-Hopper. We use the mo-hopper-2obj-v5 environment from the MO-Gymnasium suite (Felten et al., 2023), the
multi-objective extension of Hopper-v5 (Towers et al., 2025). We consider two objectives: (i) forward velocity along the
x-axis and (ii) height of the robot along the z-axis. The base environment provides an 11-dimensional observation vector at
each step. We define the feature map as the episode-cumulative observation: ϕpτq “ řH

h“1 sh P R11.

Linear Quadratic Regulator. We consider a one-dimensional discrete-time Linear Quadratic Regulator (Bemporad et al.,
2002) with separated state and control costs, yielding a two-objective environment. Both the state xh P R and action uh P R
are scalar. The dynamics follow:

xh`1 “ a xh ` b uh ` ηh, ηh „ N p0, 1q, (96)

and the per-step cost vector is:

ch “ `

q x2
h, r u

2
h

˘J P R2. (97)

The system parameters are set to a “ 0.9, b “ 1.0, q “ 1.5, and r “ 2.0. The feature map returns the mean squared
state and action over the episode: ϕpτq “ `

1
H

řH
h“1 x

2
h,

1
H

řH
h“1 u

2
h

˘J P R2. This choice is consistent with the quadratic
structure of the cost, enabling exact recovery of q and r from the estimated utility weight matrix xW . The Pareto frontier
admits a closed-form solution under the LQR formalism, providing an exact reference for policy-level evaluation.

D.3. Experimental Results

We now report experiments to discuss several aspects of our model. First, we discuss our model’s ability to reconstruct a
reward function that is maximally compliant with the expert. Second, we show why standard PbRL are not sufficient to

20



0 1 2 3 4

0

1

2

3

4
´0.16

0.02

0.19

0.37

0.54

(a) “Reach the target” objective.

0 1 2 3 4

0

1

2

3

4
´0.27

´0.16

´0.04

0.07

0.18

(b) “Reach top row” objective.

0 1 2 3 4

0

1

2

3

4
´0.29

´0.18

´0.06

0.05

0.16

(c) “Avoid obstacles” objective.

Figure 3. Estimated GridWorld reward matrices (mean over 10 runs, K=1000, M=1).

Pairs K M “ 1 M “ 5 M “ 10

500 0.17 ˘ 0.01 0.08 ˘ 0.01 0.06 ˘ 0.01
1000 0.11 ˘ 0.01 0.06 ˘ 0.01 0.05 ˘ 0.01
5000 0.06 ˘ 0.01 0.05 ˘ 0.01 0.04 ˘ 0.01

(a) GridWorld Environment.

Pairs K M “ 1 M “ 5 M “ 10

1000 0.15 ˘ 0.02 0.06 ˘ 0.01 0.05 ˘ 0.01
5000 0.06 ˘ 0.01 0.05 ˘ 0.01 0.05 ˘ 0.01
10000 0.06 ˘ 0.01 0.05 ˘ 0.01 0.05 ˘ 0.01

(b) MO-Hopper Environment.

Table 2. Test KL divergence between estimated and true probabilities (10 runs, mean ˘ 95% C.I.).

address the additional complexity of the CbRL setting. Then, we evaluate our model’s ability to reconstruct the Pareto
frontier of policies using the estimated reward function, demonstrating our model’s ability to solve multi-objective problems.
Additionally, we provide a robustness analysis of the MOBT model to expert irrationality, considering the probability of
making a mistake. Finally, we provide an analysis of the spread in terms of optimization quality induced by the non-convexity
of the problem.

Reward Model Reconstruction. We evaluate our model’s ability to recover a meaningful reward function in a GridWorld
environment with a dataset of N “ 1000 samples. We report the inferred reward function in Figure 3. Clearly, our model
approximates the true reward, although the reward range is shifted. This is expected, as our model is BT-based and thus
translation-invariant.

Second, we evaluate the KL divergence on the test set in GridWorld and MO-Hopper for increasing numbers of pairs and
samples per pair, i.e., K ranging from 500 to 10000 and M ranging from 1 to 10, respectively, and we report the results in
Table 2. We observe that performance increases with the total number of comparisons N , i.e., K times M . This is expected,
as both effectively counterbalance the epistemic uncertainty in the observed comparisons. We conjecture that increasing
the number of pairs provides the same improvement as increasing the number of samples per pair (as can be seen in the
secondary diagonal of Table 2a) only if the trajectories effectively span the feature space, as otherwise the model would be
accurate only in a small portion of this space, with poor generalization.

Limitations of Standard PbRL. We now discuss why our MOBT model is necessary to address CbRL. As we thoroughly
discussed throughout the paper, CbRL is the human-feedback counterpart to MORL. Solving a MORL problem requires
handling multiple, possibly conflicting, objectives. The same requirement holds for CbRL. Crucially, PbRL approaches are
defined to work under the scalar utility assumption. Indeed, the straightforward way to employ a PbRL approach in a CbRL
problem is to either discard incomparable samples or treat them as indifferences. Thus, standard PbRL approaches are not
sufficient to address CbRL settings.

To support this claim, we compare our MOBT model against several PbRL baselines, namely, standard Bradley-Terry
(BT, Bradley & Terry, 1952), Thurstone-Mosteller (TM, Thurstone, 1927), Rao-Kupper (RK, Rao & Kupper, 1967), and
Davidson (Davidson, 1970) models. Considering a train dataset of N “ 2000 randomly sampled trajectory pairs, each
labeled once, in the GridWorld environment, we adapted the dataset to fit the representational capacity of each model, by
either discarding or transforming data. This corresponds to discarding both indifferences and incomparabilities for the BT
and TM models, and incomparabilities for the RK and Davidson models. Additionally, we also consider the case in which
both RK and Davidson models surrogate the problem by considering incomparabilities as if they were indifference labels.

First, we trained each model on its corresponding dataset. We report the recovered reward function for each baseline model
in Figure 4.
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Figure 4. GridWorld reward matrix estimated using different single-objective rationality models (mean over 10 runs, each using 2000
trajectory pairs and 1 label per pair).

Model DTV

BT 0.6113 ˘ 0.0036

TM 0.6115 ˘ 0.0036

RK (∥ discarded) 0.4022 ˘ 0.0040

RK (∥ as —) 0.4613 ˘ 0.0046

Davidson (∥ discarded) 0.4014 ˘ 0.0040

Davidson (∥ as —) 0.4594 ˘ 0.0046

MOBT (ours) 0.0435 ˘ 0.0139

Table 3. Total Variation distance between the expert’s and model’s probability distribution over C computed on the test set (10 runs, mean
˘ 95% C.I.).

Clearly, all baseline models recover a reward function that minimizes the empirical NLL. However, due to their formulation,
they are limited to learning a 1-dimensional reward, and are thus unable to generalize to a multi-objective problem.

Then, we evaluated each model on a different randomly sampled test set. The test set comprises all four comparison
label types, implying that each model assigns zero probability to feedback classes it cannot handle. Crucially, this is
necessary, as discarding samples at test time would be formally incorrect for two main reasons: (i) it would introduce a
bias in the data-generating distribution and (ii) it would require knowing the label before it is observed. Due to their lower
representational power, we cannot evaluate the KL divergence of the baseline models over the test set. Indeed, for any
trajectory pair pτ, τ 1q for which fp∥ |τ, τ 1q ą 0, the KL divergence of the baselines takes value `8. This is due to the
baselines-induced probability distributions over the comparison labels lacking the necessary support for incomparability
(and, in the case of BT and TM models, also for indifference). This clearly highlights why standard PbRL models are
insufficient to address CbRL problems. Nevertheless, to provide a meaningful, quantitative comparison of MOBT against
the baselines, we consider the total variation (TV) distance DTV, which always lies in r0, 1s and remains finite even if
the two distributions do not share the same support. Given two distributions P,Q P ∆pX q, we define their TV distance as
DTVpP }Qq :“p1{2q ř

xPX |P pxq´Qpxq|. In Table 3, we report the TV distance between the true probability distribution
of the expert and the probability distribution over C induced by each model, averaged over 10 independent seeded runs.

We observe that our MOBT model effectively approximates the true expert comparison-generation probability distribution,
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achieving a TV distance that is an order of magnitude lower than that of the baselines. Recalling that the baseline models are
structurally unable to predict incomparability labels, the evaluation via TV distance may underestimate their failure, as TV
can only provide a bounded penalization in the case of support mismatch, thus underestimating the lack of representation
power of the baseline models. Moreover, as expected, we observe that the more data is “unusable”, in the sense of the
model not being able to learn from that data, the worse the performance, e.g., BT and TM compared to RK and Davidson
discarding incomparabilities. Finally, we also observe that mislabeling the data, i.e., considering incomparabilities as if they
were ties, does not provide an improvement down the line, resulting instead in a disproportionate probability distribution.

Regarding the behaviors that can be learned from the recovered reward functions, we notice that under the MOBT model,
we can combine the three matrices under different weight vectors to traverse the Pareto frontier. The baselines, on the other
hand, can only recover a single, scalar reward function, and are thus unable to deal with the multi-objective nature of CbRL.

Policy-Level Evaluation. We now discuss the ability of our MOBT model to recover a multi-dimensional reward that
can be employed to reconstruct the Pareto frontier of policies. We consider a 1-dimensional linear quadratic regulator
(LQR, Bemporad et al., 2002), as it provides a closed form for the Pareto frontier, enabling us to evaluate our MOBT model
meaningfully. In LQR, the agent suffers two costs after every action: the state cost, which penalizes the distance of the
agent from the target state 0, and the control cost, which penalizes the magnitude of the agent’s action.

For increasing values of K, with M “1, we estimate parameter pθ, compute estimated Pareto-optimal policies, and evaluate
them in the true environment. We report the true and estimated Pareto frontiers in Figure 5. Qualitatively, we observe that,
as K increases, our model induces policies that closely match the true Pareto frontier. We now consider the ratio between
the hypervolume (HV, Zitzler, 1999; Felten et al., 2023) of the induced Pareto frontier and the HV of the true Pareto frontier.
This ratio takes values in r0, 1s, with higher values representing better policy-level performance. In our experiment, it varies
from 0.86p˘0.28q with 1000 samples to 0.96p˘0.21q with 5000 samples, demonstrating our model’s ability to solve a
MORL problem from pairwise comparison feedback.

Robustness to Irrationality. We now evaluate the robustness of MOBT to expert irrationality in GridWorld, considering
the probability of making a mistake, as modeled by SimTeacher (Lee et al., 2021a). To correctly cast it to CbRL, we
redefine it as returning a random label w.p. ϵ. In Figure 6, we report the KL divergence between the distribution induced by
the recovered model and the true, noiseless one, for ϵ P r0, 1s and for different values of K, with M “ 1. As expected, the
KL divergence grows with ϵ, since MOBT cannot discern mistakes from rationally generated samples.

Multiple Initialization Analysis. As discussed in Section 3, in CbRL we have no guarantees of reaching the global
optimum as a result of the optimization process. This is due to the non-convexity of the NLL shown in Proposition 2.1.
Indeed, the presence of incomparabilities in the data introduces non-convexity in the optimization manifold. Nonetheless, as
is customary in the Deep RL literature (Schulman et al., 2017; Haarnoja et al., 2018), convex first-order methods such as
ADAM (Kingma & Ba, 2015) can be employed with good empirical performance, though with convergence guarantees only
to local optima.

One common practical refinement to improve the overall performance is to employ an ensemble of predictors trained from
randomized initializations. When using such an ensemble, the performance of the model then depends on the spread of the
optimization quality of the predictors in the ensemble.

We now present an additional experiment to quantify the spread of the training loss when performing multiple initializations
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Incomparability Ratio Training Loss Relative Standard Deviation

0.0 0.84 ˘ 0.0016 0.0010

0.2 1.02 ˘ 0.0014 0.0006

0.4 1.01 ˘ 0.0298 0.0147

0.6 0.91 ˘ 0.0600 0.0329

Table 4. Training loss (mean ˘ 95% C.I.) and relative standard deviation for p P t0.0, 0.2, 0.4, 0.6u.

Hyperparameter Default Value Description

Learning rate 10´3 Step size for the ADAM optimizer (Kingma & Ba, 2015).
Batch size 256 Number of comparison triples per gradient update.
Max. epochs 5000 Upper bound on training iterations; in practice, training

terminates earlier via early stopping (see below).
Validation split 0.2 Fraction of the dataset held out for model evaluation (con-

sistent with Section 4).
Early stopping
patience

10 Number of epochs without improvement on the validation
NLL before training is halted. It mitigates overfitting and
reduces unnecessary computation once convergence is
reached.

Table 5. Hyperparameters used for MOBT training.

in our setting, for varying degrees of incomparability in the dataset, i.e., the relative frequency of incomparability labels. As
discussed in Theorem 3.3, the ratio of incomparability is a quantity that depends on both the dataset construction, i.e., the
distribution Q P ∆pT 2q from which trajectory pairs are sampled, and on the problem instance itself, i.e., on the number of
objectives and on how much they are in conflict with one another. Intuitively, a higher ratio of incomparability represents a
more complex problem.

We consider a dataset of N “ 5000 samples, on which we control the ratio of incomparabilities p, which represents
the source of non-convexity. To quantify the spread of optimization quality, we employ the relative standard deviation
(Snedecor, 1967), defined as the ratio of the standard deviation over the mean of a set of measurements. In Table 4, we report
the training loss and relative standard deviation for varying values of p P t0.0, 0.2, 0.4, 0.6u. We perform 100 independent
optimizations per ratio, averaging over 10 seeds and 10 random initializations per seed.

First, we observe that the complexity of the optimization landscape increases with p, which we conjecture is due to the
higher number of local optima. Second, the overall ”spread” in the quality remains within an acceptable range, even when p
reaches 60%. This can be interpreted as a consistent optimization performance during training.

D.4. Implementation Details

All experiments are implemented in Python 3.10 using PyTorch (Paszke et al., 2019). The codebase is organized into
three modules: (i) expert, implementing the synthetic MOBT-based label generator; (ii) optimizer, wrapping the
ADAM-based NLL minimizer; and (iii) environment, providing the GridWorld, MO-Hopper, and LQR environments.
Experiment configurations are specified via .yaml files covering the four pipeline stages: policy generation, trajectory
generation, label generation, and model evaluation. The LQR experiment is additionally available as a self-contained
Jupyter notebook. A README.md with installation instructions and bash scripts for reproducing all results is provided in
the supplementary code. All experiments have been conducted on a 10-core ARM CPU with 16GB of RAM.

Hyperparameters. Table 5 reports the default hyperparameters used to fit the MOBT model in the experiments. Notably,
given the non-convexity result of Proposition 2.1, early stopping serves a dual purpose: (i) it acts as an implicit regularizer
and (ii) it avoids unnecessary computation after the optimizer has effectively settled into a local minimum. The patience of
10 epochs was chosen empirically to balance convergence speed and stability across the three environments. The default
learning rate of 10´3 is the standard recommended value for ADAM and was not tuned per environment.
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